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The excitation function of the (p,”) reaction in lithium (Li’(p,m)) has been studied in the 
region from the threshold (1.85 Mev) to 3.20 Mev. Neutron groups have been found to be 
emitted at proton energies of 1.92, 2.28, and 3.06 Mev, suggesting the existence of energy 
levels in Be® at 19.8, 19.1, 18.8 Mev in addition to the other well-known states. 





I. INTRODUCTION 


EACTIONS of the (p,m) type in Li’ were 

first observed by DuBridge, Barnes, and 
Buck! who showed that the excitation function 
possessed a definite threshold, and a rough 
measurement of it was made by using the 
radioactivity induced in silver foils by the 
neutrons. Since then the threshold was measured 
more accurately by detecting the neutron emis- 
sion with a BF; ionization chamber.? The neu- 
trons are copiously emitted from this source, and 
the apparent sharpness and easy reproducibility 


of the threshold has since been used in many. 


laboratories as a convenient voltage calibration 
point. Furthermore the Li’(p,m)Be’ reaction 
provides a convenient source of fast neutrons, 
the maximum energy of which may be varied in 
a determinable manner by controlling the energy 
of the incident protons. The presence of reso- 
nance levels demonstrated here requires that 
this technique be used with some caution. These 
neutrons have been used to investigate the 


.* This work was completed in 1940 and was voluntarily 
withheld from publication. 

1 DuBridge, Barnes, and Buck, Phys. Rev. 51, 995 (1937). 

* Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 58, 
1035 (1940). 


energy threshold of certain neutron-induced 
endoenergetic nuclear reactions.*~> In the work 
reported here, the yield of neutrons from thin 
films of lithium was measured as a function of 
energy of the bombarding protons. This investi- 
gation resulted in the discovery of two rather 
sharp maxima and possibly a third. 


Il. EXPERIMENTAL PROCEDURE 


The Westinghouse pressure electrostatic gen- 
erator® was used as a source of high energy 
protons. The magnetically deflected mass one 
(H+) spot was used to avoid any possible 
deuterium contamination. A boron tri-fluoride 
ionization chamber surrounded by 12 cm of 
paraffin and placed in the direct line of the 
proton beam beyond the lithium target was used 
as the neutron detector? (Fig. 1). The output 
pulses from the ionization chamber were ampli- 
fied and fed into a scale of 16 circuit that was 


* Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 57, 
1088(A) (1940). 

‘Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 58, 
199(A) (1940). 

5’ Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 59, 
57 (1940). 

* Haxby,”Shoupp, Stephens, and Wells, Phys. Rev. 58, 
162 (1940). 


931 








E. HILL AND W. E. 


Toc 
INTE 


RENT 
ATOR 








FARADAY 
CAGE 


TARGET 








+ PARAFFIN 








oo; 
INCH 





Fic. 1. Target arrangement. 


used to drive a mechanical recorder. The neutron 
yield from a lithium target of about 140-kilovolts 
equivalent half-width was measured as a function 
of proton energy. The thin lithium targets were 
evaporated in vacuum onto a tantalum sheet 
which could be turned from evaporating position 
to a position under the proton beam. As a final 
cleaning measure, the tantalum sheet was bom- 
barded by protons prior to the evaporation. 
Without the lithium film in the bombarding 
position no neutron background was observed. 
The equivalent thickness of the lithium films was 
observed by measuring the half-width of the 
Li’(p,y) resonance which occurs for 440-kilovolt 
protons. The neutron excitation function ob- 
tained when the same lithium films were bom- 
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barded by protons of varying energy is plotted 
in Fig. 2. 


Ill. RESULTS 


It is apparent from (Fig. 2) that the Neutron 
emission from the Li’(p,”) reaction 
definite maxima at proton energies of 1.92, 2. 
Mev and possibly another at 3.06 Mey. The 
calculated statistical deviation is not indicated, 
but at all points taken it is less than the diam. 
eters of the circles used in the drawings. 

Using a thick LiH crystal as a target, it was 
found that the y-ray intensity also started t 
increase at the (p,m) threshold and _ increage 
further with increasing proton energy. This 
agrees with the observations of Hudson, Herb, 
and Plain,’ who also observed the increase jy 
the hard component of -rays at the bombarding 
proton energy of 1.83 Mev. The intensity o 
y-rays seems to flatten out and give a maximum 
at about 1.9 Mev. 

The composite nucleus ,Be** may be assumed 
to form first when a proton enters a 3Li’ nucleus, 
This nucleus is highly excited since 17.5-Mey 
y-ray is emitted for a bombarding proton energy 
of only 0.440 Mev. The excited ,Be** nucleus, 
assuming it was formed with zero proton energy, 
may decompose in several ways as follows: 


sBe**—,Het+2He'+17.28 Mev. (1) 
sBe**—,Be'+7+17.5 Mev. (2) 
4sBe**—, Be? + on! — 1.62 Mev. (3) 
«Be**—,;Li’7+1.H'+0 Mev. (4) 
«Be**—;Li*+ ,H?—4.96 Mev. (5) 


‘Reactions (3) and (5) will not proceed unless the 


bombarding proton beam possesses enough ki- 
netic energy to supply the necessary reaction 
energy. In this particular case (Li’(p,m)), the 
proton energy should be about 8/7 of the reaction 
energy. In the range of proton energy used it 
this experiment, 1.85 to 3.2 Mev, all the reac 
tions with the exception of reaction (5) havea 
probability of occurring. However, it is unlikely 
that the variation of neutron yield, as indicated 
in Fig. 2, is due to the result of competition d 
these various processes because the natural 


7 Hudson, Herb, and Plain, Phys. Rev. 57, 587 (1940). 





PROTON-NEUTRON REACTION 


energy spread of the maxima is very small, as 
indicated by their half-widths, which are about 
the same order as the target thickness. It is 
possible that these maxima actually indicate 
resonance levels of certain nuclear mechanism. 
The neutrons are probably due to the excited 
energy levels in the composite ,Be** nucleus 
from which decomposition by emission of a 
neutron is highly possible. If this is the case, 
the energy levels of the ,Be** will have a value 
given by 17.5—(7/8) <0.440+(7/8)E, where E 
is the bombarding proton energy at the neutron 
maxima. For the three maxima observed, these 
levels correspond to 18.8, 19.1, and 19.8 Mev, 
respectively. It should be noted that decompo- 
sition in other fashions is not impossible, since 
our quantitative detection only covered the 
emitted neutrons. Since the reaction energy Q of 
3Li?(p,m)4Be” is —1.62 Mev, the excess energies 
possessed by the Be** composite nucleus at the 
resonances are 0.06, 0.38, and 1.06 Mev, and 
will be distributed between the neutron and the 
residual nucleus ;Be’, as kinetic energy. Since 
the Be’ nucleus has a much greater mass than 
the neutron, most of the energy will be carried 
away by the neutrons. In the forward direction 
of the laboratory coordinate system, the neutrons 
also carry a part of bombarding proton energy 
lost through the kinetic energy transfer during 
collision. The maximum energy of the neutrons 
in the forward direction in the laboratory system 
at these resonance levels is then 0.16, 0.58, and 
1.4 Mev, respectively. It is probable that the 
excited nucleus ,Be** may at the same time also 
emit hard y-rays which accounts for the experi- 
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mental indication of Hudson, Herb, and Plain’ 
(as well as ours), even though the (,7) process 
is, in general, not as significant as the (p,m) 
process.* It is interesting to note that, in the 
study of proton bombardment of thin beryllium 
targets, Hushley® also found a sharp resonance 
maximum after the threshold both for neutrons 
and y-rays. 

An alternative explanation may be made by 
assuming the existence of several excited states 
of the product nucleus ,Be’ from which it decays 
to the ground state by emitting y-rays. The 
excess energy supplied by the proton above the 
threshold will be distributed among the neutrons 
and ,Be’ until the optimum energy is reached 
which corresponds to the excited levels of ,Be™. 
At this point all the neutrons will assume zero 
energy (in the center of gravity system). Ac- 
cording to the 1/v law, the BF; chamber should 
respond much more efficiently to these slow 
neutrons. The maxima, then, would not represent 
a real increase in neutrons, but would be char- 
acteristic of the method of detection. If this 
hypothesis were true, one would expect to be 
able to observe y-rays associated with the excited 
states of Be’™*, and definite energy groups would 
be observable. Observations have not been made 
on this point. A careful study of the thin target 
(p,y) excitation function and the neutron and 
y-ray energy above the (p,m) threshold would be 
most interesting. 


*H. A. Bethe, Elementary Nuclear Theory (John Wiley 
and Sons, Inc., New York, 1947), p. 115. 
*W. J. Hushley, Phys. Rev. 67, 34 (1945). 
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The scattered amplitude f(#) is regarded as a series in powers of the interaction potential V, 
and the second Born approximation consists in calculating the scattered intensity up to the 
fourth power of V. The calculation can be carried out analytically for a Gaussian potential, 
leading to a simple way of calculating the second approximation for the phases. The result 
is applied to the proton-neutron and proton-proton scattering at 100 Mev, on the basis of 
the three forms of nucleon interaction suggested by Rarita and Schwinger, with a Gaussian 
V(r) and without tensor forces. The result for the symmetrical theory is: ¢p-.=0.96X 107% 
cm’, ¢p_p=0.2210-*5 cm’, as compared with the first approximation values 1.40 10-* 
and 0.28X 10-* cm’, respectively. These give for (¢p-n+op-») the value 1.18, in much closer 
agreement with the observed value 1.17 for op-¢ than the other two forms of interaction 


potential. 





I. INTRODUCTION 


R the scattering by a central field, the 
scattered amplitude is given by the Faxen- 
Holtzmark formula, namely, 


1 
f(8) =— F(21+1)(e**!— 1) P,(cosd) 
2tk 


1 
<7 L(+) [b.— 48+ 


+1(6,?— $8,‘ --) |Pi(cosd). (1) 


The usual first Born approximation consists in 
(i) dropping off all terms except 6;, and (ii) 
replacing 46; by its first approximation 


5, = PP f . V(r) Jing? (Rr) rdr (2) 
2h? J, 


where M is the proton or neutron mass for 
proton-neutron collisions. 

Recent calculations on the cross section of 
proton-neutron scattering at high energies show 
that the first Born approximation is unsatis- 
factory at 100 Mev.! As the exact calculation of 
the phases 5; by numerical integration of the 
wave equation is lengthy for any potential other 
than the rectangular hole one, it is of some 
interest to have better approximate methods 
than the usual Born approximation. 


1J. Ashkin and T. Y. Wu, Phys. Rev. 73, 973 (1948); 
M. Camac and H. A. Bethe, Phys. Rev. 73, 191 (1948). 


One usual method of improving on the Bom 
approximation is to use 5; in (1), so as to take 
into account the higher powers of 4). This 
procedure will be justified if the differeng 
§,°*#et— §, is very small compared with (6, 
This is, however, in general not the case for low 
values of /, so that this procedure does not form 
any consistent approximation in the sense of the 
perturbation theory. 

It has been shown’ that the phase 4; can be 
developed as a series in powers of the interaction 
potential V(r), namely, 


§:=5,9456,4.-.., (3) 


where 6; is given by (2) and 


M \? 
6, =(— »(—) f V(r) Jing? (hr) rdr 
2rh? 0 


x f V(r) J 4g (Rr) J_1a(kr)rdr 


0 
M \?2 f” 
+(-1"(—) f V(r) J i44(Rr)rdr 

2rh? 0 


fC Iua(r) Z1a(b8) — Jna(en 
0 


x Sigg (RE) JJ-v4(RE) V(E)EdE. 


Calculation of 6;% by means of this expression 
is very lengthy, if not difficult. 


2 E. J. Hellund, Phys. Rev. 59, 395 (1941). 
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SECOND BORN APPROXIMATION 


Another approximate formula for 6; has been 
found by Pais* by the variational method. The 


expression is 
2+1—- sara 
2+1—(46,/ o 


xM f” 2 
=— —{ V(r)J (kr)rdr. (5) 
2h? e 1+4—(261/r) 


If 5; is small, this can be put in the form (3), 
with 6; given by (2) and 


27 &t 
§,° = (a ane BP, 
7 21+1 


06, 
qQ=-— ( ) ° 
Op F pais 


When 4; is small, calculation of 5,% according to 
(6) is easy. Unfortunately, Pais’ method is not 
valid for low values of /, and /=0 in particular, 
and recourse must be made to numerical solution 
of the wave equation. 

In the present note, we shall obtain the second 
Born approximation and apply the result to 
proton-neutron and proton-proton scatterings at 
100 Mev. 


(6) 


(6a) 


II. SECOND BORN APPROXIMATION 


We shall regard f(#) as a series in powers of the 
interaction potential V(r). The scattered in- 
tensity J(#) is, up to the fourth power of V(r), 

T(8) = |f (9) [P+ [FO (@) [2+ 2f (#) FOB), (7) 


where 


1 
fO(8) _ 2 (2/+ 1)5.P,(cos#), (8a) 


(8b) 


f0(9) =~ ¥ (21+1)8;2P;(cosd), 


2 
SOW = ~ 3b > (2+ 1)6,°P;(cos#). (8c) 


In the second and the third term in (7), it is 


*A. Pais, Proc. Camb. Phil. Soc. 42, 45 (1946). 
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sufficient to employ 6; in (8), but in the first 
term it is necessary to employ‘ 
= $0 45,0), (9) 


Instead of summing (8a) with 6,=6,%+ 6, 
and 6, given by (4) or a similar expression 
obtained by the perturbation method, it is found 
convenient to calculate the first two terms in 
(7) together, namely, 


|F (8) [2+ | F(9) |2= | FO) + F() [* 
Let y be the solution of 


M 
ay-+| -— von ly = 
h? 


¥=Vot¥mt¥at--:, 
where yo) is the solution of the equation 
Ay+ky=0 


and represents the incident wave. By successive 
approximation, one obtains 


M 
[A +k? WW) = * Vir\vco, 


M 
[A+k* Wo =F War 


and their solutions 
M 
|r” —r'| he 
« V(r’ )elt-r'dr’, 


viay(r”’) = — = few - 


1 M 
Pe hf 
4a |r—r’| A? 


X V(r" way (dr. 


¥«2(r) = 


From the asymptotic solutions ¥,1)(7), ¥c2)(r) for 
large r, one obtains the scattered amplitude up 


* Strictly, one should have included in (9) the next 4; 
which is cubic in V. Including it, however, es any 
calculation too difficult. We shall therefore neglect it by 
assuming the condition (18) below to be valid. 
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to the second power of V, 
f(P) = fy (8) + fa) (#) 


M 
=— f e~ik’-r’ V(r’) eit-t'dr’ 
Arh? 


eikir’’—r’l 
+(— ) f f ewik’ ow, 
Anh? | 


X V(r’ )eik-+ lies (10) 
Now it is seen that 
Fy (8) +f (8) =f (GB) +f(8). (11) 
Since fi»(#), the first term in (10), is known to 
be the sum (8a) with 6, replaced by 6,, it 
follows from (11) that the real and the imaginary 
part of f(2)(#) in (10) must be, respectively, 


real part of , 

Fi2)(8) - D (21+ 1)6,P;(cosd), 
imag. part of | 

feo 8) =~ ¥(21+1)(0,)*P (e080). 


(12a) 


(12b) 


To calculate the last term f™(#)f(#) in (7), 
one would have to sum (8c) with 6; replaced by 
5,. This series cannot be summed in a simple 
manner as (12b). However, as the do, 51, 52, --- 
must converge, we may approximate f(#) by 
taking the first few terms, say three, in (8c). 
Up to the approximation desired, the f®(#) in 
the last term in (7) is given by the usual Born’s 
expression. 

To enable f(2)(#) to be evaluated in analytical 
form and incidentally to demonstrate the relation 
(12b), we shall take a Gaussian potential 


V(r) = Vo exp(—a’r’). (13) 
The integration in (10) can be effected by a 





2ef 2f(d)f(d)sinddd 
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transformation from r’, r” to g¢=r” 
n=r’’+r’. It can be shown that 


wf rae 
Xexp{ —— sin 5) 
2a? 2 


x| exp(—x?) :Fi(4; 3; x?) 


—y exp(—y?) 1F (4; 3; y?) 


Rn 
(exp(—y*) —exp(— =) rm 


' 2k? o 2k? ° 
x*=— cost-, y*?=—sin*t, 
a? 4 a? 4 
and ,F; is the usual confluent hypergeometric 
function which for numerical work can be more 
conveniently expressed in the form 


x 1Fi(3; 3; x?) -f exp(#*)dt. 
0 


The relation (12b) in this case can then be 
proved by means of Weber’s second exponential 
integral, together with the addition theorem of 
Bessel functions.§ 

, For Gaussian potential, 


[  R? i 
—— sin*- 


(3) MV> a? 2 
far(@) = ={— =.) xexp yf 
—— cos*- 
a? 








for ordinary and Majorana exchange force, 
respectively. For ordinary force, one readily finds 


Ge) Gall“ =+-~-)(--{-)) 


+3(6:?- fr 


4a? 
x 1-——-+——- 
hk? okt 


1+) exp(- ~)}4+Ge--) 


4a’? 8a‘ 


a he 
k4 


8a‘ 


no(-2)}+-} 


5G. N. Watson, Theory of Bessel Functions (The Macmillan Company, New York, 1944), §§13.31, 11.41. 





SECOND BORN APPROXIMATION 


I. Phases in proton-neutron and proton-proton scattering. The 5; and 4; in the table are, 
ams for 100 Mev, those given in (22). 








nr 
5) 6:2) 54) 


Neutral Charged 


Symmetrical 
52) 8) 8) 





5 8 (—1)'8 


pn, triplet 


singlet (1—2g)d: (1—2g)?6, (—1)*(1—2g) 5 


6,2) 5 §, for 1 even 
— $6, 1/98, for 1 odd 


(1—2g)*5, (1— 2g) 8: (1—2g)*5, for l even 
—3(1—2g)8:" 9(1—2g)*3, for l odd 





2a 
PP, 25: 45, “a 


singlet (12g), 4(1—2g)*6® 2(1—2g) 5: 
even 


45, — 35,0 4/95, 


4(1—2g)*5, 2(1—2g)5, 4(1—2g)*5, 








For the case of exchange force, one employs the 
lower expression in (15) and remembers that the 
3, with odd / change their sign. Hence 


|f(8)F (B) | exchange 

- |f(r—8)f (4-8) | ordinary; (17) 
and the contribution to the total cross section 
from the last term in (7) is again given by (16). 

For interaction potentials which are mixtures 
of the ordinary and exchange force, the f(#), 
f™(8), (8) can be found in a similar manner, 
as will be illustrated below in III. 

A better approximation than the second can 
be obtained by substituting (9), namely, 6;,=6,% 
+6,, into (1) so as to include the contribution 
of all powers of 6; higher than the fourth. While 
this procedure again does not form any definite 
approximation in the sense of the perturbation 
theory, it may be justified and expected to be 
very good if 


§ exact — (6: + 6:) <K(M)3. (18) 


To obtain the 6;%, one may either calculate 
them by the perturbation theory, by (4), by (6), 
or, in the case of the Gaussian potential, make 
use of the following procedure which is very 
much shorter. From (12a) and (14), one has 


> (27+ 1)5, P,(cos#) 


MVo\? 1 k? 3d 
= cmi( ) ex( _-— sin*-) 
4a°h?/ cos(d/2) 2a? 2 


X [x exp(—x*) 1F (3; 9; x?) 
—y exp(—y*) 1Fi(3; 3; y”) 1. 


By taking m different values of 8, one can calcu- 
late the first m_5,%’s which are not negligible. 





Il. PROTON-NEUTRON AND PROTON-PROTON 
SCATTERING 


We shall apply the above result to the problem 
of proton-neutron and proton-proton scattering 
at 100 Mev on the basis of the three forms of 
nucleon interaction suggested by Rarita and 
Schwinger® with Gaussian dependence on r and 
without tensor force, namely, 


“Neutral” 


V(ir)=—[1-g 
+$g(1+ 01-02) ]Vo exp(—a’r’), 


“Charged” 


V(r) =3(1+71-72)[1—g 
+$2(1+01-02) ]Vo exp(—a’r’), 


“Symmetrical” 


V(r) =$r1-reL1—g 
+$2g(1+ 01-02) |Vo exp(—a’r’). 


We have chosen the following constants ~ 


Vo=45 Mev, (1—2g)Vo=26 Mev, 


a? = 0.266 X 10° m=? (20) 


to fit the data on the ground state of the deuteron 
and the proton-proton scattering at low energies. 

The scattered amplitudes f(#), f(8), f(a) 
in the case of the ‘“‘N”’ and the “‘C”’ theory can 
be readily obtained as explained in II. For the 
symmetrical theory, it can be shown that for 
the triplet state scattering, 


3V(r) = —3(1+2Pi2) Vo exp(—a’r’), 


fy'(8) = 3 (8) + 2h (4-8) ], (21a) 
Fi)*(8) = SS fice) (8) +4f2)(4 —8)], 


} *W. Rarita and J. Schwinger, Phys. Rev. 59, 557 (1941). 
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and for the singlet state scattering, 


1V(r) = —(1—2g)(—1+2P 12) Vo exp(—a’r’), 
fiy*(8) = (1-22) 0 —fim (8) +2fty(w—-8)],  (21b) 
F2)*(8) = (1 — 2g)*[S fia) (8) —4 f(x —8) J, 


where fi2(%) is given by (14), and fiy(#), 


fiy(x—8) are given by the upper and lower 
expression in (15), respectively. For f(#), the 
appropriate phases 5; are given in Table I. 

For the potential (13) with constants as given 
in (20), we obtain’ 


TABLE II. Differential cross section 24J(#) in 10~** cm? of 
proton-neutron scattering at 100 Mev. 








Charged Symmetrical 


ist 2nd ist 2nd 
Born Born Born 


x 1.066 1.280 1.234 
5.51 r 1.035 1.085 1.072 
3.41 x 0.849 0.692 0.759 
1.58 y 0.614 0. 0.438 
0.530 ; 0.388 0. 0.263 
0.052 r 0.054 0. 0.057 
0.018 x 0.020 0. 0.117 
0.0140 1, 0.51 . 0.515 
0.0137 3. 1.66 : 1.40 
0.0094 5. 3.28 ‘ 2.53 
0.0044 6. 4.12 ‘ 3.27 





SRR2s= 


135 
150 
165 
180 


Se 


zs 


6 
5 
3 
1 
0 
0 
0 
0 
0. 
0. 
0. 








TABLE III, Total cross section in 10-** cm* of proton- 
neutron scattering at 100 Mev. 








Symmetrical 
Rect. 
Gaussian Gaussian Gauss. Yukawa hole 


1st Born 1.40 1.40 1.40 1.39 1.40 

Using 5; in (7) 1.33 1.25 1.15 

Using 6;™ in (1) 1.22 1.22 1.14 1.20 

2nd Born 1.34 1.02 0.83 

— 1.35 1.07 0.966 (exact) 0.94 
in 


Neutral Charged 











TaBLeE IV. Twice the total cross section in 10-** cm? of 
proton-proton scattering at 100 Mev. 








Neutral Charged Symmetrical 
Rect. 


Gaussian Gaussian Gauss. Yukawa hole 


ist Born 2.69 2.69 0.56 0.57 0.56 
Using 3;™ in (1) 1.83 , 0.47 
2nd Born : 0.41 
Using 8; + 6; ; : 0.43 
in (1) 











7 It is of interest to compare the phases (22) with those 
calculated by the method of Pais. They are as follows: 
from (5), 8:=0.534, 42=0.221; from (6), 6: =0.063, 
52%) =0.026. For /=0, Pais’ method is not valid, but 
calculation with (6) gives 59° =—0.28, with the sign 
correct. 


l 0 1 2 3 4 
$0) 0.833 0.487 0.197 0.0605 0.0127 
5, —0.0793 0.068 0.0325 0.00477 0.0021; 


(22) 


Remembering that to the approximation (3) 
the 6; are linear and the 6; quadratic in V(r), 
one readily obtains the phases for the trni. 
and singlet state scatterings for the three Do. 
tentials in (19), as shown in Table I. 

The result of the calculation is given j, 
Tables II, Ill, and IV. Table II gives th 
differential cross section 2J(#) in the first ang 
the second Born approximation. An importan 
feature of the second approximation is the 
appearance of a maximum in the forward direc. 
tion in the case of the exchange force, recently 
noted by Ashkin and Wu.! 

Table III gives the total proton-neutron crog 
section obtained in the first Born approximation, 
by using 6; in (7), and in (1), in the Second 
Born approximation, and by using 6; +4, jp 
(1). Table 1V gives the corresponding values for 
proton-proton scattering. 

As the exact values of the cross sections cap. 
not be obtained without lengthy numerical inte. 
gration of the wave equation, it is not possible 
to make a comparison between these approxi 
mate and the exact o’s. From the values of the 
5, and 6,% in (22), one may perhaps expect 
the 5, to be small so that (18) is satisfied. If 
this is the case, the value obtained by using 
6,+6,; in (1) should be rather close to the 
exact values. One can then see the improvement 
achieved by the Second Born approximation. 

The above calculation cannot be carried out 
so simply for potentials other than the Gaussian 
one. It seems, however, that with other formsd 
V(r) one may still estimate the correction to the 
first Born approximation by replacing the field 
V(r) by an appropriate Gaussian one. Th 
angular distribution of the scattered intensity 
certainly depends on the shape of the potential 
V(r); but it seems that the total cross section i, 
for a given proportion of ordinary and exchang 
force, rather insensitive to the exact form d 
Vir). To illustrate this, we have calculated the 
cross sections for the potential on the Melle 
Rosenfeld meson theory, with constants deter 





SECOND BORN APPROXIMATION 


mined by the variational method,*® namely, 


er 


a yeven = —3(A +B) Vo—, 
r 


—Ar 


3/7edd = (A +B) Vo—, 
r 


—r\r 


1 even — (4 — B) Vo ’ 
r 


er 


1 odd = —3(A —B)Vo—, 
rT 


(23) 


where 
A=-—1.303, B=4.606, 
V=0.977X10"'8, A=5.655X10". 


We have also calculated the cross sections on the 
symmetrical theory in (19), replacing the Gaus- 
sian potential by a rectanglar hole with the 
following constants 


range p=2.80X10-*% cm, Vo=21 Mev, 


(1—2g) Vo=11.7 Mev. (24) 


For this potential we have also calculated the 
exact o for proton-neutron scattering. The result 
is given in Tables II] and IV. A comparison of 
the values obtained for the Yukawa potential in 
(23) and the rectangular hole potential (24) 
with those obtained for the Gaussian potential 
leads one to think that a higher approximation 
for these potentials probably gives approximately 
the same values as for the Gaussian potential. 
In view of the strong dependence of the total 
cross section on the proportion of ordinary and 
exchange force and comparatively weak de- 
pendence on the exact form of the radial V(r), 


* Frohlich, Huang, and Snedden, Proc. Roy. Soc. A191, 
61 (1947). 
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it seems of significance to compare the total 
cross section calculated with Gaussian potential 
for various mixtures of ordinary and exchange 
force with the experimental values. Recently 
Cook et al.® reported the followigg total cross 
sections for 90 Mev: 


op-n = 0.83 X10-% cm’, 


op-a=1.17XK10-** cm’. (25) 


It is seen that the calculated o,_, on the sym- 
metrical theory agrees better with the observed 
value than the other two theories. On regarding 
the proton-deuteron cross section as approxi- 
mately the sum of the proton-neutron and 
proton-proton cross sections,'® one finds for the 
ratio op-n/op—a the values °0.36, 0.51, 0.69 for 
the neutral, charged, and the symmetrical 
theory, respectively, as compared with the ob- 
served value 1.17. 

This agreement, however, does not establish the 
symmetrical theory in the form (19). The great 
difference between the observed value for the ratio 
a(x) /o(x/2)—3 for proton-neutron and the calcu- 
lated value shown in Table I seems to indicate 
the presence of tensor force, whose effect is to 
increase the scattered intensity in directions 
37/2 (in the center of mass system).! But an 
exact calculation on the symmetrical theory, 
including tensor force, still leads to a much 
larger value for the ratio than the observed one.' 
It seems that both the range of the force and 
the proportion of central and tensor forces 
have to be readjusted in order to agree with the 
meagre data now available at 90 Mev. 

The writer wishes to express his indebtedness 
to Professor G. E. Uhlenbeck for helpful dis- 
cussions. 


* Cook, McMillan, Peterson, and Sewell, Phys. Rev. 
72, 1264 (1947). 
© T. Y. Wu and J. Ashkin, Phys. Rev. 73, 986 (1948). 
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Nuclear Properties of 937°’ * 


ARTHUR C. WAHL** AND GLENN T. SEABORG 
Department of Chemistry and Radiation Laboratory, University of California, Berkeley, California 


(Received January 19, 1948) 


The isotope Np*’, produced as the decay product of the previously known 6.8-day U%", 
has been isolated with carrier material and some of its nuclear properties measured. The U2" 
was formed by means of the reaction U**8(m, 2n)U**’. Np*? decays with the emission of alpha- 
particles with a half-life of about 3X 10* years. It has been shown that the upper limit for the 
cross section for the fission of Np”? with slow neutrons is less than 1 percent of that of U5, 





HE bombardment of uranium with fast 

neutrons produces?:? the beta-emitting 6.8- 
day U*’, formed in the reaction U***(m,2n)U**". 
We have investigated 937”, the daughter of U**”, 
the primary purpose of our investigation being 
to measure the fission properties of this isotope. 
Our measurements, performed upon a sample 
weighing about 0.6 microgram, show that 93%” 
does not undergo appreciable fission with slow 
neutrons. The experiments also show that 9377 
is an alpha-emitting isotope with a half-life of 
about 3X 10° years. 

For the preparation of the sample of 93%” 
about 1200 grams of uranyl nitrate hexahydrate, 
UO.(NOs3)2-6H2O, were placed directly behind 
the beryllium target of the 60-inch Berkeley 
cyclotron and exposed to the fast neutrons 
produced in a 15,000-microampere hour bom- 
bardment of the beryllium with deuterons. After 
the lapse of several months, so that substan- 
tially all of the U*’ had decayed to 93%, a 
chemical separation was performed on this bom- 
barded uranyl nitrate in order to isolate the 
937 into a thin rare earth fluoride precipitate 
(approximately 0.3 mg/cm?*), special care being 
exercised to remove all of the 94, uranium, pro- 
tactinium, and thorium. This procedure has been 
described in principle in another report.* 


*This article was mailed, as a secret report, from 
Berkeley, California to the Uranium Committee in 
Washington, D. C. on April 14, 1942. The experimental 
work was done during 1941 and the early part of 1942. 
The original article is published here essentially without 
change. The abstract was written at the time of publication 
since the original report contained no summary. 

** Now at Department of Chemistry, Washington Uni- 
versity, St. Louis, Missouri. 

1E. M. McMillan, Phys. Rev. 58, 178 (1940). 

2 Y. Nishina, T. Yasaki, H. Ezoe, K. Kimura, and M. 
Ikawa, Phys. Rev. 57, 1182 (1940). 


5° 3G. T. Seaborg and A. C. Wahl, J. Am. Chem. Soc. 


(March, 1948). 
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The chemical procedure, in outline, is as 
follows. The uranyl nitrate hexahydrate is syb. 
jected to an ether extraction process in order to 
remove the bulk of the uranium, and rare earth 
fluoride is precipitated from the water phase. 
This rare earth fluoride contains the 94, 93, and 
thorium, the uranium and the protactiniym 
(when zirconium carrier is present) remaining 
in solution. This rare earth fluoride is dissolved 
in sulfuric acid, and from a cold potassium 
bromate (KBrQ3) solution the rare earth fluoride 
is again precipitated. In this step the 94, in its 
reduced form, and the thorium and the rare 
earth fission products are precipitated as in- 
soluble fluorides, and the 93 remains in solution 
in its oxidized form. After reduction with sulfur 
dioxide, the 93 in the solution is precipitated 
with a small amount of rare earth fluoride. Of 
course, it is necessary that a number of cycles 
be performed in order to remove completely 
from the final sample the 94, uranium, protac- 
tinium, and thorium, and in our procedure there 
were three separations from 94, six separations 
from uranium, five separations from protac- 
tinium, and five separations from thorium. The 
last 94-containing rare earth precipitate was 
mounted for alpha-counting and was found to 
contain practically no 94 (<30 counts per min- 
ute) while the final sample containing the 93” 
had a counting rate of about 300 alphas per 
minute. In order to keep track of the yield of % 
through this rather lengthy chemical procedure 
there was added at the beginning some 2.3-day 
93° as tracer for the 93, and it was found that 
the yield of 93 in the final sample amounted to 
about 50 percent of that originally added to the 
bombarded uranium nitrate. 

In order to prove that in this chemical pro- 
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cedure no uranium, protactinium, or thorium 
remained in the final sample, a chemical separa- 
tion, of a similar type, was performed on non- 
irradiated uranyl nitrate using U** as tracer for 
uranium, Pa™* as tracer for protactinium, and 
UX; as tracer for thorium. This “blank experi- 
ment” proved that in our chemical procedure 
there remains in the final sample much less than 
a microgram of each of these elements. 

In order to know how much 93%? was formed 
in the bombardment described above, it was 
necessary, of course, to determine the yield of 
U®" in the bombardment of uranyl nitrate hexa- 
hydrate under similar conditions. A sample of 
700 grams of UO:(NOs)2-6H:0 was placed di- 
rectly behind the beryllium target and subjected 
to a 500-microampere hour bombardment. This 
sample was carefully purified from all of the 
fission products and from element 93 by the 
ether extraction method; the ether phase, con- 
taining the bulk of the uranyl nitrate and the 
U*’, was washed 8 or 10 times with water in 
order to insure a very thorough purification. 
Aliquot amounts, determined by weighing the 
uranyl nitrate containing the 6.8-day U™’, were 
taken from the ether phase and the intensity of 
the activities was measured with a Lauritsen 
quartz fiber electroscope calibrated in an absolute 
manner for the radiation from the 6.8-day U*’. 
This calibration was accomplished by preparing 
thin electrolytically deposited aliquots of the 
uranium and counting the beta-particles from 
the 6.8-day U*"’ with a thin-window Geiger- 
Miiller counter of calibrated efficiency; the 
weight of uranium in these small aliquots was 
determined by counting its natural alpha-par- 
ticles with an ionization chamber of calibrated 
efficiency. (Correction for the self-absorption in 
the samples and absorption in the Geiger-Miiller 
counter window of the 6.8-day U*’ beta-particles 
was made by using the value for the half thick- 
ness of the absorption of these: beta-particles, 
which we have determined as 6 mg Al/cm?*.) 
From the measurements on the calibrated 
Lauritsen electroscope of the chemically purified 
aliquots from the 500-microampere hour bom- 
bardment, we found that the yield of 6.8-day 
U* was 0.0054 microcurie per gram of 


UO2(NO3)2-6H:0 
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per microampere hour of deuterons on beryllium. 

From this yield it follows that there was formed 
in the 15,000-microampere hour bombardment 
of 1200 grams of UO.(NOs3)2-6H:O about 97 mil- 
licuries of U*’, which corresponds to about 1.2 
microgram. Since substantially all of this decayed 
to 93°" before the chemical separation was per- 
formed and since the yield in the chemical pro- 
cedure for the isolation of 93 was about 50 per- 
cent, as mentioned above, this means that there 
was present in our final sample about 0.6 micro- 
gram of 93%’. We consider this estimate of the 
amount to be accurate to within a factor of 
about 2. The alpha-counting rate of this sample, 
as mentioned above, was about 300 counts per 
minute, and, from this value, together with the 
calibrated efficiency (45 percent) of the ionization 
chamber, it is calculated that the half-life of 
alpha-emitting 93%” is about 310° years. 

This sample was placed on one electrode of an 
ionization chamber connected to a linear am- 
plifier and recording system which was adjusted 
so as’ to record the pulses due to fissions. As a 
neutron source we used 300 milligrams of radium 
mixed with beryllium powder. The ionization 
chamber and the 300-mg_ radium-beryllium 
neutron source were completely surrounded by 
paraffin. Under these conditions the 0.6 micro- 
gram 9377 sample gave four fission counts in 
about 56 hours of counting time. When the 
ionization chamber was surrounded by cad- 
mium, there were recorded two counts in 56 
hours of counting time. Thus, the counting rate 
due to slow neutrons was two counts in 56 hours 
or 0.035 fission counts per hour. For a calibration 
experiment the 0.6-microgram sample of 93%” 
was replaced by 200 micrograms of electro- 
lytically deposited uranium, whose weight was 
determined by counting its alpha-particles with 
an ionization chamber of calibrated efficiency. 
The easily measurable fission rate of this ura- 
nium sample, containing 1.4 micrograms of U™®, 
when compared to that for 93%” showed that the 
slow neutron fission cross section of 93%" is less 
than one percent‘ of that for U™®. 


4 Note added at time of publication. More recent work 
by A. Ghiorso, D. W. Osborne, and L. B. Magnusson has 
demonstrated that Np*’ undergoes slow neutron fission 
with a cross section a few thousandths of a percent of that 
of U%*, (Science 104, 386 (1946).) 
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Shapes of Nuclear Induction Signals* 


Boris A, JACOBSOHN AND RoaLp K. WANGSNESS 
Stanford University, Stanford, California 


(Received January 19, 1948) 


The various shapes of nuclear induction signals are discussed for small values of the r-f field. 
In the case of a linear variation with time of the strong magnetic field, numerical results are 
given for various values of the sweep rate and the total relaxation time. 





1. INTRODUCTION 


HE equations of motion of the total nuclear 
magnetic moment in the nuclear induction 
experiment have been given by Bloch.' He dis- 
cusses the solution for the adiabatic case, i.e., 
when the rate of change of the strong magnetic 
field is sufficiently small. However, for rapid 
variations of the strong field, oscillations are 
experimentally observed in the tails of the curves. 
These were first explained by Purcell,? who 
pointed out that when the magnetic moment 
does not have time to follow the adiabatic, solu- 
tion through resonance, the moment will be 
found pointing in a non-equilibrium direction 
when the strong field is so far beyond resonance 
that the effect of the rotating field can be neg- 
lected. From this point on the moment will 
precess about the direction of the strong field, 
with a damping determined by the relaxation 
time and with the instantaneous Larmor fre- 
quency. The beats between this varying fre- 
quency and that of the r-f field will appear as 
damped oscillations on an oscilloscope screen. 
In the course of our detailed discussion of these 
oscillations it will be shown that in certain cases 
they can be used for a relatively accurate 
determination of the total relaxation time. 

We shall consider the case where the r-f field 
is weak enough to be treated as a small perturba- 
tion. The equations can then be solved for arbi- 
trary dependence of the sweep field on the time. 
The use of a weak r-f field can be of advantage, 
since it enables one to obtain the sharpest pos- 
sible lines. A detailed analysis of the signal shape 
for this case is of considerable importance since, 


* Work supported by grants from the Office of Naval 
esearch. 
1F, Bloch, he oe Rev. 70, 460 (1946). 


2 To be published soon; previous verbal communication 
to Professor Bloch. 


as long as there remain essential features in the 
line shape which are unexplained,’ a resonang 
value can hardly be known with a limit of erro, 
less than the line width. 


2. SYMMETRY PROPERTIES OF THE EQUATIONS 


The equations of motion of the magnetic 
moment of a collection of nuclei in a homo. 
geneous magnetic field H(t) in the z direction, 
acted upon by a rotating magnetic field of 
amplitude H, and angular frequency w, are:! 


(du/dt) +(u/T2)+(Adw)v =0, (1a) 
(dv/dt) + (v/T2) — (Aw)u= — | y| HiM,, (1b) 
(dM ,/dt)+(M,/T;)— |y|Hw= M)/T3. (1c) 


u and v are components of the magnetic 
moment in- and out-of-phase, respectively, with 
the rotating field Hi; |y| is the absolute value 
of the gyromagnetic ratio; Aw=|+|Hy(t)-w; 
and My=xHMp is the equilibrium polarization. In 
practice, the percentage variation in Hy is very 
small, and M, will be treated as a constant, 
Finally, 7, is the longitudinal relaxation time 
which governs the approach to thermal equi- 
librium, and 7, is the ‘‘transverse relaxation 
time”’ which contributes only to the broadening 
of the resonance line. 

Equations (1) possess a symmetry property of 
considerable practical interest. Suppose that 
Aw(t) is a periodic function of the time with 
period 7, and further that Aw(t+7/2) = —Au(t) 
for all times ¢. Then, if u(t), v(t) and M,(é) area 
solution of Eqs. (1), the functions —u(t+1/2), 
v(t+7/2), and M,(t+7/2) are likewise solutions. 
This can be seen from direct substitution into 
the equations provided that the very smal 
variation in Mg is neglected. The most general 


3A. Roberts, Phys. Rev. 72, 979 (1947). 
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solutions of (1) consist of a superposition of a 
damped homogeneous solution and an inhomo- 
geneous solution. It will be only the latter which 
is left after initial transients have damped out 
and it must, therefore, possess the above prop- 
erty of even periodicity in a half-cycle r/2 for v 
and M,, and “odd” periodicity for u. Seen on 
the screen of an oscilloscope, the horizontal 
sweep of which has the same periodicity as Aw, 
the » traces will thus appear symmetrical about 
the resonance point at the center of the screen 
while the u trace will be antisymmetrical, once 
stationary conditions have established them- 
selves. Either phase can, of course, be observed 
by proper phase adjustment in the receiver circuit. 

This property, since it is independent of the 
magnitudes of Hi, 71, T: or the rate of sweep, 
is quite useful in practice. For example, one 
may wish to compare the resonance frequencies 
of two different nuclei simultaneously in the 
same magnetic field.‘ It is not always practicable 
to adjust the parameters so that simple line 
shapes are seen. A sinusoidal sweep, however, 
has the property that Aw(t+7/2) = —Aw(t), pro- 
vided that one sweeps equally on either side of 
resonance. If one, therefore, uses the v mode and 
adjusts the r-f frequencies so that the two sets of 
traces are completely symmetrical about a com- 
mon symmetry point, one has a very sensitive 
method of ascertaining that the two resonances 
occur at the same value of Ho. In this way, the 
proton-deuteron magnetic moment ratio has 
been determined®® with a precision much better 
than that given by the line widths. 


3. SOLUTION OF THE EQUATIONS 


Equations (1a) and (1b) can be rewritten in 
terms of a complex function F=v+iu as follows: 


(dF /dt)+((1/T2)+iAdw(t)]F=—|y|HiM,, (2) 
which has the solution 


t 
F=—- inl f dt’ M,(t') 


exe] —(-1/T)~i f [awi(")de"|. (3) 


‘F. Bloch, A. C. Graves, M. Packard, and R. W. 
Spence, in Rev. 71, 551 (1947). 


‘F. Bloch, E. C. Levinthal, and M. E. Packard, Phys. 
Rev. 72, 1125 (1947). 
1947) Bitter, Alpert, Nagle, and Poss, Phys. Rev. 72, 1271 
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In our case, Hi; is small enough so that the 
effect of the rotating field can be treated as a 
small perturbation. We see from .(3) and .(1c) 
that, to terms proportional to (A,)*, one can 
take for M, the approximately constant value 
Mo, so that in this approximation 


t 
v+iu=— ll HiMe f dt’ 


Xexp| —((-/T2) i f au(e")at”| (4) 


Experimental conditions for which this approxi- 
mate solution is valid can be obtained by de- 
creasing the r-f power until the shape of the 
signal remains unchanged and its magnitude 
varies proportional to Hj. 

It is interesting to see that the solution (4) 
can be found from a slightly different viewpoint. 
Following Bloch,! one can think of the transverse 
relaxation time effects as due to an effective 
inhomogeneity in H,. If N(H’)dH’ is the fraction 
of nuclei for which H, lies between H,(t)+H’ 
and H)(t)+H’+dH’, and also, if u(t,H’)dH’, for 
example, is the in-phase component of the total 
moment of such nuclei, then Eqs. (1) can be 
replaced by 


du(H') u(H’) 
+ 
dt Ti 
dvo(H’) v(H’) 
" 
dt Ti 





+(Aw+ | y| H’)0(H’) =0, (Sa) 





— (40+ || 1")u(H’) 
=—|7|HiM.(H’y, (Sb) 
dM,(H’) M,(H’) 


dt T; 





—|y|Hw(H’) 


=(M)/T,)N(H"’). (Sc) 


Rewriting (5a) and (Sb) in a form corresponding 
to (3), we find for the total v and u 


v+iu -{ [o(H’) +iu(H’) dH’ 
nr 


; t—t’ 


t 
=— Ivlzs f dt' exp 


tL &% 
t 5 
-if aw(t"sdt"| fate, H’) 
’ Wy 


Xexp[ —i(t—?t’)|y| H’ dH’. 





















For strong r-f fields the above expression is 
not equivalent to (3) for any plausible choice of 
N(H’), and Eggs. (1) are not, in general, mathe- 
matically equivalent to an effective inhomo- 
geneity in H,. However, for very small H, we 
have M,(H’)=M,N(H’'). If one assumes a 
broadening of the simple form 


N(A')dH’ =1/x(TdH’/(H’)?+T"?], 
one again obtains Eq. (4) with neglect of terms 
proportional to (H,)*; TJ: is now given by 
1/T2=(1/T:)+|7|T. 
4. ASYMPTOTIC BEHAVIOR 


The general characteristics of the solution far 
from resonance can be seen immediately by 
performing an integration by parts on (4) which 
yields 


| -y| i T2Mo(1 —iAw7>) 














v+iu=— —i|y|HiMo 
1+(AwT7:)? 
r t t t 
Xexp -—-if au"at”| f dt’ 
ee b ~o 
id Td ] dAw’ /dt’ 
exp] —+72 f Aw"dt”’ - . (6) 
im * IE (1/Ts) +d"? 
If two times 7; and 72 exist, so that 
dAw’ /dt’ 
«1 (7) 
(1/T2)?+(dw’)? 


for r1<t’<72, then the integral in (6) is roughly 
constant for times ¢ between 7; and 72, and 


| y|iT2Mo(1 —iAwT7?2) 
1+(AwT)? 


t t 
—B exo| -—-if au"at”| 
2 


T1<t<72; (8) 





v(t) +iu(t) = — 


Tl 
B=i|y|HiMe dat’ 


—-® 


, 


t v 1] dda’ /de! 
xexo| —+i f Aw"dt”’ : 
T JE(1/T2) +ide"? 


The first term of this solution represents the 
familiar contribution obtained from slow passage, 
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and is seen to depend only on the instantaneous 
value of Aw(#). Upon this contribution is super. 
imposed a damped free oscillation which is 
excited by the passage through resonance. The 
amplitude and phase of this oscillation wil] of 
course depend on the explicit time dependence 
of Aw. In the case that T> is shorter than about 
} cycle of the sweep, the oscillations will have 
been damped out before Aw(#) becomes so small 
that (7) is no longer valid, and the signals wil] 
be seen to have oscillations immediately after 
resonance and none before resonance. The occur. 
rence of the damping factor in (8) provides a 
method for measuring 7: in favorable cases, 

In the limiting case where (dAw/dt)(T;)? is at 
all times negligible one has the situation of slow 
passage without the excitation of transient 
oscillations. 


5. LINEAR SWEEP 


In practice, the strong magnetic field may be 
swept sinusoidally back and forth about reso- 
nance. If the total relaxation time T+ is less than 
about one-tenth of the sweep period, the perio- 
dicity and the variation of dAw/dt can be 
neglected, and the sweep can be approximated 
by a linear function of the time. 

We shall let Aw =at where 


a= | 7 | (dHo/dt) resonance 


and consider only positive values of a; for a 
negative, the only change is in the sign of x. 
If we introduce the dimensionless quantities 


x=alt, A=1/(a'T>), (9) 


and express all components of the magnetic 
moment in units of Mo, (4) becomes 


v+iu=—(|y|H:/a) exp[ —Ax—i(x*/2)] 
x f “ exp[Ax’ +i(x!?/2) dx’ 
= —(|y|i/a!)24 exp[ —ix/4—207] 
x J egg OL (10) 


Zo = (1/24) (xe**/4+ Ae *!), (11) 


Thus, the solution is expressed in terms of the 
error function of complex argument. 
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For A=0(7:= ©), v and u can be expressed 
in terms of the Fresnel integrals.” Values at the 
points x= +A and 0 can likewise be expressed 
in terms of tabulated functions: 


u(—A)=v(—A) = —(|¥|H1/a4)(x#/2) 
X[expA?][1 —erf(A)]; 


(du/dx)_4=0. (12) 
u(0) 
=o =(lyi H/o" 
pe (|| H/a!) 
cos(A?/2) 
4 one 2 
“ | sacar? a 
sin(A2/2) ' 
| eh in ( 4-54 /2))} (13) 
u(A) 


= — Jai 
one (|| Hi/a¥) 


A 
XLexp—A2] (W!/2) f exps'ds}. (14) 


C and S are the Fresnel integrals.*® 

By performing successive integrations by parts 
on (10), one finds the following asymptotic 
expressions, valid when A?+x2>1: 


"F. Bitter et al., M.I.T. Research Laboratory of Elec- 
tronics, age yA Progress Report, July 15, 1947, p. 26. 


_ "Jahnke and Emde, Tables of Functions (Dover Pub- 
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+ 1+(AwT2)? 
ly|A, | sin36 
+ acme 
at ((A?+<x?)! 
(15) 
1 ly] A, 
v= (2r)* exp[ —t/T2] 
0) at 
x A? T | 7 | MT? 
X<cos( se sige 
2 4 1+(Aw7)? 
| Y | | cos3@ 
at |((A*+<x*)! 
0< @=arctan(A/x) <x. 
TABLE I. In-phase component a. 

First maximum First minimum 
a’Ts x=Aw/at (a*/|y|Hi)u Pa (a4/\y|Hi)u 
0.5 2.32 0.296 tee tee 
1,0 2.06 0.697 3.45 0.202 
2.0 2.08 1.303 3.35 —0.178 

co) 2.14 2.93 3.32 —2.22 
TABLE II. Out-of-phase component v. 

First maximum First minimum 
aT: x=Aw/at —(a/\y|Hie x —(a4/|y|A1)e 
0.5 0.60 0.49 see tee 
1.0 1.00 0.866 2.92 —0.058 
2.0 1,09 1.323 2.78 —0.590 

ea 1.32 2.33 2.80 —2.54 
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The coefficient of the damped oscillation is 1 for 
x>A, while the term is absent for x<A. At 
x=A, the discontinuity in Eq. (15) is of the 
same order as the error in the semiconvergent 
sums. 

Equations (12) through (15) are sufficient to 
cover most of the range of values of x, except 
for the first maximum and minimum beyond 
resonance. In these cases, the integrals (10) were 
found by following an integration path through 
the origin and making an angle of +45° with 
the real axis (Fresnel integrals), and then from 
an appropriate point integrating numerically 
along a —45° angle path to the point 2». 


6. RESULTS 


The curves for u and —v for various values of 
a‘T, are shown in Figs. 1 and 2, plotted against 
AwT,=x/A. The free oscillations are completely 
damped out for a7: }. 

For a'T,™1, the ratio of the first maximum of 


u and —v to the first minimum serves as a fairly 
sensitive measurement of the total relaxation 
time. These values are given in Tables I and II, 

For values of a'T,;2 ~2, the free oscillations 
about the slow passage tail appear far enough 
out so that the total relaxation time can be 
measured from their damping rate. 

The curves shown in Figs. 1 and 2 were in 
existence when measurements on the proton- 
deuteron magnetic moment ratio were made at 
Stanford.® It was realized that, because of their 
smaller gyromagnetic ratio, the relaxation time 
due to the presence of paramagnetic ions had to 
be appreciably longer for the deuterons than 
for the protons in the same sample. The agree- 
ment between the aspect of the theoretical curves 
and that of the signals which were observed lent 
confidence to the precision attached to the 
experimental results. 

We wish to thank Professor F. Bloch for 
suggesting this problem and for many valuable 
discussions concerning it. 
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A Photographic Study of the Neutron Spectra from Al(an) and Si(dn)* 


R. A. Peck, JR. 
Sloane Physics Laboratory, Yale University,t New Haven, Connecticut 


(Received January 15, 1948) 


The two neutron spectra named have been studied by the photographic method, using the 
new Eastman NTB nuclear particle emulsion. Details of the experimental method are dis- 
cussed, with reference also to some features of the histogram representation employed here. 


The following mass differences are obtained: 


P®— AP? = 2.998 06+0.24 X 10-* mass units, 
Pp — Si? = 1.006 6440.14 X10, 
ps— Si = 1.002 1540.21 x 10-%, 
Pps! —Si* = 1.000 88+0.18 x 107%. 


A level in P® at 1.02+0.12 Mev above ground is found and confirmed, and three levels in P®™ 
established. Group widths and intensities are listed. 





1. INTRODUCTION 


INCE a given atomic nucleus may be formed 
S as the end product of any of several cyclo- 
tron-induced reactions, the study with a single 
bombarding instrument of such series of reactions 
may be expected to yield internally consistent 
mass values for, and possibly selection rules in 
the formation of, the several product nuclei 
involved. This paper deals with four neutron- 
yielding reactions studied by the photographic- 
microscopic method of observation of recoil 
hydrogen nuclei originating within the photo- 
graphic emulsion. These protons, elastically scat- 
tered by the incident neutrons, produce columnar 
ionization and, consequently, microscopically 
observable tracks in the emulsion, which thus 
assumes the character of an extremely large, 
continuously sensitive, hydrogenous cloud cham- 
ber. Measurements on the range distribution of 
the recoil protons allow the determinations of 
their energy distribution and, in turn, the energy 
distribution of the neutrons impinging on the 
emulsion. A comprehensive examination of the 
present characteristics of photographic detection 
has recently been given by Lattes, Fowler, and 
Cuer.! 


* Part of a dissertation presented to the Faculty of the 
Graduate School of Yale University in candidacy for the 
degree of Doctor of Philosophy. 

t Assisted by the O.N.R. under Contract No. N6ori-44. 

'C. M. G. Lattes, P. H. Fowler, and P. Cuer, Proc. 
Phys. Soc. London 59, 883 (1947). 


The reactions here studied are: 


Al?+ Het = P*°+ n'+(Q,, (1) 
Si?*+ D?= P®+-n'+Q,, (2) 
Si?®+ D? = P®°+ n'+Qs, (3) 
Si*°+ D? = P®!+ 0'+Qy. (4) 


Neutrons from (1) have been observed by several 
investigators, though no complete energy spec- 
trum appears to have been published. However, 
the excitation curve for the reaction has been ob- 
tained by Waring and Chang,’ Pollard, Schultz, 
and Brubaker,*? and Fiinfer;* the favored value 
for the threshold excitation seems to be approxi- 
mately 2.0+0.2 cm for the alpha-particle range. 
No data were found in the literature pertaining 
to reactions (2) to (4), other than the predicted® 
Q-values, +3.9 and +4.3 Mev for (3) and (4), 
respectively. 


2. EXPERIMENTAL DETAILS 
Exposure 


Bombarding particles were in all cases acceler- 
ated in the cyclotron, which provided approxi- 
mately 0.03 microampere of 7.6-Mev alpha- 
particles or 1 microampere of 3.7-Mev deuterons. 


2J.R.S. Waring and W. Y. Chang, Proc. Roy. Soc. 157, 
652 (1936). 

+E. C. Pollard, H. L. Schultz, and G. Brubaker, Phys. 
Rev. 53, 351 (1938). 

*E. Fiinfer, Ann. d. Physik 32, 313 (1938). 

5M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 245 (1937). 
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An ultimate limit on the practicable exposure of 
photographic plates is set by the gamma-ray 
background from the cyclotron chamber. That 
limit is reached when the random grains, which 
develop in the emulsion in response to the back- 
ground gamma-rays, are so frequent as to render 
uncertain the identification of the beginning of a 
proton track. The limiting exposure is consider- 
ably increased by the use of thick lead shielding 
for the plates. The arrangement used provided a 
minimum of 10 cm of lead on all sides, except in 
the direct path of neutrons from the target. 

The plates were held in a small box made of 
lead to minimize protons knocked on from the 
holder material. They were arranged to intercept 
neutrons emitted at 90° (in the laboratory 
system) to the direction of projectile incidence, 
and, with their emulsions in the horizontal plane, 
subtended angles not greater than +3° about 
the 90° position. This fore-and-aft spread can 
be completely eliminated by rotating the plates 
into a vertical plane. 

The effect of collimation of neutrons from the 
target is achieved by keeping the plates at least 
a certain distance from the target. The same 
solid angle limitation which thus affords collima- 
tion also reduces yield, effecting an upper limita- 
tion on the plate-to-target separation. In the 
present work all plates were kept between 18 
and 19 cm from the bombarded sample, providing 
adequate yield and good geometry.® 


Photography 


The new Eastman NTB emulsions were used, 
batch number 347,126, coated on 1X3 inch 
microscope slides. The emulsion contained 85 
percent AgBr by weight and was 51+7 microns 
thick when exposed, shrinking to 20-25 microns 
when processed. The batch was calibrated with 
a standard group of protons at successively 
reduced values of energy.’ Since appreciable 
fading of the image was noted when development 
was delayed two days after exposure, it has been 
the practice to process plates within a few hours 
of their use. 

Satisfactory tracks were obtained by develop- 
ing for 3 to 4 minutes in Eastman D8. Develop- 


* Reference 5. Here, a/b was approximately 0.05 in all 


cases, while cos ran from 0.1 to 0.4. 
™R. A. Peck, Jr., Phys. Rev. 72, 1121(L) (1947). 
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ment was followed by a 2 minute rinse jn the 
stopping solution SB 1-a, and fixing in acid 
hardening solution FS. All processing was done 
at room temperature, the normal variation in 
which did not appear to alter the track quality 
appreciably. The plates were then washed in a 
slow current for approximately 30 minutes, and 
allowed to dry (emulsion up) on blotting Paper, 
covered with an inverted glass dish. The dried 
emulsions were covered with No. 0 microscope 
slide cover glasses, using as adhesive a suspension 
in xylene of the resin damar. In addition to 
protecting the emulsion surface, this procedure 
has the advantages that (a) dust particles float. 
ing in the gum aid in locating (microscopically) 
the emulsion surface, and (b) mechanical 
scratches in the surface are filled in and largely 
rendered invisible by the damar suspension. 


Microscopy 


A Bausch & Lomb binocular microscope 
(Model CT) fitted with a mechanical stage was 
used. Verniers on the stage, with least count 0.1 
mm, allowed easy resetting on a track at low 
magnification. Two pairs of eyepieces, compen- 
sated for use with apochromatic objectives and 
having magnifications 10 and 25, were used 
with the following objectives: apochromat, 10x, 
16 mm, 0.30 NA, dry ; apochromat, 20 X, 8.3 mm, 
0.65 NA, dry ; apochromat, 90 X, 2 mm, 1.30 NA, 
oil; achromat, 45X, 4 mm, 0.85 NA, dry, with 
iris diaphragm. 

When the limited abundance of tracks necessi- 
tated searching the plates at the lowest available 
magnification (100 over-all), a system of 
oblique illumination was used. True dark field 
illumination was not obtainable at this magnifi- 
cation, though quasi-dark field was advantage- 
ous, to minimize eyestrain. One of the first 
conditions to be applied in selecting tracks for 
close scrutiny is that all acceptable ones must be 
traveling in approximately the same direction. 
But the oblique system illuminates preferentially 
tracks having a particular orientation and, 
consequently, effects automatically a rough pre- 
selection of tracks with respect to direction. In 
effect, scanning is made easier with oblique 
illumination by the apparent elimination of 
irrelevant, off-angle tracks. Measurements were, 
in the main, made at 450 magnification. A 
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considerable advantage was gained from an iris 
‘a the high dry objective. This allowed a varia- 
bility in focal depth with the 450X system, so 
that track measurements were made with ease 
and at the same time many tracks could defi- 
nitely be established as originating and termi- 
nating within the emulsion by observing grains 
in focus above and below the ends. For those 
tracks requiring an even shallower focus for 
the latter discrimination, the immersion ob- 
jective (900 X over-all) was used. An alternative 
system which has been found convenient in the 
case of somewhat higher yields employs the 
25X eyepieces, scanning at 250X over-all with 
oblique illumination, measuring and discrimi- 
nating at 1125X (high dry), at which excellent 
dark field is obtainable. 

In addition to the obvious necessity that a 
track begin and end within the emulsion, an 
acceptable track was required to lie within the 
square cone +11° about the direction of neutron 
incidence, in both the plane of the emulsion and 
that normal to it. Two criteria thus appear, 
with separate techniques for their application. 
The horizontal angle test is easily applied, for 
any angle in the emulsion plane can be pre-set 
by the use of a diametrical hairline in each of 
the paired oculars. The maximum allowable 
angular divergence in the vertical plane is 
related, in terms of the focal depth of the system, 
to a minimum length of track which is required 
to be in focus at a single setting. The vertical 
criterion applies to the emulsion when exposed, 
and must be corrected in application for the 
shrinkage of the emulsion which occurs during 
processing. ° 

This pair of criteria effectively selects for 
measurement those tracks moving in a particular 
direction, that of the incident neutrons. A con- 
siderable simplification in the handling of data 
derives from the consequence that all tracks 
measured correspond directly to neutron ener- 
gies, unreduced.® 

Track measurements were accomplished by 
the use of an eyepiece scale, calibrated by refer- 
ence to a stage micrometer. When track scatter- 
ing occurred, a conventional! procedure was 
adopted. Direction changes in the plane of the 


*H. T. Richards, Phys. Rev. 59, 796 (1941). 
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emulsion were followed by re-orienting the eye- 
piece scale, while changes in the angle of dip (in 
the plane normal to the emulsion) were ignored, 
unless they took the track at any point outside 
of the maximum obliquity acceptable in that 
plane. The small inaccuracies thus introduced 
into some length measurements is the price of 
the considerable increase in operational facility. 


3. TREATMENT OF THE DATA 


Each set of data is represented graphically in 
the form of a histogram, in which are plotted 
successive values of the number of tracks with 
length between certain values. The numbers of 
tracks are plotted as a function of some length 
characteristic of the interval used, and the 
interval is moved uniformly along the scale of 
range or energy. It seems proper that the con- 
stant interval of the histogram should be con- 
stant in terms of energy rather than range. On 
the other hand, the use of extrapolated range as 
a defining property necessitates plotting on a 
linear range (not energy) scale, which indeed is 
the most convenient procedure. Therefore, the 
histogram interval used has been made to in- 
crease with range in such a manner as to preserve 
the magnitude of the equivalent interval in 
energy. This is easily accomplished in a cali- 
brated emulsion, for the air range-energy curve 
and the stopping power-energy function’ render 
equivalent the quantities emulsion range, air 
range, and energy. As abscissae in the histo- 
grams, the median value of the tracks in each 
interval has been used so long as the number of 
those tracks remained high. When the number 
of those tracks dropped below 10 (arbitrary), 
the median was replaced by the mean length of 
the tracks involved. This procedure has the 
advantage of giving some indication of the 
distribution of tracks within the interval, but the 
disadvantage that low yield regions of short 
extent tend to appear as depopulated areas on 
the graph, rather than areas with small ordinates 
typically spaced. The prime advantage to the 
use of the median, of course, is the time saved 
in plotting. 

For the fuller expression of the significance of 
each set of data, the histograms plotted have 
been of an “overlapping’”’ type. For example, 
the spectra in this paper represent tracks per 
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Fic. 1. Product of eee and cross-section cor- 
rection functions for Eastman NTB emulsion 347,126. 
Thickness 51 microns. 


200-kev interval calculated and plotted every 
100 kev. Each datum, in general, is thus repre- 
sented twice on the graph, and the area beneath 
the curve corresponds approximately to twice 
the number of tracks observed. 

A strong observer bias has been noted in the 
recording of the last significant (estimated) 
figure of range values. This bias offers an abso- 
lute limit to the significant resolution possible 
with a given eyepiece scale and optical system. 
It is further to be expected that the bias may 
lead to spurious structure in a given histogram, 
revealed as a falsely high or low yield at a 
particular locus due to the accidental location of 
a boundary between successive intervals. This 
structure was partly rejected by the use of 
overlapping histograms as just described, and 
also by plotting, on the same graph, two or 
more point sets representing histograms with 
their starting points shifted by arbitrary amounts. 
Whatever characteristics survive such replotting 
are assumed to be associated with the data set 
itself. 


Corrections 


The histograms must next be altered to 
compensate for a recording efficiency which is 
energy dependent on two counts. The “geo- 
metrical correction’’ recognizes that the event of 
an acceptable track passing out of the emulsion 
and consequently being rejected is more frequent 


for high energy recoil protons than for slow ones 
This is corrected by the application of a calcy. 
lated weighting function® dependent on the 
emulsion thickness and the maximum acceptable 
obliquity in the vertical plane. 

The “cross-section correction” is a direct 
compensation for the energy dependence of the 
neutron-proton scattering cross section (on which 
neutron recording depends), and is accomplished 
by the use of a weighting function given by the 
reciprocal of the cross section as a function of 
energy. For the cross-section function, a smooth 
curve was drawn through various experimental 
determinations.* The total correction, the prod- 
uct of the two functions, is shown in Fig. 1 for 
the Eastman NTB emulsion (No. 347,126) used 
in the present experiments. In the region below 
1 Mev the cross-section correction function 
drops very rapidly, so that normalization at 0 
Mev is not practical. Both corrections were, 
therefore, normalized to unity at 2 Mev, where 
both functions were varying fairly slowly. The 
2-Mev point happens also to represent the lower 
limit of reliable observation with the photo- 
graphic and microscopic systems employed. 

In practice, the correction function was applied 
to the histogram points before a curve was drawn. 
The apparent best fitting, smooth curve was 
then drawn through the corrected points, and 
the location of groups decided on the basis of it. 
The procedure outlined here was then followed 
to describe the groups quantitatively. The high 
energy side of the most energetic group was 
assumed to represent the true shape of its low 
energy side as well, the latter being distorted by 
the presence of the next less energetic group. 
The high side was, therefore, reflected about the 
estimated last peak, and subtracted from the 
curve. It was assumed that this revealed the 
true form of the high energy side of the next 
group, and the process was repeated. It is from 
the symmetrical group forms thus deduced from 
the observed curve that extrapolated ranges, 
widths, and intensities were taken. It was felt 
that this procedure was necessary, even when a 
complex spectrum afforded relatively little indi- 

*R. Sherr, Phys. Rev. 68, 240 (1945); E. O. Salant and 
N. F. Ramsey, Phys. Rev. 57, 1075 (1940); M. Bunge, 
Nature 156, 301 (1945); C. L. Bailey, W. E. Bennett, 


T. Bergstrahl, R. G. Nuckolls, H. T. Richards, and J. H. 
Williams, Phys. Rev. 70, 583 (1946). 
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yidual group structure on which to base the 
deduced shapes. 

The extrapolated ranges were corrected and 
reduced to mean ranges, following Bethe.’ The 
corresponding mean energies were employed in 
the computation of Q-values. 


4. THE ENERGY DISTRIBUTION CURVES 
Al(an) 


A thick target of aluminum foil was bom- 
barded with alpha-particles from the cyclotron, 
mean energy 7.64+0.14 Mev, the width (at 
half-value) 0.3 Mev. The distribution of 775 
satisfactory tracks is displayed in Figs. 2 and 3. 
The data there represented were taken in two 
parts, so that the curve from 3.2 Mev up is 
based on about one third of the total number of 
tracks observed. This higher energy portion of 
the aluminum spectrum is shown in Fig. 3. 
The true yield of acceptable tracks per mm? per 
microampere-minute was distributed as follows: 
2.0 to 4.0 Mev, 8.6X10-*; 4.0 to 6.5 Mev, 
4.3X10~; over 6.5 Mev, 4.3X10-5; employing 
a 51-micron thick emulsion at grazing incidence, 
19 cm from the target. 

Two groups are indicated in Fig. 2; their poor 
definition is attributed to the use of a thick 
target (necessary for adequate yield) and the 
considerable energy spread of the alpha-particle 
beam. That they are separate groups, suggested 
by the curve form, is confirmed by their widths 
(0.6 Mev each) which individually are greater 
than that of the beam. The extrapolated ranges 
of these groups correspond to 3.58+0.05 and 
2.63+0.07 Mev. They are attributed to the 
reaction (1) and give values Q;= —2.93+0.17 
and Q,’ = —3.91+0.19 Mev. 

The rare tracks above 3.9 and extending as 
high as 10.7 Mev may well be caused by the 
reaction 

Al? + D? = Si?*+ n!+ Q,, (5) 


excited by the residual deuteron beam in the 
cyclotron. A maximum neutron energy of 11.7 
Mev is expected for this reaction. Another 
possible origin of the occasional high energy 
tracks is the primary cosmic radiation. This 
hypothesis will be discussed at the end of the 
paper. In considering the possibility of two 
sources of the high energy particles, the marked 
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Fic. 2. Neutrons from Al*?7+Het*. 500 tracks, from 4.3 
cm? of plate area. Ordinates corrected for geometrical and 
cross-section effects (correction factor plotted in Fig. 1). 
Each set of points represents number of tracks in 200-kev 
interval taken every 100 kev. The two point sets are dis- 
placed approximately 50 kev. Re abscissae, see text. 


decrease in yield which occurs around 6.5 Mev 
may be of interest. For, while cosmic radiation 
seems a reasonable cause for the rare tracks 
above 6.5 Mev, those from 4.0 to 6.5 Mev seem 
too abundant to be so explained. 
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Fic. 3. Neutrons from Al*?+ He‘. 275 tracks from 85 cm* 
of plate area. Additional tracks (not * oe 7.16-7.54— 
8.70-10.57-10.73 Mev. Otherwise as Fig. 2. 
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oe energy 3.72+0.07 Mev and width 0.17 Mey 
SPECTRUM Approximately 1500 tracks are represented in 
(Low ENERGY) the distribution of Figs. 4 and 5. As with th 

si{an)P aluminum spectrum, certain regions were cull 
THIN TARGET sized, when the data were taken, to gain defini. 
tion. The distribution of the 1500 tracks jg 
therefore roughly as follows: 2.0 to 3.75 Mey 
45 percent; 3.75 to 4.65 Mev, 20 percent; above 
4.65 Mev, 35 percent. The peak height of the 
most energetic group in Fig. 5 represents 1,53 
X10~ acceptable tracks per mm? per micro. 
ampere-minute of exposure, in a 51-micron thick 
emulsion at glancing incidence, 18 cm from the 
target. 
~ This silicon spectrum is the composite of 
separate spectra from the reactions on the three 
Fic. 4. Neutrons from Si(dn)P. 600 tracks, from 1.1 cm? COREIRERE MEREDED SE", Se" 206 Te 


of plate area. Ordinate is number of tracks in 200-kev dances, respectively, 89.6, 6.2, and 4.2 percent, 


——e taken every 100 kev, corrected (Fig. 1). This is The groups which appear are listed in Table | 
pa. ° 
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Si ( dn) 5. RESULTS AND INTERPRETATION 
The silicon target used was a thin film of the 
pure element!® (1 mg/cm?, equivalent to 6 mm The group from the ground-state transition in 
of air) deposited by evaporation on a thick gold __ reaction (1) yielded the value Q:= —2.9340.17 
foil. It was bombarded with deuterons of mean Mev. The observed threshold for (1), as indi- 
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Fic. 5. Neutrons from Si(dn)P. 900 tracks, from 62 cm? of plate area. Additional tracks (not plotted): 9.92- 
10.38-10.46 Mev. Otherwise as Fig. 2. Groups are called I to IX, from right to left. 


Impurities not over a few thousandths of a percent. I am indebted to the Bell Telephone Laboratories for the 
pure silicon from which this target was prepared. 
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cated in the Introduction, is about 2.0+0.2 cm 
alpha-particle range, corresponding to 3.4+0.4 
Mev in energy, and Qi:=—2.940.3 Mev; 
Bethe’s prediction® is Qi= —3.3 Mev. 

The value of Q: here observed leads to the 
mass difference 


ps0— Al?7 = 2.998 06+0.24 X 10-* mass units, 
and, with Mattauch’s listing" for aluminum, to 
p= 29.988 7540.67 X10-* mass units. 


This is consistent with 29.9885 which was 
derived" from the beta-ray upper limit of P*°. 

The lower energy group here observed in the 
aluminum spectrum, Q;’=—3.91+0.19 Mev, 
corresponds to a transition to an excited level in 
P®, 1.02+0.12 Mev aboveground. 


Silicon 28 


Group X of Table I may be identified immedi- 
ately with the reaction (2) by virtue of its yield, 
Si?® being 89.6 percent abundant. The observed 
energy change, 02= —0.80+0.10 Mev, gives the 
mass difference 


p29—Si?* = 1.006 64+0.1410-* mass units 
and, with Mattauch’s listing™ for Si*®, 
P?* = 28.993 87+0.59 KX 10-* mass units. 


No comparison value for Q2 has been located, 
but a P®* mass can be calculated" on the basis 
of the beta-spectrum of that nucleus.” It is 
p?° = 28.991 51 mass units. The discrepancy be- 
tween this and the above value is considerable, 
but the present identification of group X seems 
unambiguous. 


Silicon 29 


The group from the ground-state transition in 
reaction (3) may be located in terms of the mass 
of P®*, determined from the present investigation 
of reaction (1). The value thus predicted is 
Qs=3.30+1.23 Mev, which indicates strongly 
that IV of Table I is the group arising from the 
ground-state transition in the reaction (3). 
Bethe’s prediction’ of 3.9 Mev may be compared. 


ns 


uS, F liege and J. Mattauch, Physik. Zeits. 42, 1 (1941); 
also, J. Mattauch, Nuclear Physics Tables (Interscience 
Publishers, Inc., New York, 1946), Table IV. 

# M. G. White, E. C. Creutz, L. A. Delsasso, and R. R. 
Wilson, Phys. Rev. 59, 63 (1941). 
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TABLE I, Neutron groups in the composite spectrum 
Si(dn)P. Reliability is based on comparison group 
elevation (peak over valley preceding) with the square 
root of the peak yield. A: elevation is greater than Ni, 
B+: elevation is approximately equal to N}, B: elevation 
is less than N#, C: no peak appears (group deduced from 
break in the slope of the curve). 








Half- 
value 
width 
(Mev) 


Extra- 
polated 
range Reli- 
(Mev) ability 


Relative 
intensity 


~140. 


Q 
(Mev) 


—0.80+0.10 
0.71+0.13 
1.03+0.11 
1.52+0.15 
2.11+0.31 
2.78+0.16 
3.38+0.17 
3.57+0.15 
4.12+0.16 
4.56+0.13 


Group 


X 2.62+0.02 
IX 4.12+0.06 
VIII + 4.43+0.04 
VII 4.92+0.08 
VI = 5.49+0.23 
V_ 6.15+0.09 
IV 6.76+0.10 
III 6.93+0.08 
II 7.47+0.09 

I 7.90+0.06 
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This Q; value provides a determination of the 
Si®® mass, thus: 


p29 — Sj? = 1.002 15+0.2110-* mass units 


and, with the mass of P®° determined from the 
Al(an) reaction, 


Si?® = 28.986 60+0.88 X 10-* mass units. 


The corresponding value listed" is 28.986 51. An 
internal consistency check is possible between 
reactions (1) and (3), in terms of the equation 
derived by eliminating the unknown P*’ mass 
from the Q-value expressions, viz., 


Qs—Qi=Si”—Al"+D*—Het, (6) 


The right-hand member of (6), dependent only 
on masses of stable nuclei, has the value 6.23 
Mev, while the left-hand member, as observed 
here, is +3.38—(—2.93)=6.31 Mev, in good 
agreement. 


Silicon 30 


The remaining groups (I, II and III) of 
Table I are assigned to the remaining isotope, 
in reaction (4). The most energetic group (I) 
corresponds to Q4=4.56+0.13 Mev, for which 
Bethe’s prediction® is 4.3 Mev. This observation 
determines the mass difference 


P#! — Si = 1.000 880.18 X 10-* mass units. 


For this reaction, both involved nuclei are 
stable. The mass of P*® is better known than 
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TABLE II. Interpretation of the conn goes in Table I. Means of identification are amplified in text, 

















under “Results and Interpretation.” 
dectibiite ———————— 
om n 
Means of identi- Final i 
— Group Reaction nucleus (Mev) = oP Ph Coxpbariaon 
Sole isotope I (4) P¥gn4 4560.13 0.00 ae 
— isotope A te wel 4. pe 16 0.44+0.29 
le isotope 3.57+0.15 0.99 4.9.28 1.05 H 
Q predicted IV (3) PP 4 3.3840.17 0.00 Reset net 
le isotope, and 
level predicted V (4) pastes 2.78+0.16 1.78+0.29 ° 1.7 Haxel,t Bethet} 
Level predicted VI (3) paoe 2.1140.31  1.2740.48  1.0240.12 _ Reaction (1) 
Ambiguous VII (3), (4) P20, 31 1.52+0.15 
Ambiguous VIII (3), (4) P20, 31 1.03+0.11 
Ambiguous IX (3), (4) P20, 31 0.71+0.13 
Abundance xX (2) P?? nd —0.80+0.10 0.00 
See reference 14. 
See reference 5. 


Si*®, however, so Mattauch’s value" for the 
former is used, with the above mass difference, 
to find 


Si®° = 29.983 5340.45 X 10-* mass units. 


The corresponding listing" is 29.983 99+0.50 
X<10-* units. An internal consistency checking 
equation may be derived by considering, in 
addition to (3) and (4), the activity (positron) 
of P®°, decaying into Si**. The reported upper 
limit for the positron spectrum” is alternatively 
3.0 or 3.5 Mev, corresponding to Q;=4.26+0.25 
Mev, if Q; is used to denote the energy release 
in the activity mentioned. The checking relation 
is 


Qs-+Q.=2D*— 2n'+ Si — P® — Q,. (7) 


The right-hand member of (7), depending only 
on stable masses and Q; just mentioned, has the 
value 8.4+1.1 Mev. The left-hand member as 
here observed is 3.38+4.56=7.94+0.30 Mev, 
in adequate agreement. 


Energy Levels 


No excited state transitions in reaction (2) 
were observed, because of its low Q-value. The 
remaining groups of Table I may to some extent 
be distributed between the remaining reactions 
(3) and (4), as in Table II. The identification of 
groups I, II, III, IV, and X has already been 
discussed. Group VI is associated with reaction 
(3) and the formation of P*® in its 1-Mev excited 
state, that state having been established in 


3G. T. Seaborg, Rev. Mod. Phys. 16, 4 (1944). 





reaction (1). Then, since no lower level inter. 
vened in (1), it is assumed that the intervening 
group V is not associated with P**, and, conse- 
quently, derives from reaction (4) and a third 
excitation level in P#*. This identification js 
confirmed by an independent observation of the 
same level by Haxel,™ in studying the reaction 


Si**+ Het = P*!+ H!+ Qs. (8) 


Groups VII, VIII, and IX remain ambiguous, 
identified either with reaction (3) or (4). 


Intensity Ratios. 


The ratio of the yield from the ground-state 
transition in reaction (3) to that from the ground- 
state transition in (4) is given by the ratio of 
group intensities IV:I and is equal to 1.5. The 
ratio of the target isotope abundances (Si**:Si*) 
is 6.2:4.2=1.5. This indicates that the cross 
section for the ground-state transition in (3) 
and that in (4) are equal at the bombarding 
energy employed. 

The yield ratio P®naq:(mean of P®.4 and 
P1,..4) is given by the group intensities X : (mean 
of I and IV), and is equal to 110. The corre- 
sponding target isotope abundance ratio is 
89.6:5.2, only 17. The cross section for the 
ground-state transition in reaction (2), therefore, 
seems to be greater than that for the same 
transition in (3) and (4) by a factor about 6.5. 

In reaction (8), Haxel™ found intensity ratios 
1.0:1.8:2.4 for transitions to the ground, first 
excited, and second excited states of P*', respec- 


“QO. Haxel, Physik. Zeits. 36, 804 (1935). 
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tively. The intensities of the corresponding 
neutron groups are 1.0:0.8:1.6 for I: III: V. How- 
ever no group observed by Haxel corresponds to 
the present II. If the intensity of this group is 
added to that of III, the ratios are I:(II+III):V 
=1.0:1.6:1.6 and the remaining discrepancy, 
‘amounting to less than a factor 2, is in the third 
excited level transition. In any event, two 
different reactions—(4) and (8)—are involved, 
and a selection rule may be indicated. 

A similar comparison is possible for yields from 
the ground and first excited state transitions 
to P®° as revealed, on the one hand, in reaction 
(1), on the other, in (3). For (3), the ratio is 
given by ground: first excited =1V:VI=1.5:1.8 
=1.0:1.2. For reaction (1), the corresponding 
ratio is not definitely determinate from Fig. 2, 
but is certainly greater than 2.8, in distinct 
disagreement with 1.2, above. Again, a selection 
rule may be involved. 


High Energy Background Tracks 


The silicon spectrum was terminated with 
group | on the basis of yield, for a distinct 
reduction in intensity characterizes the tracks 
following. Additional data taken in the range 
above 8 Mev show no organization into groups, 
but only a scattered background extending as 
far as 10.5 Mev. It is unlikely that these tracks 
derive from a reaction on the target, since the 
latter is believed to have been very pure and 
any appreciable contamination of the deuteron 
beam is very unlikely. It is believed that the 
high energy background observed in both the 
silicon and aluminum reactions is attributable to 
cosmic rays. The qualitative features supporting 
this idea follow. 
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The background seems independent of the 
exposure and of the reaction recorded, appearing 
on all plates. For example, the background 
intensity in the presence of reaction (1) was of 
order 1 track per plate, the cyclotron exposure 
having been 12.5 microampere-minutes. The 
background intensity accompanying the silicon 
reactions was only of order 4 per plate, however, 
though the exposure in that case was 330 
microampere-minutes. 

Observations'® have shown approximately 0.1 
track per cm* per day accumulating in photo- 
graphic emulsions due to cosmic rays, corre- 
sponding to 1.5 tracks per plate per day, for 
1X3 inch plates. The present data show roughly 
3 tracks per plate after five months, entirely 
consistent (300 per plate) when corrected for the 
angular discrimination practiced in recording 
track data. Further, these 300 (deduced) single 
tracks per plate are accompanied by between 
0.1 and 1.0 cosmic-ray “‘star’’ per plate, a fre- 
quency which is consistent with the expectation"® 
of roughly 200 single tracks per star. 

Finally, the cosmic-ray track distribution 
previously recorded'® has its peak at about 13 
Mev and a width of 8 Mev (at half-intensity), 
which distribution is expected to be degraded in 
energy at sea level. It has, therefore, the right 
location to account for the background observed 
around 10 Mev without providing an equal or 
greater disturbance at the lower energies. 

The assistance of Professor R. F. Humphreys 
throughout this project is gratefully acknowl- 
edged. 


% Edited by W. Heisenberg, Cosmic Radiation (Dover 
Publications, New York, 1946), Chapter 13. 
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Search for a Resonance Absorption of Neutrons in Graphite 
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The purpose of the experiment was to determine whether or not an appreciable absorption 
of neutrons takes place in graphite during the slowing down process. A simplified description 
of the experiment is as follows: A Ra-Be photo-neutron source was surrounded by a solid 
sphere of graphite of 11-inch radius. The graphite sphere was immersed in an essentially 
infinite mass of paraffin. The activities of thin indium foils due to thermal neutrons were 
measured as a function of distance from the source for the following two cases: (a) with the 
graphite sphere in place, (b) with the graphite sphere removed. From these distributions and 
the relative thermal neutron capture cross sections of graphite and paraffin, the relative 
numbers of neutrons captured as thermal neutrons in the two cases were calculated. The 
difference between these two numbers is a measure of the number of neutrons absorbed by the 
graphite sphere during the slowing down process. The results indicate that if a resonance 
absorption exists in graphite, then, at most, 5 percent of all neutrons passing through such a 
level would be absorbed by the 11-inch radius graphite sphere. 





1. INTRODUCTION 


HE work described in this report was done 
at the Metallurgical Laboratory of the 
University of Chicago during the summer pre- 
ceding the achievement of the graphite-moder- 
ated, self-sustaining chain reaction on December 
2, 1942. A pertinent pile problem at that time 
was to what extent the fast neutrons arising 
from fission in the uranium lumps would be 
absorbed by the graphite moderator during the 
slowing down process. Such neutrons would be 
lost to the chain reaction since their absorption 
in the graphite would prevent them from reach- 
ing the thermal energy region where they could 
effectively cause fission in the uranium and again 
give birth to a new generation of fission neutrons. 
The purpose of this experiment was to determine 
in the limited time available the magnitude of 
such “resonance absorption” in graphite. The 
work is presented here essentially in the same 
form as it appeared in 1942 as a project report 
of the Metallurgical Laboratory.' 

If the capture of a neutron by normal carbon 
led to an easily detectable activity, a measure 
of the amount of resonance capture could be 
obtained merely by placing a cadmium-sur- 
rounded sample in a beam of slow neutrons. The 
activity under these conditions would be due to 
neutrons having energies above the energy of 


1A ‘report of this work will appear in the Manhattan 
Project Technical Series. 


956 


the Cd “‘cut-off.”” However, since the 99 percent 
abundant C® leads to stable C® on neutron 
capture and the 1 percent abundant C® leads to 
the soft B-emitter C™, this method appeared to 
be infeasible. Consequently, the more devious 
method described here was used. 

The principle of the experiment can be de- 
scribed by use of the following illustration. Con- 
sider a source of fast neutrons at the center of a 
spherical cavity in a mass of paraffin large enough 
to absorb all the neutrons. The neutrons will be 
slowed down to thermal energies by collisions 
with the protons in the paraffin. Essentially, all 
of them will then be captured as thermal neutrons 
by the hydrogen nuclei. In the steady state, the 
strength of the source or the rate of production 
of neutrons, Q1, is equal to the rate at which they 
are captured, or 


i= f (nv) ondv, 


where (nv), is the flux of thermal neutrons at any 
point in the paraffin, og is the capture cross 
section per unit volume of paraffin for thermal 
neutrons, and the volume integral is taken over 
the paraffin. Suppose now that the cavity is 
filled with a solid sphere of graphite. If the 
graphite captures only thermal neutrons, the 
strength of the source is now given by 


Q2= f (nv) ~@dv+ f (nv) udu, 
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where og is the macroscopic thermal neutron 
capture cross section of graphite and the in- 
tegrals are taken over the respective volumes of 
graphite and paraffin. If neutrons are absorbed 
by the graphite during the slowing down process, 
then Q2 will be less than Qi, by the number of 
neutrons so absorbed. 

Since the saturated activity of a thin detector 
due to thermal neutrons is proportional to the 
thermal neutron flux, the saturated activity (A) 
can be inserted into the above expressions instead 


of (nv) ¢. 
2. EXPERIMENTAL ARRANGEMENT 


The actual experimental arrangement used is 
as shown in the drawing of Fig. 1 and in the ac- 
companying photograph (Fig. 1A). It consisted of 
agraphite sphere, 11 inches in radius surrounded 
by a spherical graphite shell 4 inches thick. The 
original plan for the experiment was to take 
measurements for two cases: (1) sphere, shell 
and paraffin in place; (2) sphere removed, shell 
and paraffin in place. It was the function of the 
graphite shell, to furnish the same graphite- 
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Fic. 1. Equator plane cross section. 
le: 1 in. =1. in. 
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paraffin interface boundary conditions in the two 
cases, so that the angular distribution of the 
neutrons striking a detector foil immersed in the - 
paraffin would remain unchanged. Actually, a 
limited number of measurements were taken 
with both sphere and shell removed. Both the 
sphere and shell were machined from pieces of 
AGX graphite of 4-in. by 4-in. cross section. The 
sphere and its surrounding shell fit snugly into 
a 30-inch diameter spherical cavity in a 40-in. 
X40-in. cube of paraffin. The cube of paraffin 
was cast in eight separate pieces, each wieghing 
approximately 85 kilograms. Along the outside 
surfaces of the paraffin cube was placed one course 
of 8-in. X8-in.X12-in. paraffin bricks, bringing 
the over-all length of the side of the cube to 56 
inches. The graphite sphere weighed 146 kilo- 
grams, the graphite shell weighed 232 kilograms. 
The entire mass of paraffin weighed 2200 kilo- 
grams. 

A Ra-Be photo-neutron source rather than the 
usual Ra-Be mixture was used because the lower 
average energy of the photoneutrons should 
make the intensity fall off more quickly in the 
paraffin and thus reduce the number of measure- 
ments needed. A cross section of the photo source 
is shown in Fig. 1. It consisted of 2 g of Ra 
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surrounded by 319 g of Be in the form of a 
cylindrical shell. 


3. MEASUREMENTS 


Indium foils were placed at various positions in 
the rectangular slot shown in the drawing, 
between rectangular plugs of graphite or paraffin, 
depending upon which of the two media sur- 
roundéd the plugs. The plane of each foil was 
perpendicular to the “equator plane,” with 
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Fic. 2. Foil activity with and without Cd vs. position. A9=foil activity without Cd. A; =foil 
activity with Cd. 


the foil centers in this plane. The axis of the 
cylinder of beryllium of the source was per- 
pendicular to the equator plane. Thin indium 
foils of 10 mg per square cm, and 150 mg total 
weight, were used wherever the intensity per- 
mitted, in order to obtain as closely as possible 
the true neutron density. Thicker foils of 80 mg 
per square cm were used at large distances in 
the paraffin beyond the point where the ratio of 
thick foil activity to thin foil activity had 
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Fic. 3. Foil activity due to thermal neutrons vs. r. Ag=foil activity without Cd. A;=foil activity with Cd. 
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Fic. 4. Foil activity due to thermal neutrons X7* vs. distance. A»=foil activity without Cd. 
A,=foil activity with Cd surrounding foil. 


become constant. This constant ratio of thick 
foil activity to thin foil activity was then used to 
calculate what the thin foil activities would be 
at points where there was more than a 4-inch 
thickness of paraffin between the foil and the 
source. Exposures lasted about thirty minutes. 
Only one foil was exposed at a time in order to 
eliminate any possible interaction between foils. 
Foil activities were measured with Geiger tube 
and scaling circuit. The consistency of the 
counting apparatus was checked by taking a 
uranium oxide standard count before and after 
every foil count. 

Foil activities were measured with and without 
0.020-inch ‘thick cadmium surrounding the foil, 
for the following arrangements: 


Case 1. In the sphere, shell and paraffin. 

Case 2. In the shell and in the paraffin, with the graphite 
sphere removed. 

Case 3. In the paraffin, with the sphere and shell both 
removed. 


The foil activity vs. position curves are shown 
in Figs. 2 and 3. The (foil activity Xr’) vs. posi- 
tion curves are shown in Fig. 4. As can be seen 
in Fig. 4, the number of thermal neutrons in a 
spherical-shell volume element falls off quite 
slowly in the graphite and very abruptly in the 
paraffin. The thermal neutron and resonance 
neutron foil activities are quite constant in the 
cavity for Cases 2 and 3. The curves seem to 


show a slight decrease toward the center of the 
cavity, which might be due to absorption of 
neutrons by the materials of the source. The r* 
curves become exponential in the paraffin as can 
be seen from the semilog plot of Fig. 5. The 
relaxation distance for both of these curves is 
2.84 cm. This value was used in extrapolating the 
r? curves beyond the largest distance at which 
the intensity was great enough for measurements 
to be taken. The small contribution to the volume 
integral of the foil activity for this region was 
then computed analytically. 

If there is no resonance absorption in graphite, 
then the total number of neutrons emitted by the 
source is proportional to: 


roof 


graphite 


+4ron f (Ao—1.07A,;)#*dr, (1) 
paraffin 


(Ao—1.07A)#*dr 


where A,=saturated activity of the foil after 
having been irradiated with Cd foil completely 
surrounding it (“with cadmium foil activity’); 
Ao=saturated activity of the foil after having 
been exposed without the Cd jacket around it 
(“no Cd foil activity’); o¢@=capture cross 
section per unit volume of graphite for thermal 
neutrons; og=capture cross section per unit 
volume of paraffin for thermal neutrons; #=the 
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square of the distance of the foil from the source 
averaged over the surface of the foil. 

The quantity (Ay—1.07A;) is taken to be pro- 
portional to the thermal neutron density. The 
factor 1.07 is an empirical factor which applies 
to the 0.020-inch thick cadmium commonly used 
on the Metallurgical Project. It accounts for the 
indium resonance neutrons which are absorbed 
by the cadmium surrounding the foil. In ex- 
pression (1) the implicit assumption is made that 
the capture cross sections of graphite, paraffin, 
and indium vary inversely as the neutron velocity 
for energies below the energy of the Cd cut-off. 

If a resonance absorption exists in graphite, 
then some of the neutrons emitted by the source 
do not live to become thermal, and consequently 
do not appear in the volume integral (1). The 
result would then be that the value of expression 
(1) would be greater for case 2 than for case 1, 
because of the greater volume of graphite present 
in case 1. The difference between the values of 
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expression (1) for cases 1 and 2 would be a 
measure of the number of neutrons absorbed ts 
the resonance region by the graphite sphere. 

The volume integrals of the foil activity, of 
the areas under the r? curves, and the Values of 
expression (1) for the three cases are given in 
Table I. Column 2 of the table gives the volume 
integrals of the no-cadmium foil activity, column 
3 gives the volume integrals of the indium 
resonance activities, and column 5 gives the 
volume integrals of the foil activity due ty 
thermal neutrons. 

In column 6 of Table I are given the thermal 
capture cross sections per cubic centimeter for 
the graphite and paraffin for neutrons of velocity 
equal to the average velocity of the Maxwell 
distribution at room temperature. The values 
given in column 6 are based on 5.92 X 10-*7 em? 
per atom for the AGX graphite (density =1.6 g 
per cm*) and 0.29X10-* cm? per atom of 
hydrogen. (The use of these values for the crogs 





GRAPHITE SPHERE REMOVED 


GRAPHITE SPHERE IN PLACE 


RELAXATION DISTANCE = 2.640m 


Fic. 5. Semilog plots of foil 
activity Xr? vs. position. A o=foil 
activity without Cd. A,;=foil 
activity with Cd. 
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TABLE I. Areas under “‘r*’’ curves. 
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Q1 = 233.6 X 10° 


7.9106 
225.5 


Q2= 233.4108 
Qs = 238-244 x 10* 


4.78 X10~* 
208.0 





208.0 x 10~ 100.0 








sections was suggested by E. Fermi at the time 
of the experiment. Actually it is the ratio of 
these two cross sections which is significant here.) 
The density of the paraffin was 0.83 g per cm’. 
A chemical analysis showed that the paraffin 
consisted of 14.2 percent hydrogen. 

In column 4 of Table I are given the fractions 
of the total number of neutrons emitted by the 
source which are passing through the indium 
resonance level in the graphite and paraffin. 
These percentages were obtained by means of 
the following considerations: 

The resonance activity of a thin foil is given 
by the following expression, in which the 
integral is taken over the resonance line: 


(2) 


r= (Qa) { o(dE/E). 


In (2) g=slowing down density, or the number of 
neutrons per cm* per sec. passing through the 
resonance level, \=mean free path in the medium 
surrounding the foil for neutrons of the resonance 
energy, A=average loss in the logarithm of the 
energy per collision! (A=1 for hydrogen, and is 
equal to 0.158 for carbon). 

From (2) it follows that the ratio of the slowing 


1H, L. Anderson, E. Fermi, A. Wattenberg, G. L. Weil, 
W. H. Zinn, Phys. Rev. 72, 16 (1947). 


down densities in paraffin and carben is given by: 
(1. gf 
qe 0.158 A, ». Ve 


A =(1/0.158)(Ac/Ap). 


(3) 


where 


(4) 


The constant A, may be determined from the 
volume integrals of the foil activities due to 
resonance neutrons, given in Table I. Since 
Q= Sf qdv, then 

1960+ 878+ A (75) =480+-A (173), 


A=24.1. 


(5) 
(6) 


This value for A agrees quite well with the 
value A =23.6 obtained by substituting in (4), 
the values \.=2.6 cm and A,=0.7 cm for the 
mean free paths of indium resonance neutrons 
in graphite and paraffin, respectively. The entries 
in column 4 of Table I were calculated using 
A=24.1. 

In column 7 of Table I are given the values for 
the product of the areas under the r? curves and 
the respective capture cross sections. These 
values are proportional to the numbers of 
thermal neutrons captured in the various por- 
tions of the assembly. The sums Qi, Qe, and Q; 
are proportional to the total number of neutrons 
captured as thermals for the three cases. 
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The measurements were standardized by using 
manganese foils of known cross section. The 
calibration can be expressed in terms of the thin 
indium foils and the Geiger tube used in measur- 
ing their activities by: 


nv =0.92(Ao—1.07A)), (7) 


where nv is given in neutrons per cm? per sec. 
and (A»o—1.07A;) is the standard foil activity 
due to thermal neutrons in counts per foil per 
minute. Using (7) the total number of neutrons 
emitted by the source is 2.2 10° per sec. 


4. DISCUSSION OF RESULTS 


The agreement between the values Q;= 233.6 
X10* and Q.= 233.410‘ is perhaps better than 
could be expected from the data. Usually two 
to four foils were measured for each position. 
The difference between the greatest and the 
least of the saturation activities for foils of the 
same position was about 2 percent for all mea- 
surements in the graphite and for measurements 
in the paraffin up to positions well beyond the 
point where the r? curves become exponential in 
the paraffin. The average of the activities for 
foils of the same position should be determined 
to within 1 percent. 

The reproducibility of the complete process of 
assembling the paraffin-graphite structure, pro- 
curing a complete set of data, and then com- 
puting the area under the r* curve can be judged 
from the following results. Two complete sets of 
measurements in the paraffin were obtained with 
the thick foils for cases 1 and 2. In the interval 
between these two sets of measurements the 
entire structure had been completely dismantled 
and set up again. Let J;=area under the r* curve 
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for the paraffin only with the sphere in place, 
I;=area under the r* curve for the Paraffin 
only with the sphere removed. The value of 
(I2—1;)/Ji was found to be 10.6 percent for 
one set of measurements, and 10.7 percent for the 
second set. 

After having completed the measurements for 
cases 1 and 2 there was a short time available 
before the space being used for the experiment 
was needed for other work. This short period 
was devoted to case 3. The number of foils 
measured for case 3 was about $ the number for 
case 1 or 2. Unlike the first two cases, the points 
for case 3 showed quite a spread. The maximum 
and minimum values that could be obtained for 
Q; from the r? curve were 238 X 10‘ and 244x104. 
The mean of these two values is about 3 percent 
higher than for cases 1 and 2. 

The more reliable data of cases 1 and 2 show, 
then, that the fraction of neutrons absorbed by 
the graphite during the slowing down process is 
less than experimental error, which might have 
been about one to two percent. The less reliable 
data of case 3 indicates that this fraction might 
be about 3 percent. Even if these two upper 
limits are given equal weight, then the average 
results can be expressed by the statement that 
at most 23 percent of all the neutrons emitted by 
the source are absorbed while passing through the 
resonance region in the graphite. Since roughly 
half of all the neutrons pass through the reso- 
nance region in the graphite, at most 5 percent 
of all those neutrons passing through the reso- 
nance region in the 11-inch graphite sphere 
would be absorbed. 

The author is very grateful to J. H. Manley, 
L. Szilard, and E. Fermi for many helpful dis- 
cussions. 
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The thermal cross section of Cu is well matched by the 
curve o=(7.8+0.54E-4). Microcrystalline interference is 
observed in the low energy region. The cross section 
decreases slowly from 8 to 7.3 between 2 and 100 ev, 
then decreases more rapidly until at zero timing it is 5.3. 
A small dip is observed near 3000 ev. The thermal cross 
section of Ni is well matched by the curve o=(17.0 
+0.77E-4). Microcrystalline interference effects are ob- 
served at low energies. The Ni cross section is approxi- 
mately constant at 17.2 from 3 to 50 ev. A small dip is 
observed with a minimum near 100 ev. Above 100 ev the 
cross section drops rapidly to 8 at zero time of flight. 
Bismuth shows no 1/v slope in the thermal region because 
of microcrystalline interference effects. The free cross 
section of Bi is (9.0+0.2) and is constant over the energy 
region investigated. The thermal cross section of Fe is 


well matched by the curve o=(11.0+0.35E-4). Micro- 
crystalline interference effects are observed in the low 
energy region. The cross section of Fe remains approxi- 
mately constant at 11 from 3 to 300 ev, then decreases 
to 4.8 at zero time of flight. The cross section of Sn in 
the thermal region rises because of microcrystalline inter- 
ference effects which mask any 1/v slope. The free cross 
section is (4.9+0.1). There is a slight dip in the trans- 
mission curve of tin around 6 ev which may or may not 
be real. Other small dips near 50 and 100 ev are probably 
real. The cross section increases near zero time of flight 
indicating that there are probably resonances above 1000 
ev. The cross section of a large Nicol Prism decreases 
from the additive CaCO; cross section of 20 at short 
wave-lengths to about 3.5 at 0.005 ev. The residual cross 
section cannot be explained by theory. 





I. INTRODUCTION 


N several previous papers'~* the results of 

investigations of the slow neutron cross 
section as a function of the neutron energy have 
been presented for a iarge number of materials. 
In order to make available in published form as 
complete information as possible on slow 
neutron cross sections the results acquired over 
the past few years have been re-examined and 
the data which were considered to be in pub- 
lishable form are presented in two papers, of 
which this is the second. 

The results presented here were taken with 
the new system? which has been somewhat 
improved to obtain better resolution, as will be 
described in detail in a forthcoming paper in the 
regular series.? All of these materials will be 
investigated more thoroughly in the future, 
although complete results will probably not be 
obtained soon. In presenting the results on Cu, 

* Publication assisted by the Ernest Kempton Adams 
Fund for physical research at Columbia University. 

+L. J. Rainwater and W. W. Havens, Jr., Phys. Rev. 
70, 136-153 (1946); W. W. Havens, Jr. and L, J. Rain- 


water, a. Rev. 70, 154-173 (1946). 
*L. J. inwater, W. W. Havens, Jr., C. S. Wu, and 
. R. Dunning, Phys. Rev. 71, 65-79 (1947); W. W. 
avens, Jr., C.S. Wu, L. J. Rainwater, and C. L. Meaker, 
Phys. Rev. 71, 165-173 (1947); C. S. Wu, L. J. Rainwater, 
and W. W. Havens, Jr., Phys. Rev. 71, 174-181 (1947). 
*L. J. Rainwater, W. W. Havens, Jr., J. R. Dunning, 
and C. S. Wu, Phys. Rev. 73, 733 (1948). 
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Ni, Bi, Fe, Sn and calcite the conventions pre- 
viously adopted are used,’? in particular: 


1. All cross section values are given in units of 10-™ 
cm?*/atom. 

2. The resolution function is roughly triangular in 
shape having a width at its base between 2 and 3 
times the timing spacing of adjacent experimental 
points. The resolution function is usually not shown 
explicitly on each curve. 

3. When a sufficiently strong slow neutron resonance 
is present in one of the isotopes of the material 
studied a dip will be observed in the transmission 
vs. slow neutron time of flight at the timing corre- 
sponding to the energy of the level. Because of 
the resolution width of the apparatus, this dip will 
generally be very much wider and shallower than 
the “true” transmission dip (infinitely sharp reso- 
lution). Thus, in general, the true cross section at 
exact resonance will be many times larger than the 
value of omax corresponding to the bottom of the 
observed dip in the transmission curve. The posi- 
tion of the dip will give an indication of the position 
of the resonance if single, but resonances which are 
closely spaced relative to the resolution width will 
appear as a single dip. The “area” of a transmission 
dip, that is, the area between the experimental 
transmission curve and the transmission of the 
sample due to the scattering cross section, if the 
“true” transmission drops to zero, will depend on 
the sample thickness, the energy Eo, of the reso- 
nance and the product gol", o» being the cross 
section at exact resonance and I the full width of 
the level at half the maximum cross section. 
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Fic. 1. The slow neutron transmission of 16.3 g/cm? of 
copper. The best 1/v line (0.05 ev to 3 ev) is o=(7.8 
+0.54E~4), Crystal interference effects cause the points 
below 0.05 ev to deviate above the 1/v line. 


4. The time of flight scale is a 1/v scale. When the 
transmission is plotted on a logarithmic scale the 
cross section scale is linear and thus a cross sectional 
dependence linear in 1/v will give a straight line on 
this plot. 


II. COPPER 


The slow neutron transmission of Cu has been 
studied using three plates of commercial Cu, 
each 4.6 mm thick, to give a total sample thick- 
ness of 16.3 g/cm?. The results of these measure- 
ments are presented in Figs. 1 and 2. The results 
shown in Fig. 1 were obtained when the region 
above 0.013 ev was investigated using broad 
resolution and those in Fig. 2 when the region 
above 3 ev was investigated using higher reso- 
lution. 

The points in Fig. 1 between 0.06 ev and 1.0 ev 
are well matched by the 1/v relation ¢=(7.8 
+0.54E-}). This relation probably indicates the 
magnitudes of the free copper scattering cross 
section (7.8) and the 1/v absorption cross section 
(0.54E-*) in the thermal region. The points 
below 0.05 ev are above the 1/v line and do not 
follow a smooth curve. This is to be expected as a 
result of slow neutron interference effects caused 
by the microcrystalline nature of the sample. 
The positions of the discontinuities in the trans- 
mission curve at low energies are for neutron 
wave-lengths which are multiples of the charac- 
teristic spacings between crystal lattice planes. 
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In Fig. 2 the transmission increases gradually; 
with decreasing time of flight to the Point cor. 
responding to about 100 ev. For smaller timings 
(higher energies) there is a more rapid increase 
in transmission which continues to zero time 
except for the small dip near 3000 ev. This dip 
probably represents the lowest resonance level 
in one of the copper isotopes. 

For a proper interpretation of Figs. 1 and 2 
it is necessary to consider other information 
which has been obtained on the interaction of 
slow neutrons with copper. 

Normal Cu consists‘ of 70.13 percent Cys 
and 29.87 percent Cu®, Capture of a neutron by 
Cu® produces Cu® which has a 12.8-hour half. 
life and decays‘ by 8--emission (0.58 Mev max.), 
8+-emission (0.66 Mev max.), or by K capture. 
Capture of a neutron by Cu® produces f>--active 
(2.9 Mev max.) Cu® of 5-minute half-life. The 
partial Cu cross sections due to these separate 
capture processes have been studied by activation 
measurements using thermal neutrons. Rasettié 
obtained gcapt. = 1.8 due to Cu® and 1.2 due to 
Cu® giving gcapt.=3.0 total. Sinma and Yama- 
saki® found geapt.=1.3 due to Cu® and 1.5 due 
to Cu® giving ocapt.=2.8 total. Goldhaber and 
O'Neal? gave gcapt.=0.8 due to Cu. Total ab. 
sorption measurements have also been made 
using thermal neutrons. Coltman® obtained 
abs. = (4.340.3) and Coltman and Goldhaber! 
found d@abs. = (3.4+0.3). Volz gave gcapt.=2.2 
to 2.6. Lichtenberger, Nobles, Monk, Kubet- 
schek, and Dancoff" obtained E»=570 ev for 
the Cu® resonance using the boron method." 
They also give values for the “activation inte- 
grals.’’ These previous results for the absorption 
cross section are in good agreement with 
Gabs.=2.7 at 0.4 ev from the 1/y line in Fig. 1. 
Previous studies'*!* have indicated that the 
“effective energy”’ of previous ‘“‘thermal neutron” 


4G. T. Seaborg, Rev. Mod. Phys. 16, 1 (1944). 
5 Franco Rasetti, Phys. Rev. 58, 869 (1940). 
~*8 K, Sinma and F. Yamasaki, Phys. Rev. 59, 402 (1941). 
( 41) Goldhaber and R. D. O’Neal, Phys. Rev. 59, 109 
1941). 
8 J. W. Coltman, Phys. Rev. 59, 917 (1941). 
(946 Coltman and M. Goldhaber, Phys. Rev. 69, 4il 
10H, Volz, Zeits. f. Physik 121, 201 (1943). 
1H. V. Lichtenberger, R. G. Nobles, G. O. Monk, H. 
Kubetschek, and S. M. Dancoff, Phys. Rev. 72, 164 (1947). 
2H, A, Bethe, Rev. Mod. Phys. 9, 69 (1937). ‘ 
143R. F. Bacher, C. P. Baker, and B. D. McDaniel, 
Phys. Rev. 69, 443 (1946). 
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measurements was ~0.04 ev rather than 0.025 ev 
corresponding to kT for room temperature. 

" ‘The slow neutron cross section values obtained 
using resonance neutrons (energies above 1 ev) 
should give the free copper cross section since 
binding and interference effects should be unim- 
portant in this region. Measurements using 
thermal neutrons will be markedly influenced by 
the microcrystalline state of the sample due to 
interference effects. The following values for the 
different cross section have been obtained using 
thermal neutrons: (a) Dunning e¢ al.," otor. = 7.5 ; 
(b) Mitchell, Murphy, and Whitaker,” gscate. 
=8.3; (c) Goldhaber and Briggs,’® ctor. =11.9, 
Gecatt.= 8-6; (d) Whitaker and Beyer,’*'* oye. 
=(10.5+0.4) ; (e) Whitaker and Bright,"® ovo. = 
10.3 and Gecatt. =5.5. Nix and Clement” made a 
careful study of the effect of microcrystalline 
structure on the thermal cross section. They ob- 
tained o=(10.84+0.03) for cold-worked Cu 
(0.005-mm grain size) and ¢=(7.04+0.3) for a 
highly annealed (2.4 mm-grain size) sample, with 
several intermediate values for intermediate 
grain sizes. They were thus able to obtain a 
curve of “thermal cross section”’ vs. sample grain 
size. The value 10.84 is in good agreement with 
Fig. 1. Hanstein* obtained otor. = (8.30.3) using 
In resonance neutrons (1.44 ev).'? This is in good 
agreement with the value for this energy in Fig. 1. 

According to the theory of Feshbach, Peaslee, 
and Weisskopf” the scattering cross section 
should be very nearly equal to the value 47R? 
due to potential scattering (where R is the 
nuclear radius) when the neutron energy differs 
from that of the nearest resonance level by an 
amount which is not small compared to the 
spacing between levels. Since Cu may be con- 
sidered a relatively light element, the spacing 


“J. R. Dunning, G. B. Pegram, G. A. Fink, and D. P. 
Mitchell, Phys. Rev. 48, 265 (1935). 

A. C. G. Mitchell, E. J. Murphy, and M. D. Whitaker, 
Phys. Rev. 50, 133 (1936). 

‘6 M. Goldhaber and G. M. Briggs, Roy. Soc. Proc. 162A, 
127 (1937). 

4M. D. Whitaker and H. G. Beyer, Phys. Rev. 55, 
1101 and 1124 (1939). 
(1940); G. Beyer and M. D. Whitaker, Phys. Rev. 57, 976 
(1941), D. Whitaker and W. C. Bright, Phys. Rev. 60, 155 
(1945) C. Nix and G. F. Clement, Phys. Rev. 68, 159 

* Henry B. Hanstein, Phys. Rev. 59, 489 (1941). 

"H. Feshbach, D. C. Peaslee, and V. F. Weisskopf, 
Phys. Rev. 71, 145 (1947). 
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between neutron resonance levels would be ex- 


pected” to be of the order of hundreds to 
thousands of ev. Therefore, the energy region 
below ~10 ev can be considered narrow com- 
pared to the average level spacing. Using the 
value R=6.75 X10-" cm for Cu given by Amaldi 
and Cacciapuoti** gives 4rR?=5.7 for the ex- 
pected Cu cross section due to potential scat- 
tering. This is somewhat larger than the value 
4rR’?=4.5 given by Feshbach, Peaslee, and 
Weisskopf.” The observed value ¢=7.8 in Figs. 
1 and 2 probably indicates that the scattering 
cross section of one of the Cu isotopes is larger 
than 47rR? as a result of the interference between 
potential and resonance scattering. Weisskopf’s™ 
theory predicts this effect when the neutron 
energy is near and just above the energy of the 
nearest resonance. On this basis the shape of the 
curve in Fig. 2 should be explained as due to the 
presence of a virtual level’ with a resonance 
energy near zero neutron kinetic energy. The 
decrease in cross section above 100 ev would be 
interpreted as a return to the “potential” scatter- 
ing cross section value at larger distances from 
the resonance. The shape of the increase also 
suggests that the virtual level is near —500 ev 
energy. Since there are two isotopes, each with 
non-zero spin, the level near 3000 ev in Fig. 2 
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Fic. 2. The slow neutron transmission of 16,3 g/cm? of 
copper. This curve shows the small dip in transmission at 
1.5 wsec./meter which indicates the presence of one or more 
resonance levels near 3000 ev. 


3 E. Amaldi and B. N. Cacciapuoti, Phys. Rev. 71, 739 
(1947). 
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Fic. 3. The slow neutron transmission of 8.47 g/cm? of 
nickel. The best 1/v line (0.1 —5 ev) is o=(17.0+-0.77E-4). 
Crystal interference effects cause the points below 0.1 ev 
to deviate above the 1/v line. 


may not correspond to the same compound 
nucleus which is responsible for the large scat- 
tering. 

Measurements by Fields, Russell, Sachs, and 
Wattenberg’ using photo-neutrons indicate 
that the cross section averages nearer 4rR? at 
higher energies. They obtained o=8.0, 6.2, 5.9, 
5.3, and 3.8 at 24, 130, 140, 220, and 830 kev. 
Since the measurements in Fig. 2 were not taken 
with the highest resolution of the spectrometer, 
it is planned to study the resonance region above 
50 ev again using much better resolution. 


Ill. NICKEL 


The slow neutron transmission of Ni has been 
studied using three plates of commercial Ni each 
3.3 mm thick for a total sample thickness of 8.47 
g/cm?. The results shown in Fig. 3 were obtained 
when the region above 0.013 ev was studied 
using broad resolution and those in Fig. 4 when 
the region above 3 ev was investigated using 
better resolution. 

The points in Fig. 3 between 0.1 and 3 ev 
may be used to locate the 1/v slope in the 
thermal region although it is less well defined 
than the similar region for Cu in Fig. 1. The 
“best straight line” indicated in Fig. 3 corre- 
sponds to ¢=(17.0+0.77E-) in which the two 


* R. Fields, B. Russell, D. Sachs, and A. Wattenberg, 
Phys. Rev. 71, 508 (1947). 


terms may be interpreted as giving, respectively 
the scattering and absorption cross sections, The 
points for energies below 0.1 ev lie above the 1/y 
line due to the microcrystalline interference 
effects as discussed for Cu. The points in Fig. 4 
indicate that the cross section is relatively cop. 
stant below 50 ev since the points lie close to the 
1/v line of Fig. 3 in this region. The dip at 7 
sec./meter indicates that one or more unre. 
solved resonance levels are present near 100 ev. 
For still higher energies the cross section de. 
creases with the first point shown approaching 
the value of 47R?=5.7 as discussed for Cu. 
Normal Ni consists‘ of 67.4 percent Ni®*, 26,7 
percent Ni®, 1.2 percent Ni®™, and 3.8 percent 
Ni®. Capture of a neutron by Ni® produces 
B-active Ni® of 2.6-hr. half-life. Capture of a 
neutron by the principal isotope Ni** produces 
Ni®* which is 6+-active with a 15-year half-life 
while absorption by Ni® and Ni*® produces stable 
isotopes. The total absorption cross section of Nj 
and the partial cross section for the production 
of the Ni® activity have been measured using 
thermal neutrons. Sinma and Yamasaki® ob. 
tained ocapt. = 0.35 for the production of the Ni® 
activity. Goldhaber and O'Neal’ found ges, 
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Fic. 4. The slow neutron transmission of 8.47 g/cm" 
of nickel. This curve shows the dip in transmission at 
7 ywsec./meter which indicates the presence of one or more 
resonance levels near 100 ev. 


25 Isotope Committee, Science 103, 697 (1946), 
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Fic. 5. The slow neutron transmission of 36.72 g/cm? 
of bismuth. The presence of the crystal interference 
effects makes the determination of the 1/v line impossible. 


<0.03 for the same process. Coltman* gave 
Gaps. = (6.2+0.5). Coltmann and Goldhaber*® ob- 
tained oats. =(5.6+0.5). Volz gave cats. =3.6. 
The 1/v line in Fig. 3 corresponds to gcapt. = 3.8 
at 0.04 ev which is in agreement with the results 
of Volz” but is lower than those of Coltman and 
Goldhaber.*® ® 

The results given in Figs. 3 and 4 may be 
compared with previously measured values of 
Crot. ANd Gocatt. USing thermal and resonance 
neutrons. It should be remembered that the 
value of the ‘‘thermal’”’ cross section depends on 
the microcrystalline structure of the sample as 
discussed under Cu. The following values of the 
different cross sections have been obtained using 
thermal neutrons: (a) Dunning ef al.,™ oto. 
=15.4; (b) Mitchell, Murphy, and Whitaker," 
Oscatt. = 18 ; (c) Goldhaber and Briggs," oto. = 19.7 





and Ggeatt.=12.4; (d) Whitaker and Beyer,’® 
rot. = (19.8+0.5) for polycrystalline nickel and 
Ort. = (14.1+1.2) for a single crystal of Ni (both 
4.4 g/cm?): (e) Whitaker and Bright, ctor. = 21.2 
and Gscatt. = 13.9. Laslett?* found no change in 
the Ni cross section when Ni was heated to 
above the Curie point. (This measurement was 
to test the possibility that the high scattering 
cross section is partly of ferromagnetic origin.) 
Mitchell and Varney?’ obtained ggcatt.=19.2 for 
thermal neutrons, 11.9 for In resonance neutrons 
(1.44 ev), 13.5 for Ag resonance neutrons? 





* |. Jackson Laslett, Phys. Rev. 51, 72 (1937). 
7A. C. G. Mitchell and R. N. Varney, Phys. Rev. 52, 
282 (1937). 
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(~5 ev) and 12 for I resonance neutrons? 
(~40 ev). Kimura*® obtained gsear.=19 for In 
resonance neutrons and 20 for thermal neutrons. 
Hanstein™ obtained oor. =(16.140.8) using In 
resonance neutrons. The results of Figs. 3 and 4 
are in agreement with the previous results for Ni 
to the extent that they indicate a definite value. 

The value of scattering cross section as 
indicated in Fig. 4 is very large compared to the 
value 4rR’=5.7 for potential scattering. Ac- 
cording to the theory of Feshbach, Peaslee, and 
Weisskopf* this would indicate the presence of 
a virtual level near zero energy (near relative to 
the level spacing) and the cross section should 
drop to 4rR? for most of the region to the next 
level. In Fig. 4 the high value of the scattering 
cross section continues up to, and perhaps above, 
the level near 100 ev. Although this at first seems 
to contradict the theory, the fact that there are 
several isotopes probably means that one isotope 
is responsible for this level, while another (prob- 
ably the principal Ni®* isotope) is responsible for 
the large scattering cross section. The extent of 
the region over which the scattering is large 
indicates an average level spacing of about 
50,000 ev. which is not unreasonable for such 
a light nucleus. It is planned to investigate the 
region above 50 ev with much higher resolution 
to study this matter more carefully. The above 
conclusions are in agreement with the results of 
Fields, Russell, Sachs, and Wattenberg’‘ using 
photo-neutrons. They obtained ¢=23, 6.2, 4.2, 
5.8, 3.7, and 3.5 at 24, 130, 140, 220, 620, and 
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Fic. 6. The slow neutron transmission of 36.72 g/cm? 
of bismuth. The cross section is constant where crystal 
interference effects are not important to within the 
accuracy of the results. 


28 N. Kimura, Phys, and Math. Soc. Japan, Proc. 22, 391 
(1940). 
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830 kev. This indicates that there is a strong 
resonance near 24 kev and shows that the cross 
section is close to the potential scattering value 
at the other energies. 


IV. BISMUTH 


The slow neutron transmission of Bi has been 
studied using a sample of 36.72 g/cm? thickness 
cast from C.P. Bi metal. The results of the trans- 
mission measurements are shown in Figs. 5 and 6. 
The results shown in Fig. 5 were obtained when 
the region above 0.013 ev was studied using 
broad resolution and those in Fig. 6 when the 
region above 0.8 ev was studied with higher 
resolution. There is no evidence of a 1/v slope 
in Fig. 5 since the curve rises after the first three 
points due to microcrystalline interference effects. 
In Fig. 6 the cross section is constant over the 
entire region to within the accuracy of the 
measurements and is equal to (9.0+0.2). This 
may be interpreted as the free Bi scattering cross 
section in the region studied. There is no evidence 
of any resonance dips although an investigation 
using higher resolution is planned and may 
indicate the presence of weak resonances. 

Norma! Bi consists‘ entirely of the 100 percent 
Bi® isotope of spin 9/2. Capture of a neutron 
produces 8--active Bi?’ (RaE) of 5 days half-life. 
Several measurements have been made of the 
absorption and activation capture cross sections 
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for thermal neutrons. Goldhaber and O’Near 
obtained geapt.<0.1 for the production of 
RaD activity. Volz” found oaps. = 0.33, Meuthaus 
and Goldhaber*® gave oabs.~10- or less Pm 
production of RaE. Considering all of the results 
it seems that the higher value of Volz ma 
represent the effect of impurities in his nea 
since the capture should result entirely in the 
production of RaE. It is therefore not surpric; 
that no 1/v slope was observed in the Present 
measurements. Lead and bismuth are known to 
have abnormally low radiative capture cross 
sections for fast neutrons**® relative to neigh. 
boring elements, thus indicating that there is 
an anomalous level pattern for these nucle 
probaby due to the relatively small binding 
energy of the captured neutron. The total crogs 
section and the scattering cross sections should 
thus be essentially equal over a wide range of 
energies. 

The following values of the different cross 
sections have been obtained using thermal 
neutrons: (a) Dunning et al.,"* oto.=8.2; (b) 
Mitchell, Murphy, and Whitaker,!® oycate, = 10,2; 
(c) Goldhaber and Briggs,’® oto.=8.9 and 
Oscatt. = 8.9; (d) Rasetti,** o=6.6 for a single 
crystal and o=8.3 for the liquid. He subse. 
quently obtained o=6.39 for a single crystal 
using a room temperature source and 5.94 using 
a source at 80°K. Kimura?® obtained Gea. =7.5 
for thermal neutrons and 8.3 for In resonance 
neutrons. Hanstein*™ obtained o=(8.7+0.5) 
using In resonance neutrons. Anderson, Fermi, 
and Marshall® obtained «=6.68 using thermal 
neutrons and only 1.03 using the very low energy 
neutrons (~0.0015 ev or 7.15A wave-length) 
obtained by filtering pile neutrons through 
graphite. Fields, Russell, Sachs, and Watter- 
berg’* obtained o=12.1, 10.2, 9.7, 8.0, and 59 
using 24, 130, 140, 220, and 830 kev photo 
neutrons. 

The above values are in essential agreement 
with the results shown in Figs. 5 and 6 consider- 
ing that the thermal values are structure de 
pendent. The value ¢=9.0 obtained from Fig. 6 


29°C. O. Muehlhause and M. Goldhaber, Phys. Rev. 9, 
976 en " 

30D. J. Hughes, Phys. Rev. 70, 106 (1946). 

3t Franco Rasetti, Phys. Rev. 58, 321 (1940). 

# H. L. Anderson, E. Fermi, and L. Marshall, Phys 
Rev. 70, 815 (1946). 
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‘s close to the value of 4rR?=10 for potential 
scattering. 
V. IRON 


The slow neutron transmission of iron has been 
measured using a 9.93 g/cm? thick sample of 
ordinary cold-rolled iron sheet. A spectrographic 
analysis of the sample by the Bureau of Stand- 
ards indicated 0.01 to 1 percent Cr, Cu, and Mn 
and less than 0.01 percent of Ca, Co, Ge, Mg, 
Ni, Si, and Sn. The results of the transmission 
measurements above 0.013 ev using broad reso- 
lution are shown in Fig. 7. The experimental 
results between 0.02 ev and 2 ev are well matched 
by the straight line 1/v relation 


o =[11.0+0.35E-*]. 


This indicates that the iron scattering cross 
section in this energy region is (11.0+0.2) and 
the capture cross section is 0.35E£~-'. The devi- 
ation of the last three points in Fig. 7 from the 
straight line is due to microcrystalline inter- 
ference effects. 

The results of the transmission measurements 
above 3 ev using better resolution are shown in 
Fig. 8. The points for energies below about 200 
ev closely follow the 1/v line of Fig. 7. For higher 
energies the cross section decreases rapidly to 
about 4. The scattering cross section for Fe is 
considerably higher than the value” ** 47R?=5.5 
for pure potential scattering. The explaination in 
this case is probably the same as for Cu and Ni. 
Normal Fe contains‘ mainly the 91.57 percent 
Fe® plus 6.04 percent Fe*‘, 2.11 percent Fe®’, 
and 0.28 percent Fe**. On the basis of the theory 
of Feshbach, Peaslee, and Weisskopf” the large 
scattering cross section is probably the result of 
the interference between potential and resonance 
scattering due to a relatively near virtual level in 
Fe®*. The decrease in cross section above 200 ev 
is then due to the increased distance from the 
virtual level indicating that it is probably several 
thousand ev. below zero neutron energy. The 
level spacing on this basis would be greater 
than 10,000 ev. This next resonance cannot be 
observed in Fig. 8. Further investigation of this 
sample above 50 ev. is planned using much 
better resolution. 

The value of the capture cross section indi- 
cated from the 1/v slope in Fig. 7 may be com- 
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J. R. Dunning, Phys. Rev. 53, 947 (1938). 
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Fic. 8. The slow neutron transmission of 9.93 g/cm? of 
iron. The points for energies below 200 ev closely follow 
the 1/v line obtained from the results in Fig. 7. 


pared with the results of absorption measure- 
ments using thermal neutrons. Coltman*® ob- 
tained gaps. = (2.1+0.2), Coltman and Goldhaber® 
found gavs. = (2.05+0.15), and Volz” gave caps. 
= 1.6. These values are in good agreement with 
the result ops. = 1.8 at 0.04 ev from Fig. 7. 

It is also of interest to compare the results of 
Figs. 7 and 8 with previous measurements of 
Trot. ANA Oecatt. Cross sections using thermal and 
resonance neutrons, remembering that the reso- 
nance neutron cross sections should be directly 
comparable and the thermal values are structure 
sensitive. Dunning ef al.’ obtained oto. =12.0 
using thermal neutrons. Mitchell, Murphy, and 
Whitaker" found oscatt. = 10.6 using thermal neu- 
trons. Goldhaber and Briggs'® gave ctor. =13.6 
and @seatt.= 10.3 using thermal neutrons. Whit- 
aker and Beyer’ '* obtained «= (12.0+0.2) for a 
1.6 g/cm? thick sample of polycrystalline iron, 
(7.0+0.1) for a 1.6 g/cm? single crystal of iron 
and (6.1+1) for an 8.8 g/cm? single crystal of 
iron. Powers, Goldsmith, Beyer, and Dunning** 
obtained ¢=(12.0+0.4) using “room tempera- 
ture’ neutrons and (12.0+1.0) using “liquid 
air’ temperature neutrons. Whitaker and Bright’® 


* P. N. Powers, H. H. Goldsmith, H. G. Beyer, and 
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Fic. 9. The slow neutron transmission of 45.15 g/cm? 
of tin. The presence of crystal interference effects makes 
the determination of the 1/v line impossible. 


found otor.=12.8 and oecatt.=9.5 using thermal 
neutrons. Nix and Clement” investigated the 
effect of sample grain size on the thermal cross 
section and obtained «= (13.06+0.4) for cold- 
worked Fe (0.077-mm grain size), and (11.39 
+0.3) for annealed Fe (0.127-mm grain size). 
Laslett?® observed no change in the thermal 
neutron cross section when a sample was heated 
above the Curie point during an investigation to 
see if the large cross sections of Fe and Ni are 
due to their ferromagnetic properties. Mitchell 
and Varney”? obtained @scate. =9.8 using thermal 
neutrons, 10.0 using Rh resonance neutrons, 11.6 
using Ag resonance neutrons, and 10.8 using I 
resonance neutrons. Kimura’® found @yeatt. =9.7 
using thermal neutrons, and 8.5 using In reso- 
nance neutrons. Hanstein® obtained o=(11.1 
+0.3) using In resonance neutrons. Using photo- 
neutrons Field, Russell, Sachs, and Wattenberg” 
obtained ¢=2.2, 4.1, 3.9, 3.3, and 2.7 using 24, 
130, 140, 220, and 830 kev neutrons. These 
results suggest that there is a resonance above 
24 kev and show that the cross section is nearer 
the potential scattering value at higher energies. 


VI. TIN 


The slow neutron transmission of tin has been 
measured using a sample of 45.15g/cm? thickness 
which was made by melting mossy C.P. tin 
and molding to the desired shape. A quantitative 
spectrographic analysis of the sample showed an 
indium impurity of (0.0340.01) percent. A 


qualitative spectrographic analysis showed 


Pb impurity of the order of 0.05 percent: §p 


impurities of the order of 0.005 percent. For all 


other metals the prominent lines were Not ap. 
parent. Therefore, the impurity was Dp 

less than 0.05 percent for arc insensitive Ma- 
terials and less than 10-5 percent for arc sensi. 
tive materials. The results of the measurements 
above 0.013 ev using broad resolution are shown 
in Fig. 9. The rise in transmission for 
timings is due to microcrystalline interference 
effects and probably masks any 1/v type slope 
that may be present. The points between 0,99 
and 1 ev all have essentially constant cross 
section values equal to (4.9+0.1). A “thermal” 
neutron absorption cross section of (0.53+0.05) 
has been observed by Coltman and Goldhaber! 
and a value ¢abs.=0.4 was obtained by Volz 
On the basis of these values for the thermal ab. 
sorption cross section an increase of 0.2 in, 
should be observed between 1 ev and 0.09 ey in 
Fig. 9. 

The results of the measurements above 0.8 ey 
using higher resolution are shown in Fig. 10. The 
dip near 1.4 ev is probably due to a slight In 
impurity in the sample. From the size of the dip 
an In impurity of about 0.05 percent is indicated 
which is in agreement with the spectroscopic 
measurements. The small dip near 6 ev may be 
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Fic. 10. The slow neutron transmission of 45.15 g/cm 
of tin. The transmission dip at 1.44 ev is caused bya 
0.03 percent indium impurity in the sample. The small 
dip at 6 ev may be spurious. The dips near 50 ev 
100 ev are probably real, although exact location of the 
resonances is difficult with these data. 


* M. E. Nahmias, Comptes rendus 202, 1050 (1936);R 
Naidu, Nature 137, 578 (1936); G. T. Livingood and J.]. 
Seaborg, Phys. Rev. 55, 667(1939) ; H. Volz, Zeits. f. Ph 
121, 201 (1943). 
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Fic. 11. The slow neutron cross section of calcite. The 
cross section begins to decrease just below 1.0 ev because 
of the crystal structure of the sample. 


spurious or may represent a weak resonance level 
for one of the ten stable isotopes of Sn. The dips 
near 50 and 100 ev are probably real although 
the exact location of the resonance or resonances 
is dificult with the present data. Higher resolu- 
tion will be used to determine more accurately 
the position and magnitude of these dips. The 
fact that the cross section increases near zero 
time of flight is also of interest as it indicates 
that there are probably levels above 1000 ev. 
The results of Figs. 9 and 10 may be compared 
with values previously obtained for the total 
and scattering cross sections. Dunning ef al." 
obtained otot.=4.0 using thermal neutrons. 
Mitchell, Murphy, and Whitaker™® found agoatt. 
=4,1, and Goldhaber and Briggs'® gave decatt. 
=4.9 using thermal neutrons. Hanstein*! ob- 
tained otor.=(5.7+0.3) using In resonance 
-neutrons. Fields, Russell, Sachs, and Watten- 
berg’* obtained «= 5.9, 6.4, 6.4, 6.3, 6.8, and 6.7 
using 24, 130, 140, 220, 620, and 830 kev photo- 
neutrons. The value of 47R? for potential scat- 
tering of 6.6 given by Feshbach, Peaslee, and 
Weisskopf” is in better agreement with the above 
experimental results than the value 9 obtained 
using the value of Amaldi and Cacciapuoti?* for 
the Sn nuclear radius. 


Vil. CALCITE 


The slow neutron transmission of a calcite 
crystal has been measured using the Tyndall 
Nicol Prism of Columbia University which has a 
sample thickness of 24.53 g/cm*. The results 
of these transmission measurements using broad 
resolution are presented in Figs. 11 and 12. The 
effective CaCO; cross section decreases from 
about 20 in the energy region where the nuclei 
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should scatter independently to about 3.5 in the 
lowest energy region studied. 

Using the values o=3.7 and 4.8, respectively, 
for the free oxygen and carbon cross sections, a 
value of 4.1 is indicated for the free Ca cross 
section. This is in good agreement with Ras- 
setti’s value* of (44+0.2) using thermal 
neutrons. The values o%ot.=11.0 obtained by 
Dunning et al."* and Gear. =9.5 obtained by 
Goldhaber and Briggs'* for Ca were probably 
due to hydrogenous impurities in the samples. 

Carbon and oxygen each have only one im- 
portant stable isotope, each with zero spin. They 
both have very small capture cross sections as 
is indicated by their use as moderator materials 
in graphite and heavy water piles. Thus, for 
example, Anderson, Fermi, Wattenberg, Weil, 
and Zinn* obtained o,»..=0.0049 for graphite 
using thermal neutrons and Muehlhouse and 
Goldhaber®® obtained oap,.~10- or less for 
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Fic. 12. The slow neutron transmission of calcite. The 
effective cross section of calcite decreases from 20 where 
the nuclei should scatter independently to about 3.5 at 
0.008 ev. The principle charge occurring between 1.0 ev 
and 0.02 ev. 


* H. L. Anderson, E. Fermi, A. Wattenberg, G. L. Weil, 
and W. H. Zinn, Phys. Rev. 72, 16 (1947). 














oxygen. Although there are seven stable Ca 
isotopes,‘ normal Ca consists mainly of the 
96.96 percent Ca“ isotope which forms radio- 
active Ca of 85-day half-life on neutron 
capture. Measurements of the absorption cross 
section for Ca for thermal neutrons show that 
it is small compared to the residual CaCo; cross 
section of 3.5. Coltman® obtained gaps. = (0.50 
+0.04) and Coltman and Goldhaber® obtained 
(0.37+0.04). Volz” gave ous, = 0.28. Subtracting 
the value oaps.~0.3 to 0.4 from Rassetti’s value 
Orot. = (4.4+0.2) gives a result in good agreement 
with the value 4.1 from Fig. 11 obtained as 
described above. 

The most extensive previous investigation of 
the effective CaCos; cross section for calcite at 
low energies was made by Rasetti*® who obtained 
o=6.6 for a 10.0 g/cm? thick sample of optical 
grade iceland spar using thermal neutrons. He 
showed that oe. increases with decreasing 
crystal size in ground crystals and showed that 
the thermal neutrons transmitted through calcite 
have their average energy lowered. — 

The transparency of crystalline materials to 
low energy neutrons has been investigated experi- 
mentally using the thermal neutrons from RaBe 
sources and using monochromatic neutrons.” 
The theory of the scattering of neutrons by 
crystals has been given by Wick**® and by Hal- 
pern, Hammermesh, and Johnson.*’ A simple 
qualitative explanation can be given in terms of 
wave scattering usually applied to x-rays. When 
the slow neutron wave-length is comparable to 
the crystal lattice spacing there is strong scat- 
tering only when the conditions are satisfied for 
Bragg reflection by the different sets of crystal 
planes. This gives complete scattering of certain 
very narrow wave-length regions and very little 


% G. C. Wick, Phys. Zeits. 38, 403, 689 (1937).” ~, ~1 
370. Halpern, M. Hammermesh, and M. H.)Johnson, 
Phys. Rev. 59, 981 (1941). 
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for the other wave-lengths. When the Neutron 
wave-length is more than twice the Spacing of 
the crystal planes the Bragg condition cannot be 
satisfied so the total cross section should be due 
only to capture and incoherent scattering, 

The incoherent scattering at long Neutron 
wave-lengths must be ~2.5 after a value of ~1.0 
is subtracted for the Ca capture cross section 
(note the 1/v factor increase from the “thermal” 
value). This measurement was made at the 
request of Professor Otto Halpern and the crog 
section was found to be unexpectedly large and 
difficult to explain on the basis of present theories, 
The residual cross section can, perhaps, be 
accounted for by the following causes of ingo. 
herent scattering. 


1. Isotope effects: The elements all have only one 
main isotope each and these each have zero spin, 
so this effect should not be important. 

2. Temperature effects: The temperature of the 
sample is not small compared to its Debye temper. 
ature. 

3. Crystal imperfections: This should not be impor. 
tant for the Tyndall Nicol. 


The exact manner in which the effective crogs 
section decreases in Fig. 12 is of interest. It is seen 
that the main change in cross section occurs 
between about 1 ev and 0.02 ev with the half. 
value point near 0.1 ev. It is evident from Fig. 11 
that a calcite crystal filter will lower the energy 
of a transmitted ‘beam of thermal spectrum 
neutrons as observed by Rasetti.*! 
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Neutron-Proton and Proton-Proton Scattering at High Energies* 


JuLtrus ASHKIN 
University of Rochester, Rochester, New York* 


AND 


‘Ta-You Wu** 
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(Received December 26, 1947) 


The tensor force has been taken into account in calculating the neutron-proton and proton- 
proton scattering at energies in the range from 100 to 200 Mev. Most of the calculations are 
performed in the Born approximation using a square well potential and the exchange models 
of Rarita and Schwinger. The rigorous scattering theory has also been applied to the neutron- 
proton scattering with the symmetrical force model at 100 and 200 Mev. The results show 
that the Born approximation is inaccurate at 100 Mev but not bad at 200 Mev. Comparison 
with the experimental neutron-protron scattering at 90 Mev shows that the theoretical cross 
section for symmetrical forces is too large by a factor of about 1.6. 





HE scattering of neutrons by protons at 
energies up to 80 Mev has recently been 
calculated by Camac and Bethe.' Throughout 
this work central forces alone were used, the 
tensor force being consistently neglected. The 
primary object was to investigate the scattering 
under different assumptions concerning the 
exchange character of the forces and their range. 
In the present article the scattering has been 
calculated in the higher energy range from 100 to 
200 Mev, taking account of the tensor forces. 
For this we have used the square well potential 
adjusted by Rarita and Schwinger’ to fit the 
ground state of the deuteron and the low energy 
neutron-proton scattering. Calculations were 
made for three types of forces:? ordinary forces, 
Majorana (spatial) exchange forces, and “sym- 
metric’ exchange forces. The work may there- 
fore be regarded as an extrapolation of the 
results of Rarita and Schwinger to the high 
energy range. 

Preliminary measurements at Berkeley of the 
neutron-proton scattering at 90 Mev indicate 
important qualitative differences from all three 
of the above exchange models. The experiment 
is consistent with a force containing equal 
amounts of ordinary interaction and spatial 


* This work was supported in part by the Office of Naval 

Research Contract N6ori-126 T. O. IT. 

wean present at Columbia University, New York, New 
1M. Camac and H. A. Bethe, Phys. Rev. 73, 191 (1948). 
* W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941); 

Phys. Rev. 59, 556 (1941). 
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exchange.* We feel, nevertheless, that the 
present calculations are worth reporting. The 
lack of agreement with experiment is in itself 
interesting. Further, the exact calculations at 
100 and 200 Mev, which were made with the 
symmetrical forces, should serve as a valuable 
check on any approximate method for obtaining 
the cross section. 

In Section I the neutron-proton and the 
proton-proton scattering has been calculated in 
the Born approximation for energies 100, 150, 
and 200 Mev. In IA we obtain the amplitude 
scattered by the tensor force alone in the Born 
approximation, and in IB and C the amplitudes 
are combined according to the three exchange 
models to give the differential cross section. 
Section II contains an exact calculation of the 
neutron-proton scattering for the symmetric 
force model. Comparison with I shows that the 
Born approximation is fairly good at 200 Mev 
but is untrustworthy at 100 Mev. 


I. SCATTERING IN THE BORN APPROXIMATION 
A. Effect of the Tensor Forces 


Since the operator representing the tensor 
force between neutron and proton gives zero 
when applied to any singlet spin function, we 
need consider only the triplet scattering in this 
section. Separating out the motion of the center 
of mass, the wave function in the relative coor- 


* R. Serber, private communication. 
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dinate system representing the initial incident 
wave will be of the form 


1 
Vine=exp(ikmo-r) >> dmexme. (1) 


ms= —-1 


Here r is the vector from proton to neutron, no 
is a unit vector in the direction of the initial 
relative motion, and hkno is the momentum of 
the incident neutron in the center of mass coor- 
dinate system. The xm, (m,=1, 0, —1) are the 
three triplet spin functions taken for con- 
venience with respect to mo as axis of quan- 
tization, and the am, are three arbitrary con- 
stants. 

Under the influence of the tensor force the 
spin function will, in general, change upon scat- 
tering, giving rise to a scattered wave of asymp- 
totic form 


1 
Wecate™(1/r)e*" Do xm’ 


m,'= -1 


x 3 Smz'm;(8, y)Ams. (2) 


m= -1 


The amplitude of the scattered wave in the 
direction 0, g with respect to mo depends on the 
azimuthal angle ¢ as well as on the polar angle 0, 
since the tensor force is non-central. The an- 
gular dependence of the matrix of coefficients 
Sm,’m,(0, ¢) gives a complete description of the 
scattering of any wave with definite initial spin 
state. In this section we shall calculate this 
matrix in the Born approximation. In II we 
shall use the rigorous scattering theory. 

In most experiments the neutrons in the 
incident beam will be unpolarized with respect 
to spin. To find the triplet scattering cross 
section per unit solid angle in this case we must, 
therefore, average the square modulus of the 
scattered amplitude in (2) over the phases of 
the three amplitudes am, of the triplet spin 
functions. Since the xm, are orthogonal and 
normalized to unity, and since dm,*am,’’ averages 
to zero if m,~m,” and to } if m,=m,’’, we find 


Owrip = Average(>- +B 3 S* mg’msSmg’ms"A* mgAmg") 


ms m;’ m,"* 


=$ LD DL |Smm,”|?. (3) 


, ” 
Msg Ms 
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The Born approximation for Scattering prob. 
lems‘ gives a simple explicit expression for the 
asymptotic scattered wave in terms of the inter. 
action potential V between the neutron and 
proton. 


Vocart~ — (1/r)e***(M/4rh*) 
x f exp(—ikn-r) Viinedr, (4) 


M is the neutron or proton mass and n is the 
unit vector in the direction of scattering. If we 
define a set of matrix elements Vimy’m,(r) by the 


equation 
1 


Vxms = ; 


m,' = a | 


we find, from (1) and (4) 


Vn'mi(r)xmi, (5) 


Smg'm;(0, ¢) = — (M/4xh?) f exp(—ikn-n) 
X Ving'm,(r) exp(tkno-r)dr. (6) 


In the case of exchange forces, Vm,’m,(r) will in 
general contain an operator which exchanges 
proton and neutron, i.e., changes r to —r. It is 
therefore essential to keep the order of the 
factors in (6) as it is instead of combining the 
exponentials as is usually done in atomic scat- 
tering problems. 

The linearity of the scattered amplitude in the 
interaction potential V allows us to calculate 
separately the amplitude scattered by the tensor 
force and by the central forces, and then to 
combine the two at the end according to what- 
ever model of the forces one wishes to consider. 
Apart from a_ possible Majorana (spatial) 
exchange operator whose effect will be discussed 
later, the term in the potential containing the 
tensor force will be of the form —5Sj2J(r), where 
—J(r) gives the shape of the potential and 

o1°T)(o2°r 
Sux3\ : 2 ; Sasi (7) 
r 





@, and oe; are the spin operators of neutron and 
proton, respectively. 

In calculating the amplitude scattered by the 
tensor force, however, we shall not expand 
Si2xm, as in (5), but rather perform the integral 


‘Mott and Massey, Theory of Atomic Collisions (The 
Clarendon Press, Oxford, 1933), p. 88. 


in ( 
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whe 


C(8) 
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in (4) directly treating the spin operators simply 40 rot 
as constant vectors in the spatial integration. a’ 


The result is: 
(M/k?) i) exp(ik(mo—n) +1) J(r) 


x { (3/r?) (1-4) (@2-F) —o,:o2}dr 


=C(0)T(8, ¢), (8) 
where poo mev\ 200 MEV 


P 00 
ca=— (ayn) f °I0) : TR 
0 


-.02 
4 6 8 ic 


Fic. 1. The amplitude c(Ka) scattered by the tensor 
force for a square well potential. The central force ampli- 
tude f(Ka) (multipled by 0.3) is given for comparison. 






































Kr (Kr)* 
K=k|no—n| =2k sin}é, (8a) 


sinKr sinKr—XKrcosKr 
(tte 


To find the contribution to the matrix § of (6) 
and we need to know the result of applying the 

Rare haa OF operator 7 to the triplet spin idan Defining 
¢ is an angular average of the tensor operator the matrix elements of 7 by the equation 
weighted by exp[tk(mo—n)-r]. o1,29-n and 
2, 29-2 are the components of @; and @2 in the 
direction of no—n, i.e., in the direction of the 
momentum transfer. 


1 
Txme= LD  Ting'm,(O, —) xm’, 


m,' = -1 


we find, after a simple calculation, 





\m, 
m,'\ 1 0 —1 


1 | —4(1—3.cos@) (3/v2) sinde-** —3cos?(0/2)e—*¥” 
{Tmy'm,(0, g)} = 0 | (3/V2) sinde** 1—3 cosé — (3/v2) sinde-‘*. (9) 
—1 | —3cos*(@/2)e"** —(3/v2) sinde’* —4$(1—3 cosé) 











The azimuthal angle ¢ of the direction of scatter- triplet spin functions. In the calculation of the 
ing enters only in the off-diagonal elements where triplet cross section (3) the sum of the squares 
it enters in terms of unit modulus. Since the of the diagonal elements of § will contain cross 
remaining central interaction in V contributes terms between tensor force and central force 
only additional diagonal terms to the matrix $ ‘amplitudes of the form: central force amplitude 
of (6), we see that in the averaging process (3) multiplied by the sum of the diagonal elements 
for the cross section there is no dependence on yg. of f. Since this vanishes, the above-mentioned 
For an unpolarized incident beam the scattering additivity follows. 
is axially symmetric. If the function J(r), giving the shape of the 
It is also evident from (9) that the sum of the nuclear potential, is taken as a square well of 
diagonal elements of 7 vanishes. This is impor- ‘ange a and depth V, evaluation of the function 
tant since it leads to the result that in the Born (9) of (8a) is simple: 
approximation the cross section (3) is composed a? 1 Ke sint 
additively of a contribution from the tensor ©(8)=a@ : {3 f —@t 
forces and one from the central forces. The h* (Ka) Ba § 





central forces give the same contribution to each —4sinKa+Ka cosKa . (10) 
diagonal element of $ since they do not mix the 
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Thus, C(@) is proportional to a dimensionless 
function of Ka which may be calculated once for 
all energies. This function, which we call c(Ka), 
is plotted in Fig. 1. For any given energy, Ka 
varies from 0 to 2ka as the angle of scattering 
in the center of mass system varies from 0 to zr. 
On the graph there are indicated the values of 
2ka for 100, 150, and 200 Mev calculated for the 
range a=2.80X10-"* cm. In this energy range 
C(@) has its maximum value somewhere between 
50° and 80° as we can see readily from the graph. 
This has the effect of bolstering up the triplet 
scattering cross section for intermediate angles. 
The vanishing of C(@) for @=0 is not a special 
property of the square well, but holds for any 
potential J(r) which does not have too bad a 
singularity at r=0. In particular it holds for the 
Yukawa-type potential. 


B. Neutron-Proton Cross Sections Correspond- 
ing to Various Types of Exchange 


In this section we shall calculate the neutron- 
proton scattering cross section using the nuclear 
force models of Rarita and Schwinger.? For 
states of even parity all the models must give 
the same potential since they are adjusted to fit 
the ground state of the deuteron, and the low 
energy neutron-proton scattering. The former 
gives the potential for triplet spin states and the 
latter for singlet. These have the form 


>Veven = — (1+7Si2)J(r), 
1Veven = — (1—2g)J(r). 


J(r) is taken as a square well of depth 13.89 Mev 
and range a=2.80X10-" cm, y=0.775 and 
1 —2g=0.857. Siz is the tensor operator (7). 

The differences between the models arise in 
the states of odd parity which play an increas- 
ingly important role as the energy increases. 
Three cases are chosen. (i) Ordinary forces in 
which the potential is the same for odd as it is 
for even parity, (ii) Majorana exchange forces in 
which the potential changes sign in going from 
even to odd parity, and (iii) “Symmetric” ex- 
change forces described by 


. Voaa = —} : Vevens : Voaa =—j3! View: 


This dependence of the potential on the parity 
of the wave function may be described alter- 
natively in terms of the Majorana exchange 


(11) 
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operator, Py, which interchanges the Spatial 
coordinates of the two particles. Thus, since P 
does not affect wave functions of even parity 
but changes the sign of a wave function of odd 
parity, we have 


exchange forces : 

. V exch = Pu ’ Vevens 
symmetric forces 
sy ces: 


F Veym = 3 (1 +2P,) Vewens 
5 Vom = (1 —2P) oe (12b) 


The effect of the Px operator on the scat. 
tered amplitude is strikingly demonstrated jp 
the exchange force gase (12a). Insertion of this 
potential into (4) produces a change’ in y;,. from 
exp[tkno-r] to exp[ —ikmo-r ]. This has the same 
effect, however, as changing n to —n jp 
exp[ —ikn-r] and leaving ine alone. As a result, 
the amplitude scattered in the direction —n with 
exchange forces is identical in the Born ap- 
proximation with the amplitude in the direction 
n with ordinary forces. The exchange forces 
produce a simple exchange of identity between 
the interacting particles. Thus, if a beam of high 
energy neutrons is incident on a material con- 
taining protons in the laboratory system, the 
pattern of scattered particles will contain a large 
fraction of energetic protons peaked in the 
forward direction. Recent experiments at Ber- 
keley* show such an effect but indicate an ex- 
change interaction more complicated than the 
simple exchange model (12a). The possibility of 
such a phenomenon was first pointed out by 
Wick and Bhabha soon after the exchange forces 
were introduced into nuclear physics. 

With this observation on the effect of the 
operator Py we may write down immediately 
the scattered amplitudes for each model. De- 
noting by 


1 Fens = Pu : Fone! (12a) 


F(0) =(M/4rh?) f exp[ik(myo—n)-r]J(r)dr 


= (apn fo (sinKr/Kr)J(r)r°dr, (13) 
0 


5H. A. Bethe, Elementary Nuclear Theory (John Wiley 
and Sons, Inc., New York, 1947), pp. 80-84. 

6In the isotopic spin notation the potential for sym- 
metric forces may be written — $1 -t201-2Veven. 

7 Wine is now considered to include the singlet as well as 
the triplet part of the incident wave. 
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the amplitude scattered in the direction n by a 
central force of potential —J(r), we have for the 
triplet amplitudes (6), according to (11), (12), 


and (8): 
ordinary : 
Smy'm,(9, ¢) = F(@) Oms'ms + yC(0)T mgm, (8, ¢), 


exchange : 
Smz'ms(9, ¢) = F(x eae 6) dms'ms 
+ yC(x == 9) Tms'm, (4 — 6, a+ ¢), 


symmetric : 
Smz'm,(8, 9) = 3 { F(6) +2F(4r— 6) } Sm,'m, 
+4hy{C(0)Tms'm.(8, 9) 
+2C(4—0)Timg'm(x—0, r+ y)}. (14) 
x—@and r+ gare the polar and azimuthal angles 
of —n with respect to the incident direction no. 
5m,’m, is unity or zero according as m,’ and m, 


are equal or unequal. 
For the singlet amplitudes we have, according 


to (11), (12), and (13): 


ordinary : (1—2g)F(@), 
exchange : (1—2g)F(r—86), (15) 
symmetric: —(1—2g){F(@)—2F(r—@)}. 


The complete cross section for the neutron- 
proton scattering is obtained from the singlet 
and triplet cross sections by 


o (0) = fosing(9) + forrip (8). 


Squaring the amplitudes (15) for the singlet 
cross section and performing the sum in (3) we 
find : 


ordinary: 

o(6) =3(3+ (1 —2g)?) F*(6)+6y°C*(8), 
exchange: 

o(0) =4(3+-(1 —2g)*) F*(r— 0) + 6y°C(r — 8), 
symmetric: 


o(9) = ($+ (1 —2g)*)(4F*(6) + F*(4—8)) 
+ (3 — (1 —2g)?) F(6) F(x — 8) 
+ (8/3)¥°(C7(8) + C(x — 6) 
— (4/3)y°C(0)C(x — 8). (16) 


Tensor forces and central forces contribute 
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separately to the cross section, as has been noted 
earlier. 

For a square well potential F(@) is propor- 
tional to a dimensionless function, f(Ka), of the 
variable Ka. 

M Va? sinKa— Ka cosKa 






















































































F(6) =a-——- —-—-_-———_- (17) 
h? (Ka)* 
<|________{N-P CROSS SECTION _| 
| 100 MEV 
“% a ORO ———————————— 
“e 
© 
b 
2 ——_—_________} 
ex 
10 5 cos’ -5 =—10 
o 60" 30° 120° 180° 
a 
} N-P CROSS SECTION _|___ 
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b 
2 
oO 
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b 
; N-P CROSS SECTION 
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ry 
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YM 
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o 60° ce? 120° 180° 
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Fic. 2. Neutron-proton scattering cross section (center 
of mass system) in the Born approximation for a square 
well potential including the tensor forces. (a) 100 Mev, 
(b) 150 Mev, (c) 200 Mev. 








This is plotted in Fig. 1 (multiplied by 0.3 for 
convenience) to show the contrast between the 
central and tensor force amplitudes. The cross 
sections based on these functions f(Ka) and 
c(Ka) are shown in Fig. 2a, b, c for the energies 
100, 150, and 200 Mev. The general qualitative 
features are evident from (16) and Fig. 1. Thus 
the exchange curve is the reflection of the 
ordinary cross section about the 90° position. It 
is clear also, that as the energy increases the dif- 
ferences between the different models become 
sharper. In Table I we have summarized some of 


TABLE I. Neutron-proton scattering in the Born approxi- 
mation for different exchange models. 








——_ Total cross section 
(lab.) (10-* cm?) @(180°)/e(90°) 
Mev Ord. Exch. Symm. Ord. Exch. Symm. 





100 0.205 0.205 0.167 0.31 3.69 13.1 
150 0.143 0.143 0.114 0.011 5.43 17.6 
200 0.108 0.108 0.090 0.030 12.1 35.5 








the information to be obtained from the curves. 
The comparison with the Berkeley experiments 
will be made later in Section II where the cross 
section is computed more accurately than in the 
Born approximation. 

Table I shows that for the exchange and sym- 
metric forces the ratio of the scattered inten- 
sities at 180° and 90° is a rapidly increasing 
function of the energy as expected. For ordinary 
forces, however, this ratio shows an erratic 
behavior which is clarified by the graphs in 
Fig. 1. Thus the low value 0.011 at 150 Mev is 
due to the accidentally low values of f(Ka) and 
c(Ka) for 180° relative to 90°. The subsequent 
increase to 0.030 at 200 Mev seems at first sight 
surprising, but can be readily explained in terms 
of the oscillatory behavior of f(Ka) and may, 
be attributed, therefore, to the special nature of 
the square well potential. This effect was first 
pointed out by Camac and Bethe! who inves- 
tigated the ratio o(180°)/c(90°) in the absence 
of tensor forces and found an extraordinary 
increase from 1.1 to 93 in going from 40 Mev to 
80 Mev. From Fig. 1 we see that this may occur 
if the value of Ka for 90° at some energy happens 
to be near the node of f(Ka). In the Born ap- 
proximation the node occurs at the 90° angle for 
106 Mev. With tensor forces the effect is not so 
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pronounced since f(Ka) and c(Ka) do not have 
a node for a common value of Ka, in general 

As we shall see in Section II, the Born , 
proximation is a poor one at 100 Mev. Apart from 
numerical disagreements, however, it is possible 
at this point to notice an important gualitatine 
deficiency in the approximation which may be of 
importance in making comparisons with experi- 
ment. Thus for exchange forces the curves in 
Fig. 2 are the reflections of the ordinary curves 
about 90°, the behavior near 0° being identical 
with the behavior of the ordinary cross section 
near 180°. In actual fact the exact cross section 
for exchange forces shows a pronounced mazxi- 
mum at 0° which is entirely lacking in the Born 
approximation. 

The explanation for this is given most directly 
if we restrict the consideration to ordinary and 
exchange central forces leaving out the tensor 
forces and the spin dependence. In the Born 
approximation the phase shift for the partial 
wave of angular momentum / is given in terms of 
the potential V by® 


i= —(eM/2h) FV ir)Just(erdrdr. (18) 


Due to the change of sign of V for odd J in the 
case of exchange forces, the phase shifts are 
alternately the same and opposite to the phase 
shifts for ordinary forces as / goes through the 
sequence 0, 1, 2, 3, ---. If the energy is high 
enough and the potential V is not too large, the 
approximate phase shifts (18) will not be very 
different from the exact values. In terms of the 4, 
the scattered amplitude in the direction @ is given 
rigorously by 


f() = (1/28) 5 (21+1)(e2**—1) P;(cosé). 


If we take an energy like 200 Mev and V ap- 
proximately 20 Mev, the phase shifts are com- 
paratively small, of the order 0.4 radians, and are 
appreciable up to /=5. It is therefore legitimate 
to expand exp(2ié,)—1. Taking the exchange 
force amplitude at 6=0, 


(0) =(1/2ék) ¥ (214+1)(246,—262+- +). 


* Reference 4, p. 28. 
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As is well known,® the Born approximation 
results if only the terms 276, are kept in the ex- 
pansion, with 5; given by (18). Since these terms 
alternate in sign like (—1)! they contribute very 
little to the sum. They give the same contribution 
at 0=0 as the similar terms at @=180° for ordi- 
nary forces where the Legendre polynomials 
P,(—1) contribute the alternation of sign instead 
of the 5;. However, the 6; terms all contribute 
with the same sign to f(@) and give maximum 
effect at 0=0 where the Legendre polynomials 
give the strongest constructive interference. 
Some idea of the size of the effect can be seen 
from Fig. 3 where the energy 200 Mev and a 
square well of depth 20 Mev and range a =e?/mc* 
were chosen. With tensor forces the same phe- 
nomenon should manifest itself. As a result the 
angular dependence of the neutron-proton cross 
section for exchange forces and for symmetric 
forces should be qualitatively the same, contrary 
to the Born approximation. 


C. Neutron-Neutron or Proton-Proton 
Cross Section 


If it is assumed that the forces between neutron 
and neutron and between neutron and proton are 
the same if the pairs of particles are in the same 
state, we may use the same set of scattered 
amplitudes (14) and (15), appropriately modified 
by the Pauli exclusion principle, to calculate the 
n—n or the p—>p scattering. For singlet scat- 
tering the spatial part of the wave function 
must be symmetric and all three of the models 
give the amplitude: 


(1—2g)(F(0)+F(4—8)). 


For the triplet case the spatial wave function 
must be antisymmetric giving: 


singlet: 


triplet: Sms’m,(8, ¢) —Sms’m.(x—0, r+¢). 


The cross sections resulting from these ampli- 
tudes are: 


ordinary: 


o(8) =3(3+(1 —2g)*) (F°(6) + F°(r—8)) 
+6y7°(C7(8) + C?(4 — 6)) 
—4(3— (1 —2g)*) F(6) F(w—6) 
+67°C(0)C(x— 8); 


* Reference 4, p. 90. 


NEUTRON-PROTON AND PROTON-PROTON SCATTERING 


979 








N-P SCATTERING IN C.fG. SYSTEM | 
S- 200MEV PURE MAJORANA FORCE 





Exact 
BORN APPROX ——— 

















J 


u - - - 
te) 6 2 cos © 2 6 10 














"4 


Fic. 3. Existence of a forward maximum in the scattered 
intensity for exchange forces. Spin dependence and tensor 
forces are neglected in this illustration. 


exchange: same as ordinary; 
symmetric: (19) 


o(0) = (¢e+3(1 —2g)?)(F°(0) + F(x — 8) 
+ (3(1—2g)?—%) F(0) F(x — 8) 
+$7°(C7(0) + C*(4 — 0) + C(0) C(x —8)). 


From the curves in Fig. 4 we see that the cross 
section in the symmetrical force theory is much 
smaller than the one corresponding to ordinary 
forces or exchange forces. This is due to the fact 
that for symmetric forces in the odd triplet 
states the interaction is one third as large as for 
ordinary or exchange forces. Since the even 
triplet states are excluded for identical particles, 
the triplet cross section with symmetrical forces 
is reduced by a factor 9. The admixture of the 
singlet cross section, which is the same in all 
three models, makes the ratio somewhat less than 
9 but still large. An absolute measurement of the 


P-P CROSS SECTION 


150 MEV 


© (@)-10 ** em? 


200 MEV 





® > 
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Fic. 4. Proton-proton cross section in the Born approxi- 


mation for the same potentials as Fig. 2. Coulomb scat- 
tering is neglected. 
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proton-proton scattering cross section at some 
intermediate angle should, therefore, give an 
indication of the character of the exchange forces 
involved. Tensor forces have the effect of bring- 
ing up the cross section in the intermediate 
angular range. The change from maximum to 
minimum at 90° as the energy increases can be 
explained in terms of the slope and curvature of 
the curve for c(Ka) in Fig. 1. 

Table II gives the total p—p (or n—n) cross 


TABLE II. Proton-proton and neutron-proton scattering 








compared in the Born approximation. 
Energy 
(lab. ) op-p (10-* cm?) on-p/op-p 
Mev Ord. Exch. Symm. Ord. Exch. Symm. 





100 0.278 0.278 
150 0.182 0.182 
200 0.115 0.115 


0.0414 0.738 0.738 4.04 
0.0289 0.788 0.788 3.96 
0.0208 0.944 0.944 4.34 








section and its comparison with the m—>) cross 
section.-A simple estimate of the ratio of cross 
sections ¢n_»/o,—p can be made if the energy is 
large enough so that angular integrals of the type 
JS F(0)F(r—0)dw or §C(0)C(x—6)dw may be 
neglected. Comparison of (16) and (19) shows 
that the ratio should be approximately 1.0 for 
ordinary or exchange forces and 5.0 for sym- 
metric forces. It should be noted that the total 
proton-proton cross section is obtained from (19) 
by integrating over all solid angles and then 
dividing by two, since in each scattering event 
two protons are ejected with no means for dis- 
tinguishing the initial particle from the target 


particle. 


II. NEUTRON-PROTON CROSS SECTION IN THE 
RIGOROUS SCATTERING THEORY 

The extension of the method of partial waves 
to scattering problems with non-central forces, 
like the tensor force, has been made by Rarita 
and Schwinger.? Since their final results are 
somewhat condensed, however, we shall first 
put them in a form more suitable for computation 
and then apply them to the neutron-proton 
scattering with the symmetric force model. 

We consider the triplet »— scattering under 
a non-central force of potential V(r, 01, ¢2) which 
commutes with the total angular momentum 
J=L+S, with the magnitude of the spin S, and 
with the space exchange operator Py. V will, in 
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general, not commute with any of the com. 
ponents of the orbital angular momentum J or 
of the spin angular momentum S. These are the 
commutation properties of the tensor force. To 
facilitate the phase shift analysis, which js the 
basis of the method of partial waves, it is con- 
venient to transform to the SLJm representation 
in which states are labeled according to the valye 
of total spin S, total orbital angular momentum 
L, total angular momentum J, and 2-component 
of J equal to m. In this representation we define 
set of functions F,’”, the “normalized spherical 
harmonics with spin,’’ which are eigenfunctions 
of the operators S*, L’, J*, J,, and Py. The total 
spin S=1 and the eigenvalue of the exchange 
operator, Py, is the parity (—1)¥. 

These functions, F,””, may be obtained by a 
unitary transformation applied to the orthogonal 
functions Yimz1(0,¢)xm., which are appropriate 
for the SLm .m, representation, where the Yim, 
are the ordinary spherical harmonics and the ym, 
are the triplet spin functions (m,=1, 0, —1). 


1 
F,J*= a VL, m—myX mz 


ms,=—1 
X (SLm—m,m,|SLJm), 
L+1 
Yimixms ve = F,Jmetms 
J=L-1 


X (SLIJmi+m,|SLmym,). 


For a given value of J we must have |m|=SJ 
and L one of the values J/—1, J, J+1 as is 
shown by the vector model. Condon and 
Shortley’® give a table for the transformation 
coefficients which is reproduced in (21) for the 
special case of m,=0. 


(SLOm,|SLJm,) 


XN 
J +1 0 


L+2 \' /L+1\! 
J=L+1 —~—) (—-) 
2(2L +1) 2L+1 


J=L —1/v2 0 . (21) 


L-1i \3 L ‘3 
patos (XY ~(h) 
2(2L+1) 2L+1 


1 Condon and Shortley, Theory of Atomic Spectra (The 
Macmillan Company, New York, 1935), p. 76, Table 2’, 
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Taking the s axis as the direction of propaga- 
tion of the incident triplet wave and using this 
same direction as axis of quantization for the 
we make the usual ex- 







angular momentum, 
pansion : 
1 « 1 
eit i AmsX ms = ~ } ¥ (2L+ 1)z* 
m,=—l L=0 mg=—1 






x [eu(kr) /kr \[40/(2L+1) } 
x YV10(8) xmas, 






where (22) 


gu(kr) = (wkr/2)*T144(kr) ~sin(kr — 4Ln) 






is the Lth radial wave function in the absence of 












er 1 o L+i 


Wecatt~—— ) 3 a 


Qikr ms=—1 L=0 J=L—-1 











ei*r 





~ > [4r(2L+1) }fexp(2i6,/™) —1 


Dike mg, ms’ L,J 








Born approximation by (6). 











u17.=- 4n(2L 1 tV ro 
S — EC (2L +1) }*¥x0(8) 
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Application of the table of Condon and Shortley gives: 
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interaction. The complete wave function for the 
scattering problem is obtained by first writing 
the incident plane wave as a sum of partial 
waves in the SLJm representation and then 
replacing the radial function gi(kr) by 


exp(46,7")uz/"(r), 
where u ,/"(r) is the radial function with the 


non-central interaction and 6,/" is the phase 
shift for this partial wave: 


uz ?™(r) ~sin(kr —$L4+ 5,7"). 


Subtracting the incident wave gives for the 
asymptotic form of the scattered wave, in the 


customary way, 







[44(2L +1) }'f{exp(225,/™*) —1} (SLJm,|SLOm,) Fi? ™am, 






\(SLm,—m,'m,' | SLJm,) 
x (SLJm, SLOm,) Y, +» Mg—™M, (8, g)xms ‘Ams. 


The coefficient of am, in this formula is the matrix element Sm,m,(6,¢) of (2) given in the 





[exp(2i5,4-'") —1]+4[exp(215,%")—1] 
















1R L=2 





1 «@ 
tu=— DX (4(2L+1)} Vr2(6,¢)((L —1)L(L+1)(L+2) } 


_— 2(2L+1) 
L+2 
bine a [4r(2L +1) }*- Y11(8,¢) {- L*— [exp(2é8,4-*!) —1] 
m, = 14 - (2L(L+1)}'t 2L+1 
L(L+2). 
_ Cexp(2i6,% )- ~ae 1) — 1}. 






















1 L(L 
—_" > [4e(2L +1) }'V21(8, | 


L=1 


mm 








exp(2i6,4-"'!)—1  exp(2i6,"')—1 | (23) 
| 2L(2L +1) 2L(L+1) (2L+1)(2L+2) 3 
( L(L+1) exp(2i6,4-»°)—1 exp(2i5,4*+°)—-1 
Sw=— Eo [4x(2L +1) }'¥i-1(6, [~]{- 
. ae hath alma 2L+1 2L+1 
. Seo=—— $ [4e(2L-+1)}'¥ = 248,26) —1]4 + Texp (28,2449) 13] 
m,= =— 6 , 0) . ©) aw > 
oom &, [ar(2e +1) PY a(6)| ———Lexp(ids Tra eee ite 


exp(216,4~"°) —1 
2L+1 





exp(2i5,4*»°) —1 


2L+1 
Equation (23) continued on next page) 
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$11: change Yz2 in $_1, to Yz_-2 and replace the phase shifts by those for m,= —1; 


m,= — 14 80-1: change Yz; in So; to Yz_,; and replace the phase shifts; 


$_:-1: replace the phase shifts in $:, by those for m,= —1. 





. . its 
Actually, for interactions of the symmetry of for m,=—1 are the same. In the averag; 
the tensor force the phase shifts for m,.=1 and process (3) the amplitudes with m,=1 and ~| 
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Fic. 5. The rigorous scattering theory and the Born 
approximation compared at 100 Mev for the neutron- 
proton scattering with symmetrical forces. (a) the complete 
differential cross section; (b) the singlet cross section; 
(c) the triplet cross section. 


give the same contribution to the sum. It is also 
understood in the formulas that the phase shifts 
6,7” which appear formally must obey the con. 
ditions |m,|=J and 0=J; otherwise they are 
to be replaced by zero. 

To obtain numerical values for the phage 
shifts it is necessary to integrate the radial waye 
equations for the functions u,/™(r). These equa- 
tions are obtained from the Schrédinger equation 

(V?+k?)y— (M/h?) Vir, 71, o2)¥=0 

by expanding y in the form (24) 
C) J J+1 
v=> 2 2 


J=0 m=—J L=J—1 


(1/r)uri™(r) Fi. 


Using the orthogonality of the spin angular func- 
tions F,’™ and the fact that V commutes with J, 
we find for each Jm three coupled equations for 
uz?" with L=J—1, J, J+1: 


d*u,7™ L(L+1) 
of (4 uve 
dr? r? 


Msi 
—-—— 2, 


h? L’=J—1 


Vir (r)ur7™(r) =0. (25) 


Vix? (r) is the matrix element (F,/", VF z-?"). 
These matrix elements are easily shown to be 
independent of m and are given for the tensor 


force Sj, in the appendix of Rarita’s and 
Schwinger’s paper : 


* pay 


L\ 


J=—-1 


J-1 J J+i 
7-9 . 6[J(J+1)} 
2J+1 2J+1 

Sint = J 0 2 0 
6[J(J+1)}! 4 _2F+2) 
2J+1 2J+1 


Actually the three Eqs. (25) split into two 








(26) 





J+1 
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coupled equations for uy—1"™ and Ms41” ™ and one 
equation for uz?™ alone. This is an immediate 
consequence of the fact that V commutes with 
the spatial exchange operator and hence cannot 
couple states of different parity. 

Integration of the equations is greatly sim- 
plified for the case of a square well potential. 
Following the procedure of Rarita and Schwinger, 
one can express the solutions inside the well for 
ujy2™ and us4:7" by power series!! involving 
two arbitrary constants which must be adjusted 
to give continuity of the functions and their 
derivatives at the boundary. The solution out- 
side will be a linear combination of the regular 
solution gz(kr) and the irregular solution 
g-1-1(kr) which has asymptotic form 


sin(kr —$Lar+ 6,7"). 
Since 
g-1-1(kr) = [wkr /2 }*J_1-4(kr) 
~(—1)* cos(kr—43Ln), 
the outside solutions are: 
uz2™=Az,7™{cosé,7 "gz (kr) 
+(—1)* sind;/"g_r_i(kr)}. (27) 


This solution must represent the incident wave 
plus an outgoing spherical wave. From (22), (20), 
(21), and (24) the incident wave is represented by 


(ux? ™)ine= Cr? ™gi(kr), (28) 
where 


,,_Car(2L+1)7}) 


i*(SLJm|SLOm). (28a) 





L 


If the difference between (27) and (28) is to be 
an outgoing wave proportional to exp(ikr), the 
constant A ,/™ must be chosen so that 


uz?™=C ,/™ exp(t5,7™) {cosd,/7 "gi (kr) 


+(—1)* sindz/"g_1_:(kr)}. (29) 


In this formula the index m is identical with m,, 
the projection of the spin in the incident direc- 
tion, since the orbital angular momentum of the 
incident wave with respect to this direction is 
zero. Equating the values and derivatives on 
both sides of the boundary gives the pair of 


"W. Rarita and J. Schwinger, Phys. Rev. 59, 436 
(1941), Eqs. (10) and (11). 
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Fic. 6, Neutron-proton cross section at 200 Mev for 
symmetrical forces. Comparison of the rigorous theory 
with the Born approximation. 


phase shifts 6y;_,/"* and 674,7™ for each J and 
m,==+1, 0. The phase shifts’ 5,;/™ and the 
singlet phase shifts are obtained in the usual way. 

The method given above has been applied to 
the neutron-proton scattering with the sym- 
metrical force model and calculations performed 
for 100 and 200 Mev. Figure Sa, b, c and Fig. 6 
give the results in graphical form. For the total 
scattering cross section one finds: 


Symm. forces: 
n—p =0.129 X10-*4 cm’, 100 Mev, 


n-p = 0.090 10-24 cm?, 200 Mev. 


Experiments by E. M. McMillan and co- 
workers'* with 90-Mev neutrons give 


(0.083 +0.004) x 10-24 cm? 


for the total cross section, in serious disagree- 
ment with the theory. Judging from the Born 
approximation, the discrepancy should be even 
larger for the pure exchange forces. Furthermore, 
the measured angular distribution is qualita- 
tively very much in disagreement with the sym- 
metrical theory. Experimentally the ratio 


@(180°) /o(90°) 
is about 3, whereas the curve of Fig. 5a shows 
about 10. Although the angular distribution has 
not been measured to very small angles in the 


center of mass system for the neutrons (angles 
near 90° in the laboratory for the recoil protons) 


2 Only the phases 6,;/*' enter. This is because 
— vanishes for m=0 as can be seen from 


%#L. J. Cook, E. M. McMillan, J. M. Peterson, and 
D. C. Sewell, Phys. Rev. 72, 1264 (1947). 
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TABLE III. Phase shifts (in radians) for the neutron-proton 
scattering at 100 Mev with the symmetrical force model. 








Coupled triplet phases 


Exact Born 


0.3022 
vu 


Exact Born 





0.2920 
0 


0.5743 0.9137 Ko"! 0.4191 
—0,0771 0 fe 0.0498 
0.1047 0.1538 gt —0,2602 
0.0500 0 ft | = —0.0773 


—0.1553 Kit —0.0004 
—0.0087 oi 0.0059 
—0.0578 K# 0.0911 

0.0059 os —0.0087 


0.2413 K» 0.1292 

0.0095 
—0.0610 
—0.0122 
—0.0016 


0.0022 
0 


0.1976 
0 

—0.5024 
0 


—0.0358 
0.0923 
0 


—0.1860 
0 

—0.0578 
0 


0.0443 
0 

—0.0559 
0 


0.1416 


—0.0122 0 te 
0.0515 
0.0095 


+0.0055 
0 

—0.0017 
0 


0.0413 | K# 
0 


—0.0068 


—0.0029 

0 0 

—0.0018 
0 


0.0022 
0 


0.0026 0.0018 0.0016 
0 0 0 


0.0004 0.000 —0.0006 
0 Oo. 0 


Singlet phases 
Exact 


0.3193 
—0.7438 
0.1577 
—0.0562 
0.0028 
—0.0007 





Uncoupled triplet phases 
6yJ! Exact Born 


61 —0.3214 —0.3546 
6331 0.6777 0.3937 
6y3 —0.0219 —0.0241 
6 0.0096 0.0079 
655! —0.0002 —0.0002 


Born 


0.3740 














the indication is that the cross section is sym- 
metrical about 90°. This would imply a potential 
of the type 

V=3(1+P.s)J(r, o1, o2), 


in which ordinary and exchange forces enter with 
equal weight. Investigation of the cross section 
with such a potential, taking (1/r) exp(—r/a) for 
the spatial dependence, is being carried on by 
Serber. 

Relativistic corrections to the cross section 
would be expected to play a role at energies com- 
parable with the rest energy of the meson. Since 
it is the energy in the center of mass system 
which is important for this consideration it is 
unlikely that at 100 Mev in the laboratory any 
relativistic effects could account for the dis- 
crepancy between the theory and the experi- 
ment. An estimate of the corrections to the total 
cross section can be obtained from the formulas 
of Snyder and Marshak" which are valid in the 
Born approximation. At 100 Mev the differences 
are only 5-10 percent but they increase rapidly 
with increasing energy 


4H, Snyder and R. E. Marshak, Phys. Rev. 72, 1253 
(1947). 
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From the curves of Fig. 5 and Fig. 6 we can 
estimate the reliability of the Born approxima. 
tion used in Section 1. The weakness of the 
approximation is especially evident from Fig. 5b 
showing the singlet scattering cross section at 100 
Mev. In the Born approximation, the total 
singlet cross section is 0.39 X 10-** cm?, while the 
exact calculation gives 0.17X10-** cm?. Such 
large differences have already been noticed by 
Camac and Bethe.’ The primary reason for the 
discrepancy is the failure of the approximation 
for the L=1 phase shift. Comparison of the 
exact phase shifts and the Born phase shifts as 
given in Table III shows that this is the only 
serious difference for the singlet scattering. This 
may be attributed to the fact that for odd singlet 
states with the symmetrical model the potential. 
is especially large, —3*Veven. For the triplet 
phases the differences between the exact calcula- 
tion and the Born approximation are much more 
erratic but the resulting cross sections, as shown 
in Fig. 5c, agree somewhat better than for the 
singlet case. Presumably, this is due to accidental 
cancellation of errors. We must conclude that the 
Born approximation is untrustworthy for ener- 
gies as low as 100 Mev. At 200 Mev, however, 
the situation is much improved as is shown by the 
curves in Fig. 6. Both the singlet and triplet 
parts of the cross section are also in much better 
agreement with the approximation. 

The triplet phases in the Born approximation 
are obtained from a generalization of the well- 
known formula (18) valid for central forces. 
Since this formula may be of some value for 
estimating phases at energies high enough where 
the Born approximation is valid it is included in 
the Appendix. Table III gives the real and 
imaginary parts of the phases using the notation 


6,7™=K,I™+70,7™. 


A check on the calculations can be made by 
seeing if the real and imaginary parts of the 
phases obey the relations (42), (43), and (44) of 
Rarita and Schwinger :" 
Ky_17°— Kyy17° = Ky_1!' — Kay", 
fya17? = S541"), fea17! = S541", 

exp(2i6,_17°) —exp(2167417°) 

=exp(2i6,_17') —exp(2i5s417'). 


16W. Rarita and J. Schwinger, Phys. Rev. 59, 436 
(1941), especially page 445. 
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In conclusion we should like to thank Professor 
R. E. Marshak and Professor G. E. Uhlenbeck 


for interesting discussions. 


APPENDIX 


For central forces the phase shifts for different 
angular momenta L are given in the Born ap- 


——— 





L'=J—1 
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proximation by the formula (18) as obtained in 
Mott and Massey, page 28. Applying the same 
method to the Eqs. (25), starting from the un- 
perturbed solution 

yu = Cr ™gx1(kr), 


given by (28), we find an expression for the phase 
shift, correct to the first order in the potential: 


J+1 © 
YS [2(2L’ +1) }iX’-“(SL’ Im, | SL'0m,) f gu(kr)gu-(kr) Vin? (r)dr 
0 





6,7" = —— 


kh? 


In spite of the factor i4’-£ in the summation, 
these phase shifts are real since this factor is real 
for L'—L equal to 0 or 2 and Vz 7 is equal to 
zero if L and L’ differ by unity. In the higher 
approximation the phase shifts are in general 
complex. It is not very difficult to show that if 
in the rigorous expressions (23) for the Smam,.(8, ¢) 
one replaces exp(2i5,7™)—1 by 2265.7" with 
6,7™ given by the approximate formula above, 
the Born approximation of Section I results. This 
is completely analogous to the results for central 
forces. 

As an example, for the symmetrical force 
model we find, using (26), (11), (12b), and (21): 


Triplet phases 


2L+2 
™ m-) f eu (dr 


Leven: 


M 
prin ( 
kh? 2L—- 


OL — f exts-sI(rhdr| 
— 0 


5, =—faten fi eu'y(ear|, 


[2(2L +1) }4(SLIm,| SLOm,) 





L+1,1 M 2 
bz =f (1-1) gu?J(r)dr 


a , 


2L+2 
=e gi?J (r)dr 


"OL—1 


6(L—1) f” 
+y¥ rot J guts-aJrr 


sytem (1-9 —)f gi?J(r)dr 
kh "OL +3 
6(L+2 ° 
— f gut issd()dr| 


Y 
2L+3 
L odd: Phases are —} times those for even L. 


6, 4-1 %= “{ (1-7 
kh? 


Singlet phases 
L even: 


) a 2 if 2J(r)d 
= —_ r . 
. kh? . 0 - 


L odd: Phases are —3 times those for even L. 
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Elastic and Inelastic Scattering of 100- to 200-Mev Protons or Neutrons by Deuterons 


Ta-You Wu* 
Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 


AND 


Jutius AsHKIN** 
Department of Physics, University of Rochester, Rochester, New York 
(Received January 12, 1948) 


Expressions have been obtained, on the Born approximation, for the elastic and the total 
scattering cross section of protons or neutrons by deuterons, on the basis of the three forms of 
nucleon potentials suggested by Rarita and Schwinger, including tensor forces but with a 
Gaussian function for the radial part V(r). Numerical calculations have, however, been carried 
through without tensor forces for (i) the angular distribution and total cross section of elastic 
scattering at 100, 150, and 200 Mev, (ii) the energy spectrum of protons scattered (elastically 
plus inelastically) in different directions from that of the incident protons and total cross 
section, and (iii) the energy spectra of neutrons ejected in directions making angles 0° and 
30° with the direction of the incident protons, for 200 Mev. The three potentials predict 
considerable differences in both the differential and the total cross sections for both elastic 
and total scattering. The proton-deuteron total cross sections for 100 Mev is 0.424, 0.212, 
0.089 x 10-** cm? according to the ordinary, exchange, and symmetrical force, respectively, 
as compared with the observed value 0.117 X 10-™ recently reported from Berkeley for 90 Mev. 
The calculations show that the interference of the amplitudes scattered by the two particles 
of the deuteron plays an important role in the determination of the total cross section for 
proton-deuteron scattering. It is therefore not a good approximation to set the total p-d cross 
section equal to the sum of the p-n and p-p cross sections for free particle collisions. 





angular distribution of the scattered intensities 
is difficult. 

For higher energies of 100 to 200 Mev the 
calculation can be considerably simplified by the 
use of Born’s approximation. Recent calcula- 
tions? of the cross sections of proton-neutron 
collisions at these energies show that the angular 
distribution of the scattered intensities is quite 
different for the three forms of the interaction 
potential suggested by Rarita and Schwinger.’ 
As high energy protons and neutrons (100 Mev) 
are now available, it seems desirable to carry 
out similar calculations, i.e., to Born’s approxi- 
mation, for the elastic and inelastic collisions 


I. INTRODUCTION 


HERE has been a number of calculations 

of the cross section of the elastic scattering 

of a proton or neutron by a deuteron, with the 
view of testing the various forms of nucleon 
interactions by comparison with experimental 
data. Motz and Schwinger and Buckingham 
and Massey have calculated the cross sections 
on the basis of nucleon interaction potentials 
which are linear combinations of the Heisenberg, 
Majorana, Bartlett, and Wigner types.’ All 
these calculations are made for incident protons 
or neutrons of energy of the order 15 Mev. For 


such energies, the calculation is usually very 
lengthy and the difference between the various 
forms of potentials is rather small so that a 
definite choice of the interaction potential by 
comparison with the experimental data on the 


* At present at Columbia University, New York. 

** The work was supported in part by the Office of 
Naval Research Contract N60ri-126 T. O. ITI. 

1L. Motz and J. Schwinger, Phys. Rev. 58, 26 (1940); 
R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc. 
A179, 121 (1941); Phys. Rev. 71, 558 (1947); H. Hacker, 
Physik. Zeits. 43, 236 (1942). 


between a deuteron and a proton or neutron. 
In the following, with some simplifying assump- 
tions about the radial dependence of the po- 
tentials and the wave function of the ground 
state of the deuteron, expressions have been 
obtained for the cross sections of both elastic and 
total (elastic plus inelastic) scattering of a proton 
or neutron by a deuteron on the basis of the 


. Rev. 73, 973 (1948). 


3 {Satie and T. Y. Wu, Ph 
* William Rarita and Julian Schwinger, Phys. Rev. 59, 


557 (1941). 
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The wave equation, after separating off the 


three potentials of Rarita and Schwinger. As 
motion of the system as a whole, is 


these expressions entail considerable amounts of 
computational labor, the actual numerical calcu- 
lations have been carried out by omitting the (342 =f? 

tensor forces from the general formulae obtained. [aot +E — Vi2(|r+(e@/2)]) 
The result of the present calculation and that of 

the proton-neutron scattering, which includes the 
tensor forces, show that the difference among the 
three potentials is quite pronounced at these 


high energies. 
Il. FORMULATION OF THE PROBLEM 
A. Wave Function for the Scattering Problem 


Let 1 denote the incoming proton, 2 and 3 the 
proton and the neutron originally forming. the 
deuteron.‘ Let us introduce the relative coordi- 


nates 
(1) 


~ Vial |t— (0/2) |) Va(lel) jvc, 2,3)=0, (2) 


where M is the proton or neutron mass. The 
interaction potential V depends on the symmetry 
property of the state of the pair of nucleons 
with respect to spin and space exchange. For 
convenience, we tabulate below the potentials 
for a pair of unequal nucleons in various states 
according to the three models of Rarita and 


Schwinger : 


r=r,—}(re+rs), o=1f3—Te. 





Symmetrical 
—(1+75) U(r) 
3(1+75S) U(r) 
—(1—2g) U(r) 
3(1—2g) U(r) 


Exchange 
—(1+7S) U(r) 
+(1+75) U(r) 
—(1—2g) U(r) 
+(1—2g) U(r) 


Ordinary 
—(1+7S) U(r) 
—(1+75S) U(r) 
—(1—2g) U(r) 


State 
3 Veven 
3 /odd 
1 Veven 


(3) 


1 Voda — (1—2g) U(r) 

For two equal nucleons, only the *V°44¢ and 1 Veve" 
states are allowed by the Pauli principle. Here 
seven refers to a state which is symmetrical in 
the spins and even in the space coordinates of 
the two particles, etc. S is the tensor interaction, 


ba 3(o4°1)(9j-1) _ sah, 
r2 


(4) 





U(r) is a central force potential. g and y are 
constants. The potential for *V*v*" has been 
chosen to be the same in the three theories to 
fit the data on the ground state of the deuteron. 
The potential for !V*ve" has also been given the 
same value in the three theories to fit the data 
on proton-proton scattering at low energies. 

The wave function ¥(1, 2,3) of the system 
may be developed in a series of products of a 
spin wave function and a space wave function. 
There are eight linearly independent and orthog- 

*To avoid the awkwardness of expression, we consider 
the scattering of protons by deuterons in the following. 
As the Coulomb interaction is neglected throughout, the 
whole calculation holds also for the case of the scattering 
of neutrons by deuterons. We then only have to inter- 


change the names of proton and neutron throughout the 
present paper. 





onal spin wave functions. Of these there are four 
which are totally symmetrical in the three 
particles. These may be put in the form 


X1 = AjA2a3, 

X2 = 818283, 

x3 = (1/V3) (aiB203+Bia2as+ara28s), 
x4= (1/V3) (B1a283+ 018 283+BiB2a3). 


(5) 


For the other four, we shall construct 
Xs = (1/+/6) (a1a283 +8203 — 2Bia2a3), 
x6 = (1/+/6) (B1B203+B10283— 218283), 
which are symmetric in 2, 3, and 


X7= (1/V2)a1(a283—B2a3), 
x8 = (1/V2)81(B2a3— as), 


(7) 


which are antisymmetric in 2, 3. These eight 
spin wave functions are appropriate for the 
description of the scattering processes treated 
below. 

The wave function ¥(1, 2, 3) can be expanded 
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in the form 


W(1, 2,3) =D xf (r)Yo(o) 


i=1 


6 
+E x0 f Fee (Ode"(odle” 


8 
+2 xs [ Fe (evar(o)d” (8) 


§=7 


where yo(p) is the wave function of the ground 
state of the deuteron, y,-'(o), ve*(@) are the 
continuum triplet and singlet state wave function 
of the deuteron, respectively. These satisfy the 
equations 


hi? 
[-—a+ Vest chrtolo =0, 


4 
i=1,--- 


pa of 
— at Vn — 8" Lede) 0, 
7 4 i=1,--: 


; h? h? 
——A,+! Vn" ead =(, 


L. d 





where ¢ is the binding energy of the deuteron. 
The functions f(r), Fy (r), Fy-(r) satisfy 
the following equations obtained by substituting 
(8) into (2) and making use of the above equa- 
tions, 


“Sh? 
Sart et elf) 
4M 


-” X x1*Wo*(o) (Viet Vis) ¥(1, 2, 3)do, 
fail, +96 


3h? h? 
Ae £2" (0 
4M M 


(10) 
oF f xatVate"(0)(Via-+ Vis) (1, 2, 3)d0, 
i= 1, tee, 6, 


3h? h? 
a+ ——W"|PO() 
4M M 


=> f xsvat"(p)(Vis + Vis) (1, 2, 3)de, 
j=7,8. 


To satisfy Pauli’s principle, we must employ a 
wave function which is antisymmetric jp the 
two identical particles 1 and 2. To this end, we 
construct 


V,(1, 2, 3) = v1, 2, 3) —PyV¥(1, 2, 3), (11) 


where Piz is the operator permuting both the 
spin and the space coordinates of 1 and 2. Now 
P32¥(1, 2, 3) can also be expanded in a series 


6 
Py» (A, 2,3) =D xg“ (r)Yo(o) 


i=1 


6 
+E xf Gee (yet( ode” 


i=! 
8 e 
+2 Xi f Geer (r)Per*(o)dk”, (12) 


where the functions g(r), Gy(r), Gp) 
satisfy equations similar to (10), with (1, 2, 3) 
in the integrand replaced by P12¥(1, 2, 3). For 
the wave function W,(1, 2,3) we have, on sub- 
tracting the corresponding equations for the 
f@), g(r), Fee), Ge), ete., and de 
noting by 


$= FO(F—g(1), = FO(L)—GOW, 
©) = FO (r) —GO(r), 
i=1,---,6, j=7,8, (13) 


3h? 
[a +e+.Jo 
4M 
=> xs*Wo*(o0)( Viet V13) 
spin 
x (1 —P.)V¥(1, 2, 3)de, 


3h? h? 
[—a+2-—¥" 00 
4M M 


=) f xi*Perr*!(9) 
X(1—Pi2)¥(1, 2, 3)dp, 


3h? h? 
[—a+2-— 0" 00 
4M M 


« 


=> f xj*bue**(0)( Vie + Vas) 


X (1 — Piz) ¥(1, 2, 3)de. 
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The functions ¢, &®, @® in (13) are the 
correctly symmetrized wave functions. ¢ de- 
scribes the elastically scattered wave with spin 
wave function x:, together with the incoming 
wave. The ®(r) describe those inelastically 
scattered waves with spin wave functions which 
are symmetric in 2 and 3, while &“(r) describe 
those inelastically scattered waves which are 
antisymmetric in the spins of 2 and 3. 


B. Elastic Scattering Cross Section 


To obtain the amplitude of the elastically 
scattered wave of spin wave function x;, one 
calculates as usual the amplitude of the asym- 
ptotic solution of ¢“(r) for large r and obtains 


fle, 0--(a)= ff eet -ae-13 


X xi*ho*(o) (Viet Vis) 
X(1—P 12) ¥(1, 2, 3)dedr, (15) 


where 3, ¢ are the polar angles of the direction 
k’ of the scattered wave. To calculate f(#, ¢) 
one replaces, in an approximation, the function 
(1, 2,3) in the integrand by the initial wave 
function 


xif(r)o(o), (16) 


where x; may be one of the six x, ---xs. Fora 
given initial spin state x,, the amplitude of the 
scattered wave with spin function x; is then 
given by the matrix element 


(i|f(9, alb=--—_ ff exp[ —ik’-r] 
X xi*Wo*(p)(Vie+ Vis) (1 — Pris) 


Xxif(r)o(o)dedr. (17) 


The intensity of the scattered waves of all spin 
states is the sum 






6 
2 | (|f(8, 9) [2 |?. 


For /=1, 2, 3, 4, one has the “quartet” state 


scattering, while for /=5, 6, one has the ‘“‘doub- 
let’”’ state scattering. The intensity to be com- 
pared with the observed scattered waves of an 
unpolarized incident beam is the weighted 
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average 


I(8, y) = 


PEE Else, #10 


+}: > Elsa, g)|2)|*%. (18) 


l=5 i=1 


For central force, all non-diagonal matrix ele- 
ments 1/1 in (17) vanish. 

The differential cross section of a proton being 
scattered into the solid angle dw = 2 sinddd (the 
polar axis being the direction of the incoming 
beam) is, since J(#, gy) actually does not depend 
on ¢, 


Gei(Eo, 8)dw=2xI(8, vg) sinddd 
=2nI(8) sinddd, (19) 


where Ey denotes the energy of the incident 
proton. 

It is desirable to transform the above expres- 
sion to the laboratory coordinate system. Let 0 
be the angle between the direction of the scat- 
tered proton (as seen in the laboratory system) 
and the direction of the incident beam. It can 
be shown that 


tan® =2 sind /(1+2 cos). (20) 


The differential cross section of a proton being 
scattered into directions between © and 0+d0 
is then given by 
2m0-:(Eo, O) sin@dO = 2rgI(Q) sin@d®@, (19a) 
where J(@) is obtained from J(#) in (19) by 
means of (20), and where 
= (1+2 cos#)*/4(2+cos#) cos*@. 


C. Inelastic Scattering Cross Section 


For inelastic scattering, let us introduce the 
wave vectors k’ and k” corresponding to r and 
©, respectively, in (1), namely, 
3h*k’? 
ro E”= 


4M’ 






TS 












(21) 


where £’ is the energy of the scattered proton 
relative to the center of gravity of the other two 
particles, and E” is the energy of relative motion 
of the other two particles. If Hy denotes the 
energy of the incident proton in the laboratory 
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system and «¢ the binding energy of the deuteron, 
the energy relation is 


2E = E’+E"+ é. 


Simple energy and momentum considerations 
show that while the magnitudes of k’ and k” are 
restricted by (22), their directions are entirely 
arbitrary so that the differential cross section 
must be specified by five variables, such as the 
directions of both k’ and k” and the magnitude 
of either k’ or k’’. The differential cross section 
of a proton being scattered into the solid angle 
dQ’ (in the center of gravity system) and k” 
lying in the volume element dk” = k’"dk’’dQ”’ is 


o(Eo, k”’, 2’)d'k'*dk'"d” 
= (k’/k)1(2’, &”)d'k!*dk"d0”, 


(22) 


(23) 


where J(2’, 2’’) is given by the weighted average 
of the ‘quartet’ and the ‘‘doublet’’ scattered 
intensity 


1(9, 2") =3-4 E S| Gla’, 9”) |) / 


l=1 i=1 


+E-4E SIG’, O(D/%, (24) 


l=5 i=1 
where (| f(Q’, 2’’)|2) is given by 
(| f(2’, 2’) |) 


--= —)rff exp[ —tk’-r] 


X xe*Wer*(0) (Viet Vis)(1—Pis) 
X xf (r)po(o)dodr. 


Here yy(o) is ve (9) for t=1, ---6, and is 
¥x*(o) for <=7, 8, as shown in (8) and (12). 

The calculation of J(Q’, 2’’) and the transfor- 
mation to the laboratory system will be given 
in Section IVB. 


(25) 


Ill. ELASTIC SCATTERING 


For the energy range Ey>=100—200 Mev, we 
shall employ Born’s approximation by replacing 
the W(1, 2,3) in the integrand in (15) by the 
initial wave function (16) in which f(r) is 
represented by a plane wave, namely, 


¥(1, 2, 3)=x(1, 2, 3) =x, exp[tk-r o(). (26) 
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In integrating over r and 9 in (17), SiNce the 
operators Viz, Vis depend on the Symmetry of 
the wave function of the state with Tespect to 
the interchange of the two particles, it jg a. 
pedient, in dealing with the term Vj;, to 
the wave function (1—P2)¥(1, 2, 3) asa combi. 
nation of terms which are either symmetric o 
antisymmetric with respect to 1 and 3 go that 
for each term the appropriate potential can be 
immediately picked out from Egs. (3). Let 
X1, X2, »-+X6 be the following linearly inde. 
pendent combinations of the basic functions 
V, Pin, Piw, Pow, PwPo, PiP iy: 


Pw) Pid Poa PrP PP 
Xi 1 1 1 1 
Xe —1 1 1 —1 
X3 1 1 —1 1 
X4 1 —1 1 —1 
Xs —1 —1 1 1 
X¢ —1 —1 —1 1 


Thus X; is totally symmetric, X¢ totally anti. 
symmetric, in 1, 2, 3, X2, X3 are symmetric and 
X,4, Xs are antisymmetric in 1, 3. Then one finds 


y= E(XatXst+XitXo), 
Pye =} (X1—X2t+Xq— Xp). 


With (26), it can be shown that 


¥ = Po =exp[ik-r]yo(o), 
Pio = Pi2P 2 =exp[ —ik- (34+ $e) Wo(|r—4)), 
P ish = P12P 3 = exp[ —1k- (34 — $e) Wo(|r+49)). 


In the present paper, the scattered intensity 
I(8, g) in (18) has been calculated with the 
potentials (3) which include the tensor force. 
But since the actual numerical calculation has 
been performed after omitting the tensor force 
on account of the excessive amount of computa- 
tional work that would be involved, we shall 
only give the formulas without tensor force in 
the following and give the complete formulas 
including tensor force in Appendix I. 

Without tensor force, there are only diagonal 
matrix elements in (17) and the summation 
over the spin coordinates can be immediately 
carried out. All integrals in (17) can be shown 
to reduce to the following three: 
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‘i. f f exp[ —ik’-1 Wo"(o) U(Ir-+4el) 
Xexp[ik-r]yo(o)dedr, 





=f f exp[ —ik’-r]¥o*(e) U(|r+3e!) 
Xexp[ —ik-($r+e) J 
Xyo(|r—fo|)dedr, 


i= ff exp[ —ik’, ro*(p) U(|r—4e]) 
Xexp[ —ik- (34+ 3p) ] 
Xvo(|r—Fo|)dedr. 
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(27a) 


(27b) 


(27c) 


In order to be able to carry out the integra- 


tions in (27) analytically, we shall represent the 
radial wave function of the ground state of the 





deuteron by a Gaussian function 


vo(p) =A exp[ —A*p?]. 







shall assume a Gaussian function 












9k? 





32(a? +402) 





(1+ cos#), 





















k? 
Ls=B; exo] _— (5 +4 cos?) — | 
16? 
k2 
2? =—_—_——_(5+4 cos#), 
16(a?+ A?) 
where 
A?V or? A?*Vor* 
1 a ’ Bz => ’ 
24033 21A3(a?+ $2)! 
A*Vor? 





B;=——————_-. 
A(a2+42)! 





(28a) 


For the radial part of the potential U(| |), we 


U(\&|) = Vo exp[ —a*é*]. (28b) 
Carrying out the integration, we find 
2 a?+8? | 
L,=B, exp] — x? |, 
1 1 €Xp: 8)? 
ky? # 
=(-) sin?-, 
a 2 
a? 
L2=By ex [-—- | 
2 2 €xp 8)? ¥y 
(29) 
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After some calculation whose details we shall 
omit here, it is found that J(#, ¢) in (18), which 
is independent of ¢ and is hereafter denoted. by 
I(#8), is given, on the three theories of nucleon 
interaction, by the following expressions. 


Ordinary force: 


(3xrh?/M)*I(8) =4(1—g+ig)L? 
+i(1—Ggt+g?)LP+ iL? 
—2(1+3g—$2")Lil2 


—2(1+4$g)LiL3:+3(1—4g)LeLs. (30a) 
Exchange force: 
(3ah?/M)*I(3) =the expression above, 
with 1, 2 interchanged. (30b) 
Symmetrical force: 
(3ah?/M)*I(8) =3(11 —30g+27¢")L2? 
+ 3L3 a 4(1 +3g)LoLs. (30c) 


It is to be noticed that of the three integrals 
Ly, L2, Ls, Li is by far the most important one. 
It has a strong maximum in the forward direction 
8=0. The integrals Z2, L; contain the exchange 
operators Pj: or P:3 and give but small contribu- 
tions, LZ; only in the backward direction d~z, 
as is seen from (29). That the scattered intensity 
I(8) on the symmetrical theory does not depend 
on LI is a consequence of the potential (3). This 
can perhaps be brought out more clearly as 
follows. We may write (3) in the form 


Vi2=01°02(1+2P 12) Vist”. 


According to (17), the scattered amplitudes are 
proportional to the matrix elements of the 
operator : 


(Vie+ Vis)(1—P iz) 
= 01°02 V 12°" (1+ 2P2)(1— Piz) 
+;-03V43°"°"(1+2P13)(1—Pis) 
= 01°02 V 32°" (—1+P 2) 
+03-063V33°""(14+2P13—Pi2—2Pi3P 12). 


The terms containing the exchange operators 
give the Zz and Ls; of (30c). The remaining 
terms —o-¢2V2 and o;-03V13 give exactly equal 
and opposite matrix elements since the ground 
state of the deuteron is symmetrical in the 
particles 2 and 3. This cancellation for the 
symmetrical theory accounts for the very small 
cross sections shown in Tables I and II. 

































TABLE I. Differential cross section ¢.:(Eo,@) in 10-* cm?, 
defined in (19a), for elastic proton-deuteron scattering. 











8 Ordinary Exchange Symmetrical 
100 Mev 
0 100.5 20.2 0.010,2 
10 67.7 13.6 0.010,0 
20 19.6 3.82 0.009,9 
30 2.79 -506 0.009,9 
41 .208 .037,2 0.009,5 
63 .002,9 .017,7 0.008,3 
90 .003,1 .012,0 0.005,5 
106 .006,6 .006,2 0.003,8 
126 .025,8 .008,6 0.014,0 
150 .086,9 .047,9 0.061,7 
180 .129 .082,4 0.099,5 
150 Mev 
0 101.2 20.8 0.000, 184 
10 56.3 11.55 0.000, 184 
20 9.09 1.86 0.000, 184 
30 498 098 0.000,190 
41 .011,4 001,93 0.000,183 
63 .000,07 .000,38 0.000,172 
90 .000,06 .000,29 0.000,127 
106 .000,02 .000,17 0.000, 108 
126 .000,80 .000,28 0.000,48 
150 .006,23 .004, 0.004,53 
180 .012,0 009,67 0.010,6 
200 Mev 
0 101.0 20.9 0.000,004 
10 46.3 9.56 0.000,004 
20 4.12 85 0.000,004 
30 .093 .019 0.000,004 
41 .000,633 .000,112 0.000,004 
63 -000,002 .000,009 0.000,004 
90 .000,001 .000,006 0.000,003 
106 .000,002 .000,005 0.000,003 
126 .000,025 -000,007 0.000,015 
150 .000,45 .000,43 0.000,40 
180 .001,17 .001,08 0.001,11 








TABLE II. Total cross section o,; in 10-*4 cm? for elastic 
proton-deuteron scattering. 











Ordinary Exchange Symmetrical 
100 Mev 0.384 0.077 0.003,8 
150 Mev 0.255 0.051 0.000,2 
200 Mev 0.185 0.037 0.000,01 








IV. TOTAL (ELASTIC PLUS INELASTIC) SCATTERING 
A. Total Scattering 


We shall again relegate the complete formula 
including tensor force to Appendix II and confine 
ourselves to the case of central force in the 
following. 

It is important to notice that since two protons 
of indeterminate origin are emitted in each in- 
elastic scattering event, we must divide the in- 
tegral of expression (23) by two to obtain the 
total inelastic cross section. Representing the in- 
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. 


cident wave by the plane wave (26), one 

express all the matrix elements (i| f(0’, 2”) 0) in 
terms of integrals £1, £2, £3 which are obta; 

from those for Li, L2, Ls in (27) by replacing 
o*(p) by ¥x*"(9) or ¥x-**(9) according as i=) 
---60r7= 7, 8, and £;°, £:*, £3* such that at. 
£, with k” replaced by —k’’. Thus fori=1, +06 
we have 


X U(|r+40|) exp[ik-r]Wo(o)dedr, (31a) 


and for 7=7, 8, 


or= f J exp[ —ik’ -rWe-**(9) 
U(|r+%e|) exp[tk-rWo(o)dedr. (31h) 


The actual evaluation of these integrals re. 
quires a knowledge of the continuum waye 
functions yy'(o) and y¥y-*(@) of the deuteron, 
This is essential for any detailed investigation 
of the energy spectrum or angular distribution 
of the particles resulting from collisions in which 
the deuteron disintegrates. For the gross infor. 
mation provided by the total cross section, 
however, only the following general properties 
of the continuum wave functions are important, 
namely, the functions {y,-*(@), wWo(e)} and 
¥x’(e) form two complete orthonormal sets, and 
for large k’’, Yy*(@) and y,x--*(@) approach the 
plane wave 1/(27)! exp[zk” - 0 ]. 

If one makes the plane wave approximation 





Ve'(0) =Per"(0) = exp[tk”-o], (32) 


(2x)! 
one finds readily 
L;'=L;"=L;=D exp[ —q*?—x?], 
16\2q? = |k—k’+2k’’|?, 
4a%x? = |k—k’|?, 
£2'= £,'= L2=D exp[ —¢*—y*], (33) 
day? = |Ie+ $e’ +e” |, 
£,*=L, with k” replaced by —k”’, etc., 
A Vor’ 


a3 














let 
col 
(3: 
on 


the 


Col 








Can 


)|2) in 


=1,2 
£,;*= 


(31a) 


(31b) 


ls te. 
wave 


ation 
ution 
which 
infor- 
ction, 
tant, 

and 
, and 
n the 


ion 


(32) 


(33) 
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The integrals £3, £s* corresponding to Ls; in 
(27) can be shown to contain a 6-function and 
contribute nothing to the scattered intensity. 
They have therefore been left out in the fol- 
lowing. 

To the approximation (32), the intensity 
1(@’,2") in (24) is given by the following 
expressions. 


Ordinary force: 


(2x)*(3xh?/M)*1(0’, 2”) 
=(1—g+g*)(£L°+£2+L£:) 
—(14+2g—2g*)£:L£2 
a (2 on 2g+g")L£:L£:* 
—(1+g—g*)£.L£:*. (34a) 


Exchange force: 


(2x)?(34h?/M)?I(Q’, 2’) =the expression 
above, with 1, 2 interchanged. (34b) 


Symmetrical force: 


(2)*(3ah?/M)*I(Q’, 2”) 
=(}-—gt+g*)(LP+£0£2+L£,"+42£,*) 
+(§ —2g+2g*) (LiL2—2L;*L£2*) 
— (2/9)(1—3g+ (9/2)g*) £121" 
+(§—g+g")(2£L:L2* —L1*L2) 
4(2/9)(5—4g+9g%)£2£2*. (34c) 


It appears that (23), with Z(Q’, 2”) given by 
(34) and (33), gives the cross section for inelastic 
scattering. The approximation (32), however, 
has the consequence that the cross section given 
by (23) and (34) also contains contributions of 
the elastic scattering, since the plane waves 
¥'(@) are not orthogonal to the wave function 
of the ground state of the deuteron and hence 
contains components of Wo(p). It will be shown 
below that (23), (33), and (34) actually form a 
closer approximation to the total scattering 
(elastic plus inelastic) than to the inelastic.® 

To simplify the presentation of the argument, 
let us first consider that part of J(’, 2’’) that 
comes from £,’, in the case of ordinary force 
(34a). Without making the approximation (32,) 
one would have obtained instead of (1—g+g*)£:° 
the expression 


(1—g+$g*) (£1)? +3¢°(£1")’. 





* Cf. N. F. Mott and H. S. W. Massey, Theory of Atomic 


— (Oxford University Press, New York, 1933), 
p. 172. 
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Let us define 


K=k—-k’, §=r+}o. (35) 
From (31a), one finds 
L£1' = Cou (K, k”) F(K), (36) 


where 


Cor(K, ke”) = f exp[—(é/2)K-e] 
Xvevr*(o)o(p)de, (37) 


F(K) = f exp[éK-E]U((E|)dk. 


F(K) is seen to be a function of the magnitude 
K of K alone. Also 


| Cone(K) [= f | Coe(K, ke”) 840” (37a) 


cai be seen to be a function of the magnitude K 
of K alone. On transforming from the variables 
k’, 2’ in (23) to the variable K by means of (35), 
namely, 


KdK =kk’ sind’dd’ = (1/2r)kk'd’, 


one obtains from (23) that part of the inelastic 
scattering cross section that comes from (£;‘)? 


2 {ine} = (1—g+%g")(M/3xh*)? 


1 
x Sf k’(£,")*dQ’dk” 


= (1—g+ig*)(M/3ah*)? 


2x 
Xs fi F(K) |?kdK 


x f | Cone(K) |*k’"*dk’’. (38) 


Now since the ground state of the deuteron is 
a triplet state, it is clear from (33), (27), (18), 
and (24) that every inelastic triplet amplitude 
£* has a corresponding elastically scattered 
amplitude Z differing from £* in having Wo(p) in 
place of ¥,--‘(p). On adding to (38) the contribu- 
tion of elastic scattering (1—g+3/4g*)L, from 
(30a), one obtains as a typical contribution to the 
elastic plus twice the inelastic cross section the 
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expression 
Get 2eine = (1 —g+$g?)(M/3ah*)? 


2n 
x= f | F(K) Kak} | Coo(K) | 


+f [Comn(K) re"sae"|, (39) 


where, analogous to (37), 
C (K)= f ex [-=x. re Wo(p)de. (40) 
00 ” p , © [Yo \p)Y¥o\p)/ae. 


In (39), for any fixed value K of the magnitude 
of K, the range of integration of k” is from 0 to 
the maximum value &,,’’ given by the energy 
equation (22), or, in view of (35), 

Rm’? = 2k? — (M/h*)e—3(k —K)?. (41) 


The range of integration of K is from 

k—[k?—(4M/3h*)e] to R+-[k?— (4M/3h*)e }}. 
As yYo(p) and the y-‘(e) form a complete 

orthonormal set of functions, one can expand in 


(37) 
exp[ — (¢/2) K+ 9 Wo(e) = Coo(K)¥o(e) 


+ f Con (K, k”’)Par*(o) dk”. 
From this and 
J lexplG/2)K- eWo(o) ’do=1 
one obtains the relation 
[Cust | Coun) 81 (42) 
In view of (42), we can write in (39) 


| Coo(K) | 2+ f | Cone(K) [22d 


| Cones(K) |*k’"*dk’”. 


km’? 


(43) 


=1— 


Now if one makes the plane wave approxima- 
tion (32) in (37), then, instead of (37) and (37a), 
one has 


Dox (K, k’’) - (2 


1 
ff expl-@/2)K-0) 


a)! 


Xexp[—tk”-@ Wo(e)de (44) 
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and 


[Doxe(K)|*= f | Dowe(K, 8”) 40", (ay 
From (44), it follows that 
fi Dovey eae = 1 
0 


The second integral in (38) for the inelastic 
cross section will be replaced by 


km’’ 
f | Doxe(K) |2k!2dk"” 
0 


| Dou(K) 84k". (ag 
km’’ 


=1— 


But on comparing (45) with (43), it is seen that 
to the approximation (32), the use of plane 
waves in (38) leads to (39). 

An entirely similar argument holds for the sing. 
let part £,°. It cannot be applied to terms contain. 
ing £2 or L2* in (34). Calculations show, however, 
that £2 gives some contribution only for large 
values of k’’. This is expected since it arises from 
the effect of exchange. For large k’’, the plane 
wave approximation would be valid. Now, for 
elastic scattering, the contribution from Ly in 
(30) is negligibly small. Hence £2 in (34), while 
giving the inelastic scattering, also gives approxi- 
mately the total scattering. The other terms in 
(34) are either negligibly small, or give some 
small contributions only for large values of k”. 

Finally let us consider the validity of the 
approximation (32) which replaces (43) by (45). 
In (39), the important region in K is whe 
|F(K)|?K is near its maximum. With the 
Gaussian potential (28b), this maximum occurs 
at K=a. With the value a=0.515 X10" cm™ in 
(57), one finds for an incident proton of 100 Mev 
the corresponding k,,’’(a) at 37 Mev. For 200- 
Mev protons, this k,,’’(a) corresponds to 56 Mev. 
For these ,,’’, the approximation of replacing 
(43) by (45) is justified. For the region of small 
K in (39), however, the corresponding k»’’(K) is 
smaller and the plane wave approximation will 
be bad. Actual calculation shows that the contri- 
bution to the total cross section from the region 
of small k” is rather small in the case of the 
symmetrical theory. Hence the error committed 
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by the plane wave approximation in this case is 
umably not very great. The situation is less 
favorable with the ordinary and the exchange 
force, especially the former. 
B. Angular Distribution and Energy Spectrum 
of Scattered Protons 
For comparison with experimental results, it 
is desirable to transform to the laboratory 
coordinate system. Let p be the wave vector 
corresponding to the momentum of the scattered 
proton referred to the laboratory system. It can 


be shown that 
p=3k+k’. (46) 


Let E, be the energy, in the lab system, of the 
scattered proton. Then E,=h*p?/2M. From (21) 
and (22), one has k’’dk” = $k’dk’. Hence 


PR dk"'d0'dQ" = 3k"k!*dk'dQ’dQ" = 3k"dpdo”’ 
=(3M/4h?) pk"dE,dQdo”, 


where dQ is the solid angle into which p is 
directed. Hence the differential cross section of 


a proton being scattered into the solid angle — 


d2=2 sinddd is given by 
2no(Eo, Ey, 3)dE, sinddd 
3M k” i 
=—- —pdE,2r sinddd f I(Q, Q”)dQ”’, (47) 
4h? k 
where J(2,2’’) is obtained from J(Q’, 2”) in 
(34) by means of the transformation (46). 

The evaluation of /J(2,2’’)dQ” involves a 
large amount of work on account of the compli- 
cated manner in which the directions of k’ and 
k” appear in the expressions (33). In the fol- 
lowing, we have carried out a preliminary calcu- 
lation without the tensor forces. The integral 
I(Q)= fI(2, 2’’)dQ” is given by the following 
expressions for the three theories of nucleon 
interaction. 

Ordinary: 
(2x)*(3ah?/M)?I(Q) 
=(1—g+g*)(2A2+A2*) 
— (1+-2g—2g*)AiAs 
+2(1—g-+he!)AsA* 
—(1+g—g*)Ar*A2. 
Exchange: 

(2x)*(3rh*/M)*I(Q) = expression above 

with 1, 2 interchanged. 


Symmetrical: 
(22)3(3rh?/ M)*I(Q) 
=($—g+g*)(2A%+5A;") 
—(}—2g+2g*)ArA2 
— (2/9)(1—3g+(9/2)g*)AiA,* 
+(3—g+g*)Ai*A2 
+ ((10/9) — (8/3)g+2g*)AsAs*, 
where 


2 (x—2k’’)? 
A,?=4nrD? exo] 
xk” 


Ri’? 
A,A,* =47)D? exo| =< = 


a?+4)? : 
eal 


8a*\? 


a?+? x? oy? 
AgA,* =4rD? exo| Parca | Peete, ol | 
2a*r? 8? 2a? 


y=ik+}p 


9 


a? 
A,As* = A,*A, =42eD2— 


yk" 
k’’? a@?+2)? 
xexp{ -—— x2 
22s 8a*? 
(y—k’’)? 


4a? 


Jo —exp[ —yk"/a?]), 


¥« 64 a*)? 
2a?+5\? . 2a?+ ? 
16a?\? 4a*? 

3 2a?+3,? 

— +-—————_kp cosd 

16 a? 

2a?—? 

P=P+y?, t= pbk” sind, 


4a*)2 


A,A, =42D*——— exp 


sinhz | 
z 


9 =) 
piemniadtingle IM 


‘2 





3(2a?+\?) 2a?—? 
= —_—__—_— $j" — pk” cosé, 
8a*r? 4a’)? 


sinht 9 a?+)? 

A,? = 4D? exp| -— Re 
t 32 a*r? 
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a?+Xr 3 a?— ? 
eal 


kp cosd 
8a*\? 


a)? 
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gi? 
t= pk” sind, 
2a?? 


3(a?+d?) 
vy =—————kk"”’ — pk’’ cosé. 
4a*\? 2a*r? 
The numerical values of the total cross section 
given in. Table III were obtained by integrating 


t=p?+y?, 


2—}2 


TABLE III. Cross sections o; for total (elastic plus inelastic) 
proton-deuteron scattering, in 10-* cm?. 








Exchange Symmetrical 


0.140 0.140 
0.130 0.028 
0.270 0.168 
0.213 0.089 


0.070 0.070 
0.070 0.014 
0.140 0.084 
0.119 0.043 


Ordinary 


0.140 
0.130 
0.270 
0.424 


0.070 
0.070 
0.140 
0.214 





Tp-n 
Tp—p 
Fp-n+op-p 
Tt(p—d) 


Tp-n 
Tp—p 
Tp-ntop-p 
Tt(p—d) 








(47) over the energy and angular distribution of 
the emerging proton to give oe1+2¢ine. 


C. Angular Distribution and Energy Spectrum 
of Neutrons Ejected in Proton- 
Deuteron Collisions 


Experimentally one may have a beam of high 
energy neutrons impinging on a deuterium 
target and is interested in the angular distribu- 
tion of the protons ejected and their spectrum for 
a given direction. When the Coulomb interaction 
is neglected, this situation is the same as studying 
the neutrons ejected in a proton-deuteron colli- 
sion. To find the differential cross section of a 
neutron being scattered with energy E, (in the 
laboratory system) into the solid angle dQ,, one 
proceeds as follows. It can be shown that the 
wave vector of the neutron in the laboratory 
system is given by 


pn=$k—}jk’+k”. 
Let us define the vector s, 
s=k’’ — tk’ (51) 


so that dp,=ds. Now the volume element in 
(23) can be written, on introducing a 6-function, 


dk!"d0! = dk’’d0/dk’ 5(k’ — g(k’”)) 


(50) 


1 
sieelt” saieead —g(k’’)), 


where the pole of the 6-function is at the value 
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of k’ related to k”’ by the energy equation (29 
namely, , 


4M\+72 h2pl'2y 4 
H=e(e")=(—) (<B.—-—— (5 
3h? J \3 u)’ ™ 


On changing the variables k’, k” into k’, 8, the 
differential cross section for k’, s being directed 
into dk’ and ds, respectively, is 


o(Eo, s, k’)dsdk’ = (k’ /kk’*)I(Q,, 2’) 
x 5(k’ —a(|8+4k"|))dsdk’, 


where J(Q,, 2’) is obtained from (34) by means 
of (51). Writing 
p=cosk’s, «°=(M/h*)(2E.—e) = ik? — (Me/it), 
and inserting (51) into (52), one obtains 

2k’ = — sp (s*u?—4s?+4,2)!, (54) 
The condition that at least one of the two roots 
ky’, ko’ be real and positive imposes a restriction 
on the values that s and » may assume. A litth 
consideration shows that for 0<s*<x, the rog 
k,’ corresponding to the positive sign in (54) js 
real and positive for all values of u between -{ 
and 1. For «°<s?<4/3x?, and positive values of 
u, both roots are negative and must be excluded, 
For negative values of wu between —1 and 
— 2[1— (x?/s*) ]!, both roots are real and positive, 
s? cannot exceed (4/3)x? since in that case the 
roots become complex. 

Let us denote by v(k’) 


v(k’) =k’ —g(|s+ 3k’ |). 
To transform the 6-function 6(v(e’) —0) so that 


the variable is the same as that of integration ¥, 
we have 


5(v—0) = >> (dk’ /dv),~05(k’ — ky’) 
where k,’ is a positive real root of (54), o, 


v(k’)=0. For the two ranges of s? discussed 
above, we have 


(i) O<s?<x*, —1<y<I, 
5(v—0) = 3k1’ Wi(k’ —ky’), 


«\t 
(ii) «?<s?< (4/3)x?, -1<u<-2(1-4), 


5(v—0) = $ki’ W5(k’ — ki’) + $a’ W8(k’ — ke), 


where 
W= (4x2 —45?+ s?y?)-4. 
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Putting these into (53), one finds, for the 
differential cross section for a neutron being 
ejected with energy E,=h*p,2/2M (in the lab 
system) into the solid angle dQ, 


Mp, 
a(Eo, E,, 2, )dE,dQ,, _ ee. (55) 


Here J(2,) is obtained from J(Q,) by means of 
(50) and (51), and J(Q,) is given, in the two 
ranges of values for s* above, by 


3 2r 1 
i) 1(,)=- f f ky2WI(Qy, W)dudy’, 
0 —1 


3 2r —» 
fi) (a) == J J _ bYAWT(Oy, dude’ (86) 


i f i f ky? WI(Q, W) dude’, 


2 = 
x?\4 
y=2(1-*) Z 
5? 


Calculations show that the important contri- 
bution to J(2) comes from those terms in (34) 
which are significant only for large values of k’’. 
For large k”’, the plane wave approximation 
(32) may not be seriously in error. Hence (55) 
may be expected to give the cross section for 
inelastic scattering only. 


V. CALCULATION AND RESULT 
A. Elastic Scattering 


While the cross sections of elastic scattering 
on the basis of the three theories of nucleon 
interaction can be calculated from (19), (29), 
and (30), it is seen that the amount of numerical 
work is very great. In the present preliminary 
calculation, we have neglected the tensor force 
and so chosen the constants g, Vo, a? as to fit 
the data on the proton-proton scattering and 
the ground state of the deuteron. For the singlet 
even state, the potential is, according to (3) 
and (28b), 


1 Veven = — (1 —2g) Vo exp[ — ar? ]. 
The analysis of Breit et al.* gives 
(1—2g) Vo=26 Mev, a? =0.266 X10? cm=*. (57) 


*L. E. Hoisington, S. S. Share, and G. Breit, Phys. Rev. 
56, 88 (1939). 
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For this value of a’, the binding energy of the 
deuteron gives the depth V»:? 


Vo=45 Mev. (58) 


For the constants of the approximate wave 
function (28b) of the ground state of the deu- 
teron, we take the variational wave function of 
Gerjuoy and Schwinger,*® 


A=0.312X10", 2=0.0716X10% cm—. (59) 


With these constants, the cross sections for 
incident protons of 100, 150, and 200 Mev (in 
the lab system) have been calculated from (19a), 
(29), and (30). Table I gives the differential 
cross section o,;(E», @) defined by (19a). Table 
II gives the total elastic scattering cross section. 


adhitanite f oa(Eo, @) sin@d®. 


It is seen that the difference predicted by the 
three theories of nucleon interaction is rather 





» 
So 


gu (47) in io** em* 


T(E, E, Pde» mm & 
— 
i=) 


Ld 














a = a me me me 
Ep in Mev. 


Oo fe 


Fic. 1. Differential cross section o(Eo, Ey, 8)dE, defined 
in Eq. (47) of proton-deuteron total scattering. Eo= 100 
Mev, #=30°, and dE,=1 Mev. 


7H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 
111 (1936). 

8E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 
(1942). 








998 TA-YOU WU 

















od ENERGY SPECTRUM OF NEUTRONS ___ jf} 
EXCH 
EMITTED IN FORWARD DIRECTION PER UNIT 
SOLID ANGLE RESULTING FROM COLLISION Sym 
OF 200 MEV PROTON WITH DEUTERON 
% 
Lo 
ORD. 
\ oo 
ol SYM. ORD 




















° 40 80 120 160 200 
E, = MEV 


Fic. 2. Energy spectrum of ejected neutrons in the forward 
direction 3 =0 in proton-deuteron scattering at 200 Mev. 


large. The very much smaller values of o,; on 
the symmetrical theory have been discussed at 
the end of III. The sharp contrast from the two 
other models lends some interest to an experi- 
mental investigation of the elastic scattering at 
high energies. 


B. Total (Elastic Plus Inelastic) Scattering 


The differential cross section o(Eo, Ey, 8) de- 
fined by (47) has been calculated without tensor 
forces by using (48), (49) and the constants in 
(57), (58), and (59). It is found that in (48), 
the most important terms are A,’ and A,A;* which 
are large for small # and large values of Ep, i.e., 
in the neighborhood of Ey—e, and decrease 
rapidly with decreasing E,. In Fig. 1 are given 
as examples the o(Eo, Ey, 3)dE, for }=30° and 
dE,=1 Mev for 100-Mev protons. These curves 
give the spectral distributions of the scattered 
protons for this particular direction. For smaller 
angles #, the maximum at large E, is further 
accentuated in all the three theories. For larger 
angles #, the terms A,’ and A,A,* become 
negligible and the other terms such as A,’ give 
rise to a small maximum at the low energy end 
of E,. While no quantitative significance should 
be attached to these spectral distributions, 
especially for small #, on account of the failure 
of the plane wave approximation (32) for large 
E, and hence small k”, as discussed in §IVA, 
the qualitative differences among the three 
potentials is believed to be of significance for 
comparison with experimental observations. 

In Table III are given the integrated total 
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Fic. 3. Energy spectrum of neutrons ejected in directj 
8 = 30° in proton-deuteron scattering at 200 Mey. 










scattering (elastic plus inelastic) cross sections 
for 100- and 200-Mev protons on the basis of the 
three potentials. In the same table are also give, 
for comparison the total cross sections for proton. 
neutron and proton-proton scatterings calculate) 
with the same potential constants in (57) an 
(58). The total proton-deuteron cross section ¢, 
is to be compared with the sum oy_,+o,, o 
the proton-neutron and the proton-proton crog 
sections. It is evident that the effect of inter. 
ference of the scattered waves in the proton. 
deuteron scattering plays a large role in dete. 
mining the final value of the total cross section, 

It is of interest to compare the relative 
importance of elastic and dissociating collisions 
on the basis of the three theories of nucleo 
interaction. From o,; in Table II for elastic 
scattering and o; in Table III for total scattering, 
one finds for the ratio o,;/o; the values 0.83, 0.22, 
and 0.022 for 100 Mev and 0.40, 0.106, an 
0.000,06 for 200 Mev, according to the ordinary, 
the exchange, and the symmetrical potential 
respectively. . 

It is also of interest to make the followin 
indirect comparison with the observed crs 
sections now available.* Recent calculations har 
shown that in the case of proton-neutron ani 
proton-proton scatterings, the usual Born » 
proximation is quite unsatisfactory for IW 
Mev." As the above calculation was made 
this approximation, we do not expect the nume: 
ical values for the o’s to be very accurate at Ill 



































*L. J. Cook, E. M. McMillan, J M. Peterson, and D.C 
Sewell, Phys. Rev. 72, 1264 (1947). 
10 M, Camac and H. A. Bethe, Phys. Rev. 73, 191 (1 
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Mev. The ratio o¢p-»/o1p-a, however, may not 
be in as serious error as the individual o's. This 


ratio for 100 Mev is, for the three potentials, 


0.33 (ordinary); 0.66 (exchange) ; 
1.6 (symmetrical). 


The observed values are ¢p-,=0.083 X 10-** cm? 
and op =0.117X10-* cm’, giving for the 
ratio ¢p-n/o«p-a) the value 0.71. It is seen that 
the ordinary and symmetrical theories are in 
definite disagreement with the observed data. 


C. Energy Spectrum of Neutrons Ejected in 
Proton-Deuteron Collisions 


By means of (55) and (56) the energy spectra 
of the neutrons for the forward direction and for 
directions making an angle of 30° with that of 
the incident protons have been calculated. The 
result for 200-Mev incident protons is given in 
Figs. 2 and 3. As expected, the exchange and 
the symmetrical potential give neutrons with a 
well defined narrow energy peak near 200 Mev 
in the forward direction. These neutrons are the 
result of a direct exchange between the incident 
proton and the neutron in the deuteron. That 
this is essentially a two-body collision is made 
evident by the fact that the area under the high 
energy peak for either theory is very nearly 
equal to the proton-neutron cross section at 
zero degrees. The low energy peak may be 
regarded as due to the proton-proton collision 
in which the outgoing proton pulls the neutron 
along with it. 

At 30°, the high energy peak is very much 
reduced in intensity and becomes very much 





lh) 


In) 3 cos*u—1 ) 
Js =f f exp[ —tk’-rWo*(p) U(|r+4¢|) | sinu cosue* | exp[ —ik- ($1-+3¢) Wo(|r—4o] )dodr, 


K;) (sin’ye?*” 


-rf f exp[ —ik’-rWo"(0) U(|r—4]) 








t This appendix refers to Section III. 


(3 cos*u—1 ) 


(3 cos*u—1 ) 
sinu cosue” | exp[ —ik- (r+ 30) lo(|r— $e] )dodr. 
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wider. The maximum occurs at 150 Mev, corre- 
sponding to the conservation of energy and 
momentum in a two-body collision in which the 
neutron goes off at 30°, but the spectrum 
extends all the way to 173 Mev. This upper 
limit comes from collisions in which both protons 
come off with the same momentum. All collisions 
therefore involve the interactions between the 
three particles in an essential way. The low 
energy peaks are practically the same as at 0°, 
as should be expected from their physical 
interpretation. 

The writers wish to thank Professor G. E. 
Uhlenbeck for suggesting the problem and Pro- 
fessor H. A. Bethe for helpful discussions. 


APPENDIX I.t 
Elastic Scattering with Tensor Force 


When the potentials (3) including tensor force 
are employed, in summing over the spin coordi- 
nates in (17), it is necessary to evaluate the 
matrix elements (7|S,2|/), (¢|.Sis|2) of the oper- 
ators S;; in (4). These are readily obtained. We 
shall not give all these except the following few 
as examples. 


(1| Sie] 1) = (1] Sis] 1) =3 cos*u—1, 
(1| Si2| 2) = (1] Sis] 2) =0, 
(3| Siz] 1) =(3| Sis] 1) =2v3 sing cosye", 


where yu, v are the polar angles of the line joining 
the two particles with respect to the direction of 
quantization of the spin. 

The integrals in (17) that arise from the terms 
Siz and Sis can be shown to reduce to the 
following nine: 


Ji =f f exp[ —7k’-r]yo*(p) U(|r+4e]) | sinu cose | exp[ik- rvo(p)dodr, 


K, [sin ?ye?*” 


(27B) 





) (27C) 
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The angles y, v are again the polar angles of the 
vector r+} or r—}$o in the argument of the 
potential U with respect to the direction of 
quantization. 

It can be shown that these integrals are given 
by 


2 o 
h=—yLw(1 —3 sin’) iFi(1; 7/2; x*), 


1 
ho —saLay"(1+3 cos*#) 1F,(1; 7/2; 9), 


k2 


2 3 
y=] 8 (1+2 cosd)*| 


16 a?+? 
X1Fi(1; 7/2; 27), 


1 
salle” eal sind ,F\(1; 7/2; x?), 


1 3k\? 1 
Js -—1,(—) sind (1-+cos?) 
10 4/ a’+4? 


iF i(1; 7/2; y*), (29A) 


Rk? 
J3;=—yL;—— sinv(1+2 cos?) 
20 3 =a®*+? 


Xi1Fi(1; 7/2; 2), 
2 v 
ait nal eat iF (1; 7/2; x), 


1 a? v 

K2=—yL.2x*———— cos*— ; F,(1; 7/2; y?), 
40 a?+4)? 2 

2 


K3=—yL x’ 
a 


v 
onal aha ; 7/2; 2°), 


24 2 


where the x, y, z are given in (29). For the 
convenience of calculation, the confluent hyper- 
geometric functions can be expressed in terms 
of the error integral as follows. 


4 
—x? ,F,(1; 7/2; x?) 
15 2 


1 ° 1 
=— explx"] exp[ —# }dt———-. 
x3 ° x? 3 


The scattered intensity is given, in the three 
theories, by the following expressions. 
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Ordinary force: 


(3xh?/M)*I(8) =expression (30a) 
+ (21, —I2)?—(241—I2)I3+312 
+12{(2J;:—J2)* 
—(2J,:—J2)J3+3J3} 
+3{(2K,—K,)? 


—(2Ki—K2)K3+3K3}. 


Exchange force: 
(3axh?/M)*I(3) =expression above, 


with 1, 2 interchanged. 


Symmetrical force: 


(3ah?/M)*I(3) =expression (30c) 
+ (12? — I2I3+I;*) 
+12(J2—J2J3+J3*) 


+3(K?—K2K;+K?). 


(30C) 


That the central force and the tensor force jn 
(3) contribute additively to the scattered jp. 
tensity is due to the fact that the spur of the 


tensor interaction S;; is zero. 


APPENDIX IL.tt 


Total Scattering with Tensor Force 


The integrals arising from the terms Sj, and 
Si3 in (25) can be shown to reduce to nine which 
are obtainable from (27A), (27B), (27C) above 
by replacing Yo*(p) by the continuum functions 
Vxe'**(@) or Yer**(@), and the nine others obtained 
from these by replacing k’’ by —k’”. Of these 
eighteen, the six integrals 93, Js, Ks, I3*, Js*, Ki’, 
can be shown to contain a 6-function and con- 
tribute nothing to the scattered intensity. They 
have therefore been omitted in the following. 
To the approximation (32), these 12 integrals 


are as follows. 


2 3 
I,= =o 2 ——/(k—k’ cos’) | 
5 4a? 


a 


X1Fi(1; 7/2; x*), 


2 3 
S2 ==ef y - a +K cosh] 


Ki Fi(1; 7/2; y*), 


tt This appendix refers to Section IV. 


K _ Ak’ +k”, 
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Ordinary force: 


(2x)3(3rh?/M)?I(0’, 2’) 
=expression (34a)-+$(91— 92)? 
X1Fi(1; 7/2; x*), +($1— $2+$91*) 91*+18(g1—g2)* 
(33A) +12(J1—J2+491") 9:"* 
+(9/2)(Ki—K2)* 
+3(Ki— Ket §Ki"*)Ki*. (34A) 


1 
.—k’ sind’ (k —k’ cosd’) 
2 


a 


1 : 
—K sinkK (k-+K coskK) 
Qa 


x 1Fi(1; 7/2; ?), Exchange force: 
Ry? (29)8(3ah?/M)?I(Q’, 2’) = expression 
x= -—ye,(—) sin’d’ F,(1; 7/2; x2), above, with 1, 2 interchanged. (34B) 
10 ” Symmetrical force: 
1 Ky’ . (29)*(3mh?/M)?I(0’, 2’) 
K2= -—y2,(—) sin*kK: 1F1(1; 7/2; y?), =expression (34c)-+4(9;— 42)? 
a 
—$(I1— $2)(91* +252") 
§:*=g: with k” replaced by —k”, etc., +3(91*+252*)?+2(g1—J2)? 
— (4/3) (gi—J2)(Gr* +292") 
where x, y, D are those expressions given in (33). +2(91*+291:*)?+4(Ki—K2)? 
The scattered intensity in the three theories —43(Ki—Ke)(Ki*+2K2*) 
is given below. +4(Ki*+2%K2*)%. (34C) 
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The energy dependence of the cross section for the 
formation of a product, near the threshold energy for that 
formation, is considered. It is shown that the cross section 
is, apart from a constant, in the neighborhood of the 
threshold the same function of energy, no matter what 
the reaction mechanism is, as long as the long-range 
interaction of the product particles is the same. The same 
must hold, because of the principle of detailed balance, 
for the back reaction, i.e., the reaction between particles 
with very low relative velocities. In this case, the cross 
section, as function of the energy, depends only on the 
long-range interaction of the reacting particles. The 


energy dependence of the cross section is determined for 
three types of interactions, vis. no interaction, 
repulsion and Coulomb attraction. The rule for a Vr 
interaction can be obtained from the first case. 

are adduced to show that two interactions, the dj 

of which goes to zero at least as fast as r*-* with (e>0) 
give the same energy dependence of the cross section, 
Hence, long-range interaction in the above Connection 
should mean an interaction which, at large distances of 
the particles, does not go to zero faster than r+. The 
effect of small perturbations in the long-range interaction 
is discussed in general. 





SECTION I 


HE results of the present article are prob- 

ably well known to a great many readers: 
they are concerned with the behavior of the 
various cross sections in the neighborhood of the 
threshold of a new mode of reaction. Examples 
for the rules to be derived can be found in almost 
every article which is concerned with reaction 
cross sections.' It is believed, however, that the 
generality of these rules has not been emphasized 
before, nor have they been derived with the same 
claim for universal validity as will be done in the 
present paper. The principal interest in such an 
investigation arises from the experimental dif- 
ficulty in measuring threshold energies without 
the knowledge of how the yield of the product 
approaches zero with decreasing energy. From 
this point of view, it would be desirable to obtain 
also an expression for the yield of reactions in 
which the number of end products is three or more 
(e.g., an (m, 2m) reaction). This, however, will 
not be attempted in the present article which 


1It would be idle to attempt to give a full list of the 
pertinent papers. Suffice it to say, therefore, that, if 
there is no long-range interaction between the colliding 
particles, Born’s approximation already gives the correct 
. asymptotic behavior even in cases in which it is quite 
inaccurate as far as absolute magnitude is concerned. The 
importance of the potential type of interaction (cf. Eq. 
(5). of the colliding particles at large distances was 
eo first recognized by P. M. Morse and E. C. G. 

tueckelberg (Ann. d. Physik 9, 579 (1931)). Their 
method, if properly carried out, should give the asymptotic 
behavior correctly in all cases, even if the method itself is 

uite inaccurate for the calculation of the magnitude of 
the cross section. 


deals only with processes in which only pairs of 
particles are formed. 

The mathematical formalism will be that 
adopted in a previous article of L. Eisenbud and 
the present writer.’ In fact, this formalism will be 
used in the simplest possible form (viz. Eq. (1), 
reference 2): 


f X)(grad¢g),.dS 


g=L X). (1) 
d E,-E 





In this, ¢ is an arbitrary wave function with 
energy E, the E being part of the continuous 
spectrum; gradg is the vector with components 
(h?/2M)d¢/dx, ---, etc. Only ¢ and gradg in 
(1) depend on E. The X, and &, are the charac- 
teristic functions and characteristic values of the 
Hamiltonian, with the boundary condition that 
the normal derivative in the above sense of X, 
vanish on a surface S. This S is the boundary 
between the internal and the external region of 
the configuration space. The integration in (I) 
is over this surface. The external region of the 
configuration space is defined by the requirement 
that, at the energy E, in the external region (ie, 
outside of .S) single alternative wave functions 


Fu(r.)P (Qs) vo = Fal(r.)Wsi (2) 


form a complete set of solutions of the Schré 


?L. Eisenbud and E. P. Wigner, Phys. Rev. 72, 3 
(1947). 
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dinger equation. The y, in (2) is the product of 
the wave functions of a pair s of particles which 
may be formed by the reaction, r, and a are the 
length and direction of the line connecting their 
centers of mass. P; can be assumed to be a 
spherical harmonic of degree /, giving an angular 
momentum Jh to the two particles of the pair s 
about their common center of mass. The 
Yu=Pi(Q)ys are orthogonal to each other on 
the surface S, the letter s specifying not only the 
nature of the particles which form the pair s but 
also their state of excitation, the resultant of 
their spin angular momenta, and the projection 
of this into a given direction. The y,: will be 
further assumed to be normalized if integrated 
over S 

[Yoitevas = bedi. (2a) 


Let us assume that ¢ and (gradg),, the com- 
ponent of grady perpendicular to S, can be 
expanded on S in terms of the ys: 


e=d Vitber, (3a) 


(grad¢g),= u hDwWai (3b) 


Equation (1) then becomes 
Va= Zz RuzevDev, 


al’ 


(4) 


with 
YastVre'i’ 
Reserv _ _ ’ 
’ E,-E 


(4a) 


(4b) 


Taos ™ mf Xv, dS. 


The above is a repetition of the line of argument 
of reference 2 with the difference that the bound- 
ary conditions on S are assumed in the simplest 
possible form, no attempt being made to make 
the Ej, yas1, etc., independent of the position of S. 
The above equations are almost identical with 
Eqs. (13), (23), and (17) of the above reference, 
but the derivation is, of course, much simpler. 
All that will be used in the following is that the 
expansion coefficients of g on S (as ¢ itself), are 
linear functions of the expansion coefficients of 
(gradg), on S (or of (gradg), itself) which has 
no singularity at the threshold to be investigated 
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as none of the E, can be expected to coincide 
with that threshold. 


SECTION I 


The F,:(r,) satisfy, in the external region, the 
differential equation 


h? gd? 2d _ MKi+1) 
a (—+- _ | Rat VoP 
2M, dr,’ 


r, df, r,? 


ves (E— &,) Far. (5) 


The M,, V,, and ¢, are the reduced mass, poten- 
tial energy in the external region, and proper 
energy of the pair s. We shall be particularly 
concerned with that solution E,; of (5) which cor- 
responds to an outgoing wave and which we shall 
assume to be normalized in such a way that 
E,1.1 correspond to unit flux. Assuming that, in 
the direction of configuration space which cor- 
responds to separation into the pair s, the surface 
S lies at r,=a,, the condition of unit flux is that 
atr,=4d, 


h 
( 
2M, 


Since it follows from (5) that the expression in 
the bracket of (6) is r* times ja constant, the 
normalization adopted implies 


i(E,¢.:* — E,:*e,1) =a,"/r,?, (6a) 
é.,= (h/2M,)dE,,/dr,. (6b) 


If, for large 7,, the potential V goes to zero suf- 
ficiently fast, (6a) should mean that (r,/a,)E,; is 
asymptotically equal to (M,/kh)* expikr,. 

The above definition of E,; applies if the pair 
s is energetically possible at the energy con- 
sidered. However, particularly just below a 
threshold, the expansion (3) requires also such y,, 
which are energetically impossible. In this case, 
E,; shall be that solution of (5) which goes to 
zero exponentially at r,= «©. The E,;* which is 
in this case not the conjugate complex of E,, is 
any other linearly independent solution of (5). 
E,:* goes, of course, to infinity for large r,. It is 
not necessary to specify E,; and E,;* more closely 
in this case. 

It is convenient to introduce a symbol for the 
reciprocal logarithmic derivative of E,,: 


dE,; dE, ;* 
—E,-— 
dr, dr, 


=f (6) 


(at r,=a,). 


where 


Eu: = Qerlor, (7) 
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which permits (6a) to be written in the form 
4(Gs1— Ger") | és:| . =a,*/r,*. (7a) 


This shows that the imaginary part of q,:* is 
positive for every r, and permits one to introduce 


Jar” =1(Gei— Qei*) =d,"/17,7€,1€5:*. (7b) 


Actually, g,:; satisfies a Ricatti-type differential 
equation which follows from (5). The g,: as 
defined by (7) is real for s which are energetically 
impossible and (7a) and (7b) will not be used 
for such s. 

Equations (3) and (4) permit the determina- 
tion of half of the coefficients of the most general 
solution 


g= u Voila iE, I +B, iE, *) (8) 


of the Schrédinger equation in the external region. 
The coefficient of ¥,; in ¢ is 


Var =Qs Ys sit Bs 19s1"esi* (rs _ a.) ’ (9a) 


while its coefficient in (gradg), becomes 


Dyp=etesit+Beieei*, (1e=s). (9b) 


If g is to be a permissible solution, the 8,:; whose 
s is energeticall? impossible must vanish. It is, 
therefore, immaterial that the coefficients of 
these 8,; are not defined. 

One can write (4) by means of (9) in terms of 
the a and 8 


Js 1Ce1%st+Jer*ls:* Boi 

ad 7 Reazery (Cer vr ee tev * Bey). (10) 

a/l’ 
From this the collision matrix U, which gives the 
outgoing wave coefficients in terms of the 
incoming wave coefficients, can be obtained: 
as3= -2 Vaiss vBev, (11) 
s/l’ 
where 
U=e(q—R)-“"(q* —R)e* 


=e—e*+e—"(q— R)“*(q*—ge*. (11a) 


The e and g are diagonal matrices with diagonal 
elements ¢,:(a,) and q,:(a.), respectively, The 
summation over s’, /’ must be extended in (11) 
only over the energetically possible s’. This 
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makes it possible to use the relation (7a) to give 
Unetettieq—R)e, ay 


The simple form of (12) could be obtained by 
the use of the relation (7a) because the columns 
of U, which refer to energetically impossible 
states, are without significance. Since, on the 
other hand, the rows of U which refer to such 
states are without much interest—they give 
only the coefficients of the exponentially decaying 
solutions in the external region—it is permissible 
to make use of (7b) to eliminate |e] from (12), 
For this purpose we define 


e= |elw*, (13a) 


where w is a unitary diagonal matrix defined by 
(13a). We obtain 


=w(1+ij(g—R)-j)w. (13 


In this, j.7 can be considered to be the imaginary 
part of 2q,:*, which is zero if s is energetically 
impossible. For these s, the e,; can be assumed 
to be real, w,,=1. As a result, U will assume the 
form 


(13b) 


~ 
0 1\\° 


v-| 
U, the reduced U, occupies the rows and columns 
which correspond to energetically possible pairs 
s, the 1 to the energetically impossible pairs, 
This form of U gives automatically zero cross 
section to those transitions which are ener- 
getically impossible. The unitary symmetric 
nature of (13b) can be easily proved directly by 
means of the relation (7b) 7=(t(q—g*))*. Even 
though (12) and (13) are not fundamentally dif- 
ferent from (38), reference 2, their form is not 
the same and they are more general by permitting 
the surface S to be drawn in close even just 
below a threshold (compare footnote 9, reference 
2). 
From (12) and (13) one obtains for the reaction 
cross sections (either s*s’ or 1#/’) 


Corey = wh,-*(214+1) | Vere’ |? 
= h,-*(2-+1) | este |-?| ((Q—R))atwrel 
= wk,-*(21+1)| jade |? 
X1(@—R)Yaiwre | (9 











CROSS SECTIONS NEAR THRESHOLDS 


TABLE I. No interaction in external region. Asymptotic values of E, g, j, w for small k,a,. 








1 +-s!wei(as) 
[s(ka)*]/3 
—[i(ka)*]/6 
—il(ka)?*4 
(/+-1)(2/+-1)(1.3.- + -(2/—1))? 


ja(ae) 
2ka(M/hk)* 
[(ka)?/3]}(M/hk)* 


2(ka)***(M/hk)! 
@+1)1.3.---(2i—1) 


@ei(ae) 
—2Ma/h 
— Ma/h 


__2Ma 
(/+1)h 


Eai(re) 
—F=0.——«OL(M/ak)*Ja/r 
[i(M/hk)*]a/kr* 


i1.3.-+-(2i—1) 
(hk /M)*(r/a)(kr)! 




















TABLE II. V=Ze?/r>0. Asymptotic values of E, g, j for small &r or ka. 








E(r) 


q(a) j(e) 





—exp(ra+ia In2kR) Hi (ip) 


(4Ma/h) H(i) 


4(Ma/rh)* exp(— ra) 











(hr /x Ma*)' arg 
(—)!* exp(xa+ia In2kR)H2141(78) 


18H,(i8) — 2H, (ip) 
(4Ma/h)Ho141(is) 


isHo(iB) — 20) 
4(Ma/rh)* exp(— ra) 











(hr /x Ma?*)* arg 


18H 21(18) — (2/-+-2)H2141(08) 


| #8 21(48) — (21+ 2) Hair41(48) | 








The scattering cross sections become 
Grier = WR *(21+1) | 1—(—)! Uren! * 
= k,-*(21+1)|1—(—)/wn* 
— (=) Mees? jur?((Q—R)~ areal *- 


SECTION Il 


(15) 


Table I gives Ez, Gst, jet, ws for a free particle 
(V,=0 in (5)) in terms of k,=(2M,(E—«,))*/h, 
assuming that &,a, is very small. 

These are the quantities to be used in Eqs. 
(12) to (15) in case of neutral particles. It will 
be noted that the j,; cannot be obtained from 
the g,: of Table I by means of (7b) because the 
gu are real in the approximation used in this 
table. It is necessary, rather, to calculate the q,: 
to the first imaginary term or, alternately, to 
obtain its imaginary part by means of (7b) and 
the e,:. Table II contains the same quantities for 
Coulomb wave functions if both charges have 
the same sign. In this and Table III 


n=2MZe?/h?, 


(16a) 
a= }n/k = MZe*/h*k =Ze*/hv, 


8=2(nr)*=(8MZe’r)*/h in the expression for E 
and 8 =2(na)! in the expressions for g and j. The 
Z is the product of the charges on the reaction 
products to which the E, g, and j apply. The na 
is not assumed to be small in the derivation of 
the above formulae, while the ka is. On the 
other hand, a= na/2ka is a large number. R is 
the distance outside of which the electrostatic 


potential ceases to act. It is well known that, 
because of the complicated asymptotic behavior 
of the Coulomb wave functions at large dis- 
tances, the introduction of such a range for the 
Coulomb force is necessary in order to obtain a 
definite phase shift, etc., arg = II(ta)/| I (ia)| is 
the phase factor of II(ta)=(ia)! The Ha, and 
He: are defined as these quantities with the 
upper index 1 are defined by Jahnke-Emde. 
Watson’s K,(z)=1""(2/r)H, (iz). The above 
formulae were calculated on the basis of the 
outgoing Coulomb wave function* 


E(r) = —(M/hk)*na(nr)! exp(ia In(2kR)) 
X (exp(}2a) / TI (ta)) (1 —exp(—22a)) 


x fo +k?r?)--! 


~ expl—y+ia In((y+ikr)/(y—ikr)) }dy, (16) 


where the path of integration runs from y= © 
(where the value of the In is zero) counter-clock- 


3W. Gordon, Zeits. f. Physik 48, 180 (1928). See also 
A. Sommerfeld and G. Schur, Ann. d. Physik 4, 409 (1930) ; 
M. Stobbe, ibid. 7, 661 (1930). H. Bethe, Geiger-Scheel’s 
Handbuch der yw (Berlin, 1933), 2nd edition, Volume 
XXIV/1, p. 289 ff. and N. F. Mott and H. S. W. Massey, 
The Theory of Atomic Collisions (Oxford University Press, 
London, 1933). The remark that the Coulomb wave 
functions of the continuous spectrum reduce to Bessel 
functions for low values of the energy is due to J. G. 
Beckerley, Phys. Rev. 67, 11 (1945). I could find no 
reference for the numerical coefficient of the Bessel function 
at a given asymptotic behavior of the wave function for 
large r, i.e., the essential part of Tables II and III. See, 
however, L. W. Nordheim, Proc. Roy. Soc. A121, 628 
(1928), and Th. Sexl, Zeits. f. Physik 56, 72 (1929). 
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TABLE III. V=Ze*?/r <0. Asymptotic values of E, g, 7 for small k,a, or kr. 












































—— 
Eu(r) Ps si(ae) . ja(ae) 
_ exp[ia In(2kR) iHi(B) xc Ma/h)H,(8) ___4(Ma/xh)) 
(hr /x Ma*)} arg BHo(8) —2Hi(8) | BHo(8) —2H,(8)| 
— (—)! exp[ia In(2kR) ViHor41(B) " (4Ma/h)Ha141(8) a - 4(Ma/rh)) 
(hr /x Ma?) arg BH2(8) — (2+2)Ha141(8) | BH21(8) —(21+2)Husa(®| 
——:}2 





wise around the singularity at y= —ikr back to 
y= (where the value of the In is 277 now). 
Table III, which applies if the potential is 
attractive, is calculated on the basis of the same 
formula. The 7 and a=7/2k are negative in this 
case, and 8=2(—nr)? is real and positive. The 
most essential difference between these formulae 
and those of Table II is the absence of the factor 
exp(xa) or exp(—za). It is to be remembered 
that a= Ze*/hv goes to infinity near the threshold. 
This factor is the most important part of the 
“‘penetration factor’’ and its absence in the case 
of the attractive potential of Table III is quite 
natural. Mathematically, the difference can be 
said to arise from the 1—exp(—2za) factor in 
(16): the 1 is dominant if a>0; the exponential 
term, which cancels a similar factor which 
always occurs at small kr is dominant if a<0. 
This also accounts for the differences in sign. In 
addition, the H=J++N has a real argument in 
case of the attractive potential of Table III, an 
imaginary argument in case of the repulsive 
potential of Table II. In the latter case, it goes 
to zero exponentially for large 8=2(na)*. This 
partly compensates for the exp(a) factor and is 
particularly important for large a in accord with 
the fact that only the part of the barrier outside 
a has to be penetrated. Strictly speaking, how- 
ever, this factor is irrelevant from the point of 
view of the present paper since it is independent 
of energy. It is clear, however, that it influences 
the absolute magnitude of the cross section even 
if it leaves its energy dependence unaffected. 
The important point to be noted is that gq—R 
is, in first approximation, independent of energy. 
This means that g—R assumes a definite value 
for the threshold energy e, and that its derivative 
is finite at that point. The same will be true of 
the matrix (¢—R)-. It then follows from (14) 
that the factors | ¢,..e.1|~* or |Jeyjes |? will deter- 
mine the behavior of the reaction cross section 
near ¢€,. Even these factors will be independent 


of E in first approximation if €, is not a threshold 
for the formation of the pair s or s’. They will 
contain the relevant dependence on & if jt is. 
It should be noted that only the dependence on 
k is meaningful in Tables I, II, III because p 
or (¢—R) will depend on the a, in such a Way 
as to compensate for the dependence of e,; or ju 
on these quantities. 

The rules which follow can be best described 
by using, instead of s, the letters or m for pairs 
which are or are not energetically possible below 
the threshold. These will also be denoted as old 
or new type of particles, respectively. The e,,, j, 
will be considered as independent of E. 


A. Reaction Cross Sections 


1. Production of new type of particles with 
angular momentum I from old type. The behavior 
of the cross section depends in this and all other 
cases on whether the new type of particles, in 
the present case the reaction products, are 
charged or uncharged. We have to distinguish, 
therefore, three cases: 


Neutral particles: o~k,?"*'; 

Coulomb repulsion : 
o~exp(—27M,Z,¢7/h*k,); 

Coulomb attraction: ¢~1. 


In the last case, the cross section sets in witha 
finite value right at the threshold, even for 
higher angular momenta. 

2. Reaction of new type of particles with angular 
momentum | to form old type of particles. This is 
the typical case of the reaction of particles with 
very low kinetic energy. Again, three cases have 
to be distinguished, depending on the charged 
or uncharged character of the reacting particles. 


Neutral particles: o~k,?'"; 


Equal charges: 
o~k, exp(—24M,Zn€°/Whs); 


Opposite charges: o~k,~. 
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These rules can be obtained, of course, from the 
above ones by the principle of detailed balance. 
According to this principle, the ratio of the cross 
sections of forward and back reaction is equal to 
the ratio of the square of the relative momenta 
of the particles in the final state. Since the rela- 
tive momentum of an old type of pair is con- 
sidered to be constant near the threshold, the 
quantities just enumerated are just k,~* times 
the quantities enumerated above. 

The best known example for the above rule is 
the 1/v law of the absorption of slow neutrons. 
The angular momentum / can always be assumed 
to be zero in this case since any excess angular 
momentum can be carried off, if necessary, by the 
emitted light quantum. In fact, the above con- 
sideration is a more rigorous derivation of this 
law in the case of reactions like B’°+n—Li’+ He‘ 
or Li‘+n—He‘+He* than the one originally 
given.‘ 

A greater variety of examples can be found, 
e.g., in the article of Schwinger and Teller or of 
Hamermesh and* Schwinger.' Even these ex- 
amples show, however, that the total cross 
section almost always follows the behavior given 
above for /=0. The reason for this is that an 
excess angular momentum can always be sup- 
plied or carried away by the / of the ‘‘old type” 
of particles. 

3. Reaction of new type to new type (depolariza- 
tion at low energies) n, l—n, I’. 


Neutral particles: o~k,?!*?" ; 
Equal charges: 

o~k,* exp(—44M,Z,6°/h*s) ; 
Opposite charges: o~k,~. 


Naturally, all these reactions have finite cross 
sections only if they are consistent with the con- 
servation rules for angular momentum and for 


parity. 
B. Scattering Cross Sections 


The only important case here is the scattering 
of a new type of particles n, /—n, I. 


*G. Beck and H. L. Horsley, Phys. Rev. 47, 510 (1935); 
H, A. Bethe, Phys. Rev. 47, 747 (1935); F. Perrin and 
W. Elsasser, Comptes Rendus 200, 450 (1935). 

* J. Schwinger and E. Teller, Phys. Rev. 52, 286 (1937); 
M. Hamermesh and J. Schwinger, Phys. Rev. 69, 145 


Cie); compare, in particular, Figs. 1 and 2 of the former 
article. 
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Neutral particles: -~k,*'; 
Coulomb repulsion: ¢~k,~*; 
Coulomb attraction: o~k,~* 


Even in the case of neutral particles the cross 
section is finite for /=0 at very low energy. In 
this case, the w*f(g—R)-' term of (15) is the 
dominant one. On the other hand, in the case of 
charged particles, the first two terms within the 
absolute sign do not compensate and most of the 
scattering is due to these. In this case, the poten- 
tial scattering is of the order of the maximum 
possible scattering and this situation is not 
altered by the nuclear scattering, and our rules 
become rather meaningless. All these rules are 
valid, of course, only if k,a,<1 where a, is a 
distance outside of which (5) can be expected 
to be valid. This condition assures, at the same 
time, the accuracy of the asymptotic expressions 
of Tables I and II. In addition to this, it is 
necessary that (g—R)- or g—R do not change 
substantially in the energy interval considered. 
For g, this condition amounts to A(ka*)<1 but 
although this has to be valid for all s (rather than 


‘ only for the particular s the formation or reaction 


of which we are considering) it will hardly limit 
the validity of the above rules. On the other 
hand, the condition that AE(dR/dE)<«R effec- 
tively limits the validity of the above rules for 
the behavior of the cross sections to an energy 
interval which is small compared with the 
distance of the next resonance. It is clear, of 
course, that such a limitation must exist. The 
inclusion of the formulae for higher / into the 
tables can be of value only if the angular dis- 
tribution of the reaction products can be inves- 
tigated. The total cross section will be propor- 
tional to the expression given for the lowest / 
which can be formed. 


SECTION IV 


The above tabulations which form the essen- 
tial result of the present note, give the energy 
dependence of the dominant term for the various 
cross sections just above the threshold. They 
give, of course, the cross section only up to a 
factor the determination of which cannot be 
carried out by the methods used in this article. 
It may be worth while to remark, however, that 
the next term in all cross sections is proportional 














to |k,| and that there is such a term in all cross 
sections, even in those which do not involve the 
new mode of reaction. Furthermore, a term of 
this nature is present both above and also below 
the threshold. As a result, for example, all reac- 
tion and scattering cross sections, which are pos- 
sible below the threshold energy of the new mode, 
show a cusp at the threshold energy for the new 
mode, i.e., have a functional dependence on E 
both for E<e, and for E>e, like a+b|E—e,|* 
+higher order terms in E—e,. In fact, the coef- 
ficients b can be determined if the R matrix (i.e., 
essentially the coefficients of the dominant term) 
is known at E=e,. However, it does not seem 
that these cusps are particularly important and 
they will not be discussed further.*® 

It may be more important to consider small 
deviations from the potentials considered above. 
Indeed, it can hardly be expected that it is pos- 
sible to choose the surface S so far out that the 
interaction outside of it be represented accu- 
rately by Ze*/r (Z positive, negative, or zero). 
One can approximate such a condition by choos- 
ing the a, very large but one thereby increases 
the internal region and thus also the fluctua- 
tions of R in a given energy range. It seems more 
natural, therefore, to investigate directly how a 
small potential outside S will affect the quan- 
tities of Table I. Such an investigation shows that 
if the small potential is twice integrable to 
infinity, i.e., if it drops as fast as r~" with n>2, 
the asymptotic behavior will not be affected. 
This shows then that the centrifugal potential, 
which causes the differences between the dif- 
ferent rows of Table I, is just about the weakest 
potential to change the asymptotic behavior. 
Indeed, a comparison with Tables II and III 
shows that the much stronger electrostatic 
potential completely washes out the effect of the 
centrifugal potential. On the other hand, while 
a potential which is small in the above sense does 
not alter the asymptotic behavior of the cross 
sections, it can substantially influence both the 
absolute magnitude of it and also the range 
within which the asymptotic behavior is valid. 

As is well known, the emerging wave function, 
E, for a potential V-+2P/2M can be obtained 
from the emerging wave function E for the 


6 It may be mentioned, though, that these cusps are not 
given by either of the two methods of reference 1. 
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potential V by means of the formula 


E(r) = E(r) + E(r) f (E(r'))~*ar’ 


xf rE(r")r"ECr") PCO Nde" (4p 


This can be rewritten as 


E(r) > & - 
—_—_—_—_ = 1 a ITS (y?!\\2 
E(’) +f r'2E(r’)? i (r E(r )) 


x P(r')dr", (17a) 


where P=P(E/E). Now a changed asymptotic 
behavior would entail a change of 7, or of lel? 
at k=0, by an infinitely large or infinitely small 
factor. The same would then hold for E. It thys 
appears that the asymptotic behavior of the 
cross section can change only if the perturbation 
P is such that the integral on the right side of 
(17a) diverges at k=0. Since however, rE(r) is, 
at large 7, proportional to exp(ikr) this condition 
is equivalent with the condition that the second 
integral of P diverge. This certainly will be true 
if the second integral of P diverges. On the 
other hand, if the second integral of P converges, 
and goes to zero for large r, then E/E goes to1 
at large r and P becomes equal to P under the 
same condition. Hence, P’s second integral will 
converge or diverge if P’s second integral con- 
verges or diverges. It appears to follow that the 
asymptotic behavior of the cross section near a 
resonance remains unaltered by the addition of a 
“small’’ potential P whose second integral to 
infinity converges. Although this derivation of 
the insensitivity of the asymptotic behavior of 
the cross sections is certainly not rigorous (it can 
be made rigorous easily if P drops to zero ex 
ponentially or faster), the writer feels convinced 
that its result is correct. 

Even if the above surmise should prove to be 
correct, there remains the question of the re 
striction of the region of validity of the limiting 
laws above derived for the cross sections. This 
region is determined, in the absence of the addi- 
tional potential h*P/2M, by the more rigorous 
of the two conditions enumerated before : (a) The 
region must be small as compared with the 
distance of resonances EF, of (4a) from each other. 
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(This is the condition which apparently limits 
the validity of the 1 /v law for slow neutron ab- 
sorption.) (b) In the case of uncharged particles 
kadnX1, and in the case of charged particles also 
a =Ze*/ hv >1. 

It is clear, however, that the additional poten- 
tial can further reduce the region in which the 
asymptotic behavior is followed. An obvious 
example for this is a low but extended repulsive 
potential of constant magnitude of say h?k;?/2M. 
The |e|? for a potential of this height and of 
extension / outside a is 


|e|?=(h/4.Mka*)[ (Chal+ xa Shel)? 
+ (k?/x?)(Shxl+x«a Chxl)?] (18) 
x = (ko? —k?)3. 
Hence, for small k, 
j(a)*= |e(a) |-* = (4Mka*/h) 


X (Chol +koa Shkol)-* (18a) 


+terms proportional to k? and higher powers of 
k. The dependence of the j on k is, according to 
(18a), the same ds given in the first row of 
Table I. This illustrates the point that a poten- 
tial which goes at r= © sufficiently fast to zero 
does not affect the asymptotic behavior of the 
cross sections. However, even for k=ky the j 
is equal to [1+ &?(/+-a)? }-! which is already very 
different from (18a) and shows that the asymp- 
totic behavior does not extend to k=k». This 
was, of course, to be expected, since the potential 
Wk? /2M for a<r<a+l, which is important for 
k=0, becomes insignificant for k>>ko. The con- 
dition that the potentials be insignificant for all 
k, and therefore do not affect the region of 
validity of the asymptotic law for the cross 
section, is that the integral of (17a) with P 
instead P, be not only finite but also small com- 
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pared to 1. This is equivalent with the condition 
that the second integral P; of P from a to infinity 
be small compared with 1. In practice this is 
equivalent with the condition that the WKB 
integral be small. 

As an example, the magnetic interaction of a 
neutron with a nucleus may be considered. The 
P is in this case 


2M eh 2 Mike 

P=—/ yw 
h? \2Mc r 

and the second integral of this is 


e* ume 
4Mc?*r 


=~ 
~~ 





For r=a~e?/mc this is of the order of 10-*, and 
shows that the magnetic interaction should be 
without appreciable effect on slow neutron 
processes. 

For k>ky the «x of (18) becomes imaginary 
and |e|? fluctuates with a small amplitude 
around the value of Table I. If the other condi- 
tions of the asymptotic behavior of the cross 
section remain valid, there will then be at 
k>ky a second region in which the reaction cross 
section is proportional to k but the constant of 
proportionality will be different from the con- 
stant of proportionality at k<ko. A_ similar 
second region at somewhat larger k, in which the 
asymptotic behavior is followed, may exist even 
if P goes so slowly to zero at r= that it 
changes the asymptotic behavior at very low &. 
Its existence depends more on the maximum of 
P than on its behavior at large r, and its ap- 
pearance can be judged from the decrease of the 
integral in (17a) to a very low value at such a 
low k that the other conditions for the validity 
of the asymptotic behavior still hold. 
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A series of experiments at high elevations is described. Balloon flights reaching altitudes 
corresponding to a pressure of 2-cm Hg were carried out. No maximum in the neutron counting 
rate was found. The effect produced by surrounding by water a counter near the ground was 
found to be small, indicating that most of the neutrons were already slow. No diurnal effect 
as large as ten percent in the neutrons was found at a level of 6 meters of water equivalent. 





1. INTRODUCTION 


N a series of experiments reported previously,! 

we have studied the various processes by 
which neutrons and protons are produced in the 
atmosphere by cosmic radiation. In connection 
with the interpretation of the experiments, a 
number of points seemed to us to require clarifi- 
cation, and the experiments described in the 
present paper were made for this purpose. The 
questions which we sought to answer experi- 
mentally in the ‘present tests were: 1. At what 
elevation is the maximum neutron intensity? 
(There must be a maximum somewhere, because 
the neutrons cannot be considered primary 
particles on account of their radioactivity.) 2. 
Can we evaluate the number of neutrons at 
various elevations? 3. Can we obtain further 
information about the effects produced by sur- 
rounding matter, such as water and lead, on the 
number and energy distribution of the neutrons? 
4. Can we further evaluate and explain the back- 
ground counting rates of proportional counters 
at high elevations? 5. Is there any evidence for 
neutrons reaching us from the sun, i.e., is there 
any diurnal effect in the neutrons? The experi- 
ments described below were designed to throw 
light on these questions. 

Because of the different limitations on various 
experimental techniques, two sets of experiments 
were performed. One was carried out by com- 
paratively light instruments lifted to a high 
elevation by free balloons for a short period, and 
the other by heavier apparatus operated at 


1S. A. Korff and B. Hamermesh, Phys. Rev. 71, 842 (1947). 
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moderate elevations for longer times. The moyp. 
tain experiments were performed at the Inter. 
University High Altitude Laboratory on Mt 
Evans, Colorado.? 


2. BALLOON EXPERIMENTS 
A. Apparatus 


In order to measure the number of neutrons at 
high elevations, a series of balloon flights was 
carried out. Each flight instrument consisted of 
a pair of identical proportional counters, an 
electronic circuit to amplify and prolong the 
counts, a barograph and an arrangement for 
recording photographically the counts and the 
pressure determined by the barograph. Each 
pair of counters was filled on a manifold to the 
same pressure of BF;. One counter in each flight 
was surrounded by a shield of powdered boron 
carbide about 7 mm thick, while the other was 
left unshielded. A small electric motor drove a 
switch which connected the two counters alter- 
nately to the recording circuit for a two-minute 
period. The purpose of switching, instead of 
using two amplifiers and recording the counts for 
both counters separately and simultaneously, 
was to insure that the amplifier gain, and hence 
the recorded pulse size, was always the same for 
each counter. The record, therefore, showed the 
number of counts occurring every two minutes 
with shielded and unshielded counters in succes 
sion. We shall designate the difference in count 
ing the rate of the shielded and unshielded 


2 Altitude 14,156 feet, or about 6 meters of water 
equivalent below the top of the atmosphere. 
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counters as the “‘boron difference,” and we shall 
assume this quantity to be a measure of the 
number of neutrons. The counters were placed 
end to end and as far apart as the frame per- 
mitted, so as to minimize the solid angle of the 
shield as presented to the unshielded counter. 
In order to obtain further information about the 
number and cause of the background counts, a 
different pressure of BF; was used in each pair 
of otherwise identical counters. Four flights of 
this type were made and recovered, but one 
camera was lost, so that three records were 


obtained. 
B. Observations 


First we shall present the data regarding the 
maximum in the neutron intensity as a function 
of elevation. One flight reached an altitude of 
82,000 feet, corresponding to a pressure of a 
trifle less than 2-cm Hg, or to a depth of about 
1-meter of water equivalent below the top of the 
atmosphere. The other flights went to 72,000 
and 55,000 feet, respectively. In no case was 
any maximum of the neutron counting rate or 
boron difference observed. Unfortunately, the 
statistical accuracy of the counting rate at the 
highest elevation is not especially good, whereas 
at 55,000 feet several thousand counts were 
recorded. In the highest flight, the counting rate 
rose from 14 per minute at the level correspond- 
ing to one meter of water equivalent below the 
top of the atmosphere to 14.4 at half a meter of 
water. This altitude is well above the level at 
which the maximum in the soft component is 
observed. 

The observed counting rates are set forth in 
Table I. 


TABLE I. Counts per minute at various elevations. PV 
is pressure of BF; in atmospheres times volume of counter 
in liters. The counts are the boron difference, the difference 
in counting rates between shielded and unshielded counters. 











Fli -p.min. 
No = Py SRO” 10 s ie 
300.193 1.6 3 
320.262 2 4 9 
330.391 3 10 14 14.4 








The background on the highest flight was 
fairly large, especially near the top, and was of 
the same order as the neutron difference. In 
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other words, the unshielded counter counted 
about twice as fast as the shielded one. Except 
at the highest altitude, the background counting 
rate did not increase rapidly with elevation. 


C. Discussion of the Flight Experiments 


Consider first the question about the maximum 
of the neutron intensity. It appears quite prob- 
able that such a maximum exists and that its 
elevation will be found in due course. The 
number of neutrons increases with elevation. 
Because of their presumed radioactivity, how- 
ever, neutrons are not thought of as primary 
particles; therefore, the neutron intensity at 
great altitudes must be zero. Since neutrons do 
not travel great distances because of the capture 
probability in nitrogen, the neutrons must have 
been produced and slowed down near where they 
are observed. Therefore, knowledge of the alti- 
tude of the maximum in the neutron intensity 
curve will presumably throw light on the pro- 
cesses by which the neutrons are formed. Thus 
for example, if the maximum in the neutrons 
intensity occurred at the same altitude as the 
maximum in the soft component, it might suggest 
a connection between the neutrons and the soft 
component. The altitude of the maximum is 
therefore an extremely important quantity to be 
determined. 

In the present experiments, no maximum was 
found. This conclusion, however, rests on an 
insufficient amount of data and steps to augment 
it are under way. 

These experiments indicate that the maximum 
of the neutron intensity does not occur at the 
same elevation as the maximum in the soft 
component. This situation strongly suggests that 
the soft component is not the chief source of the 
neutrons at the higher elevations, but that most 
of them are produced by some other mechanism 
at still higher elevations. Such a mechanism 
might well be closely connected with the forma- 
tion of mesotrons by the primary radiation. As 
the experiments of Schein and his colleagues* 
have shown, mesotron production must have a 
large cross section, and takes place at very high 
elevations. Such elevations are still above those 
reached in our flights, for 2-cm pressure corre- 


3M. Schein, W. P. Jesse, and E. O. Wollan, Phys. Rev. 
59, 615 (1941). 
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sponds to around four radiation lengths. Possibly, 
several fast neutrons are produced in each 
mesotron process, and these, in turn, produce 
more slower neutrons lower down. 

Consider next the background counting rate, 
i.e., the counting rate of the shielded counter. 
The background counting rate in these counters 
is produced by (a) natural contamination alpha- 
particles, which do not show an increase with 
elevation, and (b) large ionizing events such as 
nuclear disintegrations and giant showers, which 
do increase with altitude. In these experiments, 
factor (a) was predéminant up to elevations 
between one and two meters of water equivalent. 
At higher levels (b) began to be increasingly 
important, and higher up it overshadowed (a) by 
a factor of five or ten. As a further check, the 
counters were filled to various pressures of BFs. 
The contamination background will presumably 
not be a function of filling gas, but will chiefly 
depend on the inside areas of the counters, 
which were all the same. Giant showers, on the 
other hand, will produce more ionization (larger 
pulses) in the counters containing more gas. 
Hence it is not surprising that the high pressure 
counters also had the highest background. 

In these experiments, the bias on the amplifier 
was set at a high value to insure that electrical 
noise, spurious effects, and the numerous smaller 
ionizing events do not record. This procedure 
results in missing some of the neutrons. Hence, 
only relative increases with elevation can be 
inferred from the data. Further, exact propor- 
tionality of the neutron counting rate and BF; 
pressure is not to be expected because of minor 
differences in amplifier bias settings between 
flights. 

The authors wish to emphasize that these 
experiments and discussions are preliminary. 
Additional flights will be made in the near 
future to secure further data. 


3. THE MOUNTAIN EXPERIMENTS 
A. Apparatus 


Two proportional counters were operated at 
the Mount Evans Laboratory? in this test. One 
was 15 cm in diameter, 150 cm long, and filled 
to 30-cm pressure with BF;, while the other was 
8 cm in diameter, 100 cm long, and filled to 


18 cm with BF;. Hence, the PV of counter A 
was 10.6 liters at 1 atmos., and for counter B it 
was 1.19. Ordinary commercial BF; was used 
The counts were amplified by a circuit whose 
gain could be adjusted, and counting rates as a 
function of voltage for constant gain were ob. 
served. A cadmium shield about 0.8 mm thick 
could be slipped over the counters ; forty 5-gallon 
water cans were stacked about the counter in 
most of the tests, so that in these cases, the 
counters were surrounded by a water barrier of 
irregular outline, but mostly between 30 ang 
80 cm thick. A mass of lead weighing about 209 
kg could be placed directly above the counters 
and inside the water surroundings. The difference 
in counting rate w#th and without cadmium will 
be called the “cadmium difference.” This quan- 
tity was measured under various conditions, 
with and without water and/or lead. The 
counting rate was usually observed as a function 
of voltage and the highest values were used. In 
order not to miss any neutrons, the voltage was 
increased until the counters started counting 
beta-particles and the lower (most ionizing) end 
of the beta-spectrum was explored. 


B. Observations 


The counting rates, with and without cad- 
mium, for both counters were determined, and 
curves similar to those already published were 
obtained. Cadmium differences of 100 and 15 
counts per minute were obtained for the two 
counters, respectively. 

Next, the effect of removing the water was 
sought. A slight decrease in the cadmium differ- 
ence was noted ; in one case, the neutron counting 
rate fell from 55 to 40 with the removal of the 
water. Then the lead was removed. No difference 
as large as the experimental error was observed 
in the number of neutrons. The bottom half of 
the cadmium shield was found to cause a reduc- 
tion of about half in the total cadmium difference. 

The cadmium difference, for a constant geom- 
etry, was next measured at various times of day, 
from 5 A.M. to midnight, at four-hour intervals. 
No difference as large as the reproducible accu- 
racy of the counting rates was observed. Since 
such tests presuppose that the voltage and 
amplifier gain do not vary over a long period, 
accuracy is controlled not by the number of 
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counts, which is large, but by voltage stability. 
A test was always made of the ability of the 
circuit to reproduce counting rates the next day 
for the same setting. This test showed that 
reproducibility limited the accuracy to around 
10 percent, regardless of the number of counts, 
which was always much larger than required for 
ten percent statistically. 


C. Discussion of the Mountain Experiments , 


The rate of production of neutrons has been 
estimated in previous papers. A counting rate of 
about 10 per minute per liter of ordinary BF; at 
S.T.P. (corresponding to a PV of unity) was 
found, which agrees with previous estimates. 
The main purpose of these experiments, how- 
ever, was to test for the effect of the surrounding 
matter. In most theoretical analyses, uniform 
conditions are assumed which are seldom at- 
tained in experiment. Hence, the effects of water 
and lead were studied by determining the 
cadmium difference for various arrangements. 

It is interesting to note that the presence or 
absence of a substantial amount of lead does not 
materially affect the neutron counting rate. We 
may, therefore, conclude that most of the 
neutrons are not produced in the lead, nor are 
they dependent on the presence of large nuclei 
for their production. 

The effect produced by the presence of the 
water was studied next. It was found that the 
removal of the water reduced the cadmium 
difference slightly. Removal of water will have 
two effects in removing a number of oxygen 
nuclei from which the neutrons could have been 
produced and also removing the slowing-down 
agent. It will be noted that the effect of the 
water is not large because most of the neutrons 
are already slow. They have presumably been 
produced in the vicinity, and many have been 
slowed down by diffusing into the ground and 
back out. The small difference made by the 
presence of the water had been noted at sea level 
in previous tests.‘ It indicates that conditions 
near the surface of the ground are importantly 
influenced by the presence of the nearby ground, 
and that the energy distribution of the neutrons 





*M. Kupferberg and S. A. Korff, Phys. Rev. 65, 253A 
(1944). 
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is mostly determined by the nearby ground. 
The result of the concentrated matter and mois- 
ture in the ground is that most of the neutrons 
near the ground are slow. This energy distribu- 
tion is quite different from that found in the free 
atmosphere,’ where most of the neutrons are 
captured before having become thermal. 

The test with the bottom half of the cadmium 
shield supports the view that the neutrons reach 
the counter more or less isotropically. About 
half the neutrons reaching the counter come 
from below. This does not mean that these have 
necessarily diffused back up from the ground, 
but merely that large-angle scattering is common 
and that the directional isotropy characteristic 
of a diffusion equilibrium exists. 

The absence of any pronounced diurnal effect 
also rules out the sun as the predominant source 
of the neutrons at the six-meter level. Since, 
however, neutrons are not affected by the earth's 
magnetic field, the possibility remains that 
neutrons from the sun may reach the upper parts 
of the atmosphere at any latitude. Such neutrons 
are evidently not energetic enough to penetrate 
the atmosphere to a depth of six meters of water 
equivalent, in any appreciable quantity. Radio- 
activity of the neutron will not necessarily rule 
out solar origin since the sun is only eight minutes 
away for velocities comparable to that of light. 

Rates of production of neutrons may be 
computed by the use of an equation previously 
derived,* which we repeat for convenience : 


q=(n/PV)(o0/on)(2.24X10'/W), * (1) 


where g is the rate of production of neutrons per 
gram per second, m is the number of counts per 
second, PV is the pressure in atmospheres of the 
BF; in the counter times the volume of the 
counter in cc, o» is the capture cross section of 
the surrounding material, og is the capture cross 
section of boron, and W the atomic weight of the 
surrounding substance. In this case, for a sur- 
rounding of water, we take oy as 0.5X10-", and 
op as 550X10-* sq cm, and W as 18. Then, for 
a counter whose PV is 10.6X10*, an observed n 
of 2 per second yields a g of 2X10~ neutrons 


( ts Korff and B. Hamermesh, Phys. Rev. 69, 155 
1946). 

*H. A. Bethe, S. A. Korff, and G. Placzek, Phys. Rev. 
57, 573 (1940). 
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per gram per sec. produced in the surrounding 
water by the cosmic radiation. 

It will be noted that this figure is slightly 
higher than that estimated from the balloon 
data. The reason for this, as has already been 
pointed out, is that in the balloon flights the 
bias is set at a sufficiently high value so that 
only the larger pulses are detected, and, hence, 
some neutrons are missed. This procedure is 
necessary in unmanned flights to preclude the 
inclusion of spurious counts and electrical noise. 
Hence, our estimates of the number of neutrons 
should be based on the mountain data and not 
on the flights carried on to date. For example the 
number of neutrons estimated by Libby’ from 
our data should be somewhat more than doubled. 


7F. W. Libby, Phys. Rev. 69, 671 (1946). 
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Gamma-rays from sodium, magnesium, aluminum, silicon, phosphorus, and sulfur targets 
under cyclotron bombardment by 7-Mev alpha-particles have been observed. Energies were 
obtained by measuring the maximum range of Compton-recoil electrons in aluminum, using 
two beta-ray counters in coincidence. The following gamma-ray energies were found: sodium, 
1.85+0.15 Mev and 2.80+0.25 Mev, with an intensity ratio of 6 to 1; magnesium, 1.8+0.2 
Mev and 4.3+0.3 Mev, with an intensity ratio of 3 to 1; aluminum, 3.5+0.3 Mev; silicon, 
2.30.3 Mev; phosphorus, 2.55+0.25 Mev and 4.1+0.4 Mev, with an intensity ratio of 8 to 1; 
sulfur, 2.4+0.3 Mev. In cases where correlation can be made with energy levels given by the 
corresponding ap reactions the transition from the second excited state to ground in the 


product nucleus seems to be favored. 


I. INTRODUCTION 


HE presence of gamma-radiation in nuclear 
reactions gives the most direct evidence 
for the existence of excited states in the product 
nucleus. In the case of alpha-particle bombard- 
ment of the light elements gamma-radiation has 
been reported,! but few reliable energy measure- 
* Part of a dissertation to be presented to the graduate 
school of Yale University in partial fulfillment of require- 
ments for the degree of Doctor of Philosophy. 
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1M. Stanley Livingston and H. A. Bethe, Rev. Mod. 


Phys. 9, 298 (1937). 


ments have been made. This is in contrast to 
the relatively large amount of consistent data 
on ap reactions from which energy levels in the 
final nucleus can be inferred from proton groups. 
Another approach to the problem is the associa- 
tion of gamma-radiation with particle groups 
resulting from a nuclear reaction. This has been 
studied in only a few cases, most recently by 
Benson who performed? proton-gamma coinci- 
dence experiments on the Al?"(ap)Si*® reaction 
at specific values of proton energy but without 


? Bruce B. Benson, Phys. Rev. 73, 7 (1948). 
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regard to gamma-ray energy. Coincidences were 

obtained for protons to the excited states of the 
Si” nucleus but none were observed for protons 
to the ground state. 

The gamma-ray energy spectrum gives further 
useful information. If this has been determined, 
the level separations obtained from proton 
groups may be compared with independent 
measurements on quantum transitions in the 
final nucleus. In addition, the relative gamma- 
ray intensities may be used to determine transi- 
tion probabilities and selection rules according 
to which the product nucleus drops to the ground 
state. Some work along this line has recently 
been done.*? Absorption in lead of gamma- 
radiation from Na, Mg, Al, Si, P, and S targets 
under alpha-particle bombardment has _ been 
studied and absorption coefficients obtained. The 
predominant radiations were found to be in a 
1.5-5-Mev energy range. Because of the mini- 
mum in the lead-absorption curve at 3 Mev, a 
determination of the energies present in all cases 
was not possible. However, since the energies 
were considerably greater than the level separa- 
tions from other evidence, it seemed that direct 
transitions were preferred to cascade. 

Another gamma-ray measurement technique 
consists in observing the maximum range of 
Compton-recoil electrons in aluminum. This 
method was first described‘ by Bothe and 
Kolhérster and later applied’ by Becker and 
Bothe to the gamma-rays excited in B and Be 
by alpha-particles. Curran, Dee, and Petr2Zilka 
used® the scheme to measure the gamma-rays 
resulting from proton capture by Be, B, C, and 
F, More recently Deutsch has measured’ the 
gamma-rays of La™®. The method consists in 
placing two thin-window beta-ray counters on a 
line with the source so that gamma-rays falling 
on the end wall of the first counter produce 
recoil electrons in the forward direction which 
traverse both counters giving coincidences. By 
inserting aluminum between the counters the 


*Ernest Pollard and D. E. Alburger, Phys. Rev. 72, 

1196 (1947), 

a 929) Bothe and W. Kolhérster, Zeits. f. Physik 56, 751 
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Fic. 1. Experimental arrangement for measuring the 
maximum range in aluminum of Compton-recoil electrons 
peques by gamma-rays from targets under cyclotron 

bardment. 


number of coincidences decreases in a roughly 
logarithmic fashion from a single gamma-ray 
energy. The thickness of absorber at which 
counts are reduced to the random coincidence 
rate gives the maximum range of the electrons. 
Applying the modified Feather relation® for the 
maximum range of beta-rays in aluminum, 


range (g/cm? Al) =0.571E (Mev) —0.161, 


the electron energy may be calculated. Addition 
of the back-scattered quantum energy gives the 
incident gamma-ray energy. The method is good 
to 5-10 percent accuracy for a single gamma-ray. 
If two gamma-rays are present it is difficult to 
single out the softer component unless well 
separated in energy and three or more times the 
intensity of the harder component. In such a 
case a break in the curve will appear at an 
absorption corresponding to the lower energy 


gamma-ray. 
In the present work this coincidence method 
has been applied to the gamma-rays resulting 
from the alpha-particle bombardment of Na, 
Mg, Al, Si, P, and S and an attempt has been 
made to correlate the energies obtained with 
levels of excitation observed in ap studies. 






Il. EXPERIMENTAL 


Figure 1 shows the experimental arrangement. 
A 7-Mev alpha-particle beam is brought out 
from the main cyclotron chamber into an external 


 $E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 137 
(1946). 









DAVID E. ALBURGER 








500 


Magnesium Target 
Sodium Target A 











A 4] 
So 





Coincidence- Counts 


Coincidence Counts 


MS 
a 3 awe 


aa 
































' 2 3 : | 2 
g /cm® Aluminum Absorber ¢ Am? Aluminum Absorber 


Fic. 2. Absorption of Compton-recoil electrons produced A 
by gamma-rays from a sodium target under alpha-particle 
bombardment, indicating the presence of two gamma-ray 
energies. 





bombardment chamber. Targets are attached to ae en 
a tin holder and consist of Na, Mg, and Al 8 
metals, fused silicon, red phosphorus, and sulfur 
fused with gold dust for beam current conduc- 
tion. To minimize absorption of gamma-radiation 
from the target by the wall of the bombardment 
chamber a foil window has been provided. Two 
thin-window beta-ray counters are placed outside 
the bombardment chamber on a line with the 
target. These are shielded by lead blocks located 
so as to reduce stray radiation from the main 
cyclotron chamber. As previously described, 
Compton-recoil electrons are produced by gam- 
ma-rays from the target falling on the brass end 
and side walls of the first counter. Some of these 
pass through both counters, resulting in time- 
coincident pulses. Separate inputs connect the 
two counters to a double-coincidence recording 105 2 
circuit. The first counter input circuit also ¢ Zem2? Aluminum Absorber 
operates a scaling and recording circuit. The B 
number of counts registered by this circuit is Fyg, 3, Absorption curves for a magnesium target: 
independent of the absorber placed between the A-counter bases ¢ inch apart; B—improved geometry 
. with counter bases 2 inches apart, showing more clearly 
counters and may therefore be used to integrate the presence of a second gamma-ray. 
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the beam. Thus, at each value of absorption 
coincidences are observed for a fixed number 
recorded by the first counter. 

As a check on the method for the particular 
geometry and absorbers used, runs were made 
with sodium (24) and thorium active deposit 
sources. In each case the maximum range ob- 
tained corresponded to the known highest energy 
gamma-ray within the experimental limits of 


error. 


Ill. EXPERIMENTAL RESULTS 
Sodium 

Figure 2 shows one of two careful runs on 
sodium targets made after a series of preliminary 
experiments. Coincidence counts per 8000 regis- 
tered by the first counter have been plotted 
logarithmically against aluminum-absorber thick- 
ness expressed in grams per square centimeter. 
The value at each absorber thickness is the 
average of a number of points taken so as to 
smooth out non-random as well as statistical 
variations. Expected deviations were calculated 
from total numbers of counts and are indicated 
by vertical lines. Two ranges at 0.76 g/cm? and 
1.29 g/cm? can be resolved from the curve. 
Application of the Feather relation as previously 
described shows that the observed end points 
correspond to 1.85+0.15-Mev and 2.80+0.25- 
Mev gamma-rays. Extrapolating the higher 
energy component portion of the curve back to 
zero absorption and deducting the background 
gives a soft-to-hard component yield ratio of 
approximately 6 to 1. No correction has been 
made for the variation of counter efficiency with 
gamma-ray energy. There is slight evidence for 
a gamma-ray of even higher energy. 


Magnesium 


Curve A of Fig. 3 was obtained with the 
counter bases separated by a ?-inch spacer 
ordinarily used. This shows an end point at 2.15 
g/cm? produced by a gamma-ray of 4.3+0.3- 
Mev energy and considerable curvature below 
1 g/cm*. An improvement in geometry by in- 
creasing the counter separation to 2 inches 
resulted in curve B of Fig. 3. A more definite 
break has appeared at 0.75 g/cm? corresponding 
to a 1.84+0.2-Mev gamma-ray. A ratio of soft- 
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to-hard gamma-ray intensities of approximately 
3 to 1 is obtained from either curve. 


Aluminum 


A single electron group with an end point at 
1.72 g/cm? was obtained, as shown in Fig. 4. 
This corresponds to a 3.5+0.3-Mev gamma-ray. 
Slight indication of a curvature near the observed 
end point suggests a second gamma-ray of lower 
energy. 


Silicon 


Figure 5 shows one of several runs made on 
silicon yielding a maximum electron range of 
1.02 g/cm? with slight evidence for a higher 
energy component. The gamma-ray observed 
has an energy of 2.30.3 Mev. 


Phosphorus 


The curve in Fig. 6 was obtained with the 
usual }-inch counter separation. The two end 
points have the values 1.17 g/cm* and 2.05 
g/cm? and correspond to 2.55+0.25-Mev and 
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Fic. 4. Aluminum target absorption curve indicating a 
single gamma-ray energy. 
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Fig. 5. Absorption of recoil electrons produced by gamma- 
rays from a silicon target. 


4.1+0.4-Mev gamma-rays with an 8 to 1 in- 
tensity ratio. 


Sulfur 


One of several runs on sulfur is given in Fig. 7 
and shows a single electron group. The end 
point at 1.1 g/cm? is produced by a 2.4+0.3-Mev 
gamma-ray. In the cases of both silicon and 
sulfur, yields were very low and resolution of 
any other gamma-rays present was not con- 
sidered practicable with the beam intensity 
available. 


IV. DISCUSSION 


Q-values for ap reactions with the six target 
elements are compiled in Table I. Addition of 
the bombarding alpha-particle energy to these 
quantities gives the observed values of total 
kinetic energy of the product particles. The most 
positive Q-value in each case is therefore associ- 
ated with a minimum mass of the product 
nucleus and corresponds to the ground state Qo. 
More negative values represent successive ex- 


TABLE I. 








-Val 
Reaction Qo ° Qi - or” 
Na™(ap)Mg** 1.44 1.12 
Mg™ 25 26(ap)Al27 2829 «= — 1.2 —2.0 
Al?7(ap)Si*® 2.26 —0.02 
Si2%8 29 80(p) P51 32.38 —2.4 —3.2 
P8\(ap)S* 0.00 —1.2 


S#2(ap)CH —2.35 2.85 





—0.30 
—2.9 
—1.32 
—4.0 
—2.6 


—3.6 








* Data recently taken in this laboratory and to be published 
F. Humphreys and H. T. Motz. Values we toads 
of proton range corrections. iehtntaaan ing analysis 
> O. Haxel, Zeits. f. tech. payee 16, 410 (1935). 


¢W. E. Duncanson and H. » Proc. Roy. Soc. 146, 396 (1934) 


(oe Pouard and ©). Braseneld P 
. Po and C. J. eld, Phys. Rev. 50, 890 
¢C. J. Brasefield and E. Pollard, Phys. Rev. 50, 296 fioscy 


cited states Q1, Q2, etc., and by subtracting these 
from Qp> the levels of excitation in Mev are 
obtained. 

The last two columns in Table I summarize 
the gamma-ray energies and relative intensities 
found in the present work. The sodium target 
values correspond quite well to Q2 to Qp and Q, 
to Qo transitions, the former yielding the higher 
intensity. The lower energy of the two gamma- 
rays observed from the magnesium target and 
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Fic. 6. Absorption curve for a phosphorus target giving 
clear indication of two gamma-ray energies. 
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Fic. 7. Absorption of recoil electrons produced by gamma- 
rays from a sulfur target. 


the single gamma-ray from the aluminum target 
both find correlation with Q2 to Qo transitions. 
The gamma-rays from both silicon and sulfur 
targets exceed the highest excitation level ob- 
served with proton groups. In the case of 
phosphorus, good agreement is obtained for the 
lower energy and more intense gamma-ray with 
the Q2 to Qo separation while the higher energy 
component is in fair agreement with the Q; to 
Qo transition. 

Of the nine gamma-rays observed, six seem to 
compare favorably with energy level schemes 
derived from ap reactions. In no case is the 
lowest energy observed less than the Q2 to Qo 
separation, although lower energy gamma-rays 
are undoubtedly present. 

A general feature of ap reactions is the more 
prolific yield of lower energy proton groups. 
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Since these are associated with higher levels of 
excitation, then such states may be said to be 
more heavily populated. Thus, more nuclei are 
left after proton emission in the Q; level than in 
Qz, while relatively few will be found in the Q, 
and Q> levels. Assuming that the gamma-rays 
observed in the cases of sodium and phosphorus 
targets are truly produced as a result of ap 
reactions according to the correlations made 
above, then the relative intensities and state 
populations indicate a definite preference for the 
Q2 to Qo transition. This implies that the more 
numerous nuclei in the Q; state prefer to drop to 
the ground state by a cascade process of succes- 
sive Q; to Q2 and Q2 to Qo steps, although some 
direct transitions do occur. The predominance 
of Q:—Qpo radiation in these cases, as well as 
from the magnesium and aluminum targets, 
indicates that the nuclei in the Q2 level drop 
directly to the ground state rather than cascade 
via Q,. 

The remaining gamma-rays from magnesium, 
silicon, and sulfur targets are due to either higher 
states of ap excitation or to competing processes. 
Energy calculations show that the 4.3-Mev and 
4.1-Mev components from magnesium and phos- 
phorus targets could well be the result of an 
reactions. Other possibilities are inelastic scat- 
tering and simple capture. The former is unlikely 
because of the high potential barrier for emer- 
gence of an alpha-particle, while the latter would 
lead to excited states of more than 10 Mev and 
might be expected to yield gamma-rays more 
energetic than those observed. Yields from both 
silicon and sulfur targets were very low, and 
it is quite possible that breaks in these curves are 
being masked by statistical fluctuations. If this 
were the case the principal yield at zero absorp- 
tion could be due to gamma-rays corresponding 
to known level separations while the observed 
maximum ranges are caused by gamma-rays 
from competing processes. 

It is a pleasure to acknowledge the guidance 
given in this research by Professor Ernest 
Pollard. 
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A Note on Saturation in Microwave Spectroscopy 
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The investigation of Van Vleck and Weisskopf, on the shape of collision-broadened absorption 
lines, is extended to high power levels of the exciting radiation. Transitions among the molecular 
states are then induced at a rate that is not negligible compared with the collision rate, thus 
invalidating the assumption of thermal equilibrium. The theory is based on a quantum tran- 
scription of the previous semiclassical treatment, the essential tool being the density matrix. 
When the resonant frequencies of the molecule are widely spaced, an absorption line is ulti- 
mately broadened as the power level increases. Correspondingly, the peak absorption coefficient 
decreases, the power absorbed per unit volume approaching saturation with increasing incident 
power. It is shown that the broadening of an absorption line is not to be attributed to any 
intrinsic modification of the line shape, but rather to a frequency dependent alteration of the 
energy level populations. A molecule for which all resonant frequencies coincide, a one-dimen- 
sional harmonic oscillator, is treated in Appendix II. No saturation effect occurs here, since 
the absorption is independent of the molecular distribution among the oscillator energy levels. 





HE shape of collision-broadened absorption 
lines has been investigated by Van Vleck 
and Weisskopf! for weak monochromatic radia- 
tion. Their results are of importance for the 
interpretation of the extensive data recently 
acquired on microwave absorption spectra. How- 
ever, the investigation of Van Vleck and Weiss- 
kopf does not include a discussion of two aspects 
of these experimental studies—saturation and 
frequency modulation. At high power levels of 
the exciting radiation, transitions among the 
molecular states are induced at a rate that is not 
negligible compared with the collision rate, thus 
invalidating the assumption of thermal equi- 
librium. This note contains a theoretical analysis 
of the resultant modification of the absorption 
coefficient. A discussion of frequency modulation 
is given in a companion note by R. Karplus. 

To facilitate the extension of the theory, we 
shall first derive the results of Van Vleck and 
Weisskopf, replacing their semiclassical treat- 
ment by a suitable quantum transcription. The 
linear absorption coefficient for radiation of 
angular frequency w, in a gas of molecular 
density N, is 


a=42(w/c)NImx, (1) 


where x is the molecular susceptibility. The 


* U. S. Rubber Company, Predoctoral Fellow. 
1J. H. Van Vleck and V. F. Weisskopf, Rev. Mod. 


Physics 17, 227 (1945). 


latter is determined by the dipole moment 
p(t) = Re(xFe-“), 
induced by the field 
F(t) = F coswt = Re(Fe-**), 


which may be either electric or magnetic. The 
assumptions of Van Vleck and Weisskopf are 
most compactly expressed in quantum language 
with the aid of the density matrix.? Thus, to 
calculate the dipole moment at time ¢, we suppose 
that a strong collision has occurred at a previous 
time to=i—#’. This assumption of complete 
thermal equilibrium, immediately following the 
collision, is described by 


po(to) =Ce~#(o/k?, = 1/C=Spe# (tik? (4) 


where H(t) is the Hamiltonian of the molecule, 
including the energy in the external field, 
H(t) =H o—p-F(t) = Hot V coswt. (5) 


In the latter formula, Ho is the Hamiltonian of 
the isolated molecule and p is the dipole moment 
operator. The subsequent development of the 
density matrix in time is determined by 


th(d/dt)p = Hp — pH. (6) 


The final task of the theory lies in the calculation 


2Cf. R. C. Tolman, Principles of Statistical Mechanics 
(Oxford University Press, New York, 1930), Chapter IX. 
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of the average dipole moment at time ?, 
p(t) = Sppatt), (7) 


where the bar indicates that one must eventually 
average over fo, the time of the last collision, in 
accordance with the assumption of random 
collisions spaced by an average time interval r. 

This program is greatly simplified by first 
performing the average over the time of the last 
collision, using the fact that the probability that 
the last collision occurs in the time interval ¢—9#, 
t-8—de is e~*/"dd/r. The density matrix may be 
considered to depend parametrically upon the 
initial time fo, say p(t,to), and is subject to the 
equation of motion (6) together with the initial 
condition (Cf. Eq. (4)) 


p(to,to) = po(to). (8) 
Now 


p(t) -f p(t, t—d)e-* "dd /r, (9) 
and ' 


(a/at)a(t) = f [ (8/01) p(tyts) Jeo=t—0e-#!"d8 /r 


- f [(a/a0) p(t, t—#) Je-e'"dd/r, (10) 
0 


whence 


(3/dt)A(t) = — (¢/h) LAA) —AOHO J 
—(1/r)[6(@ —polt)]. (11) 


We have thus succeeded in constructing an 
equation of motion for the averaged density 
matrix A(t), which is the quantity directly con- 
cerned in the evaluation of the average dipole 
moment. However, it is somewhat more con- 
venient to introduce 


D(t) = p(t) —polt) (12) 
which obeys the equation of motion 


(8/dt)D(t) = — (¢/h) LH) D(t) —-D() H(t)] 
—(1/r)D(t) —(8/dt)po(t) (13) 


and measures the deviation of the density matrix 
A(t) from instantaneous thermal equilibrium. 
We shall first solve this equation of motion 
under the conditions of Van Vleck and Weiss- 
kopf, namely, a weak monochromatic radiation 
field. On employing a matrix scheme in which 
the unperturbed Hamiltonian, Ho, is diagonal, 
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the equation of motion (13) becomes 


(0/t+twnnt+ 1/7) Dmn(t) sane (0/dt) Cpo(t) Jun 
— (t/h) S( VineDin(t) — Dina(t) View) Coswt, (14) 


where 


mn = (Em—Ex)/h (15) 


designates the angular frequency associated with 
the transition from state m to state n of the 
unperturbed molecule. The assumption of a weak 
radiation field implies that the density matrix 
differs little from that of the isolated molecule 
at temperature 7: 


p= CMe-HolkT, 1 /C = Spe-HolkT, (16) 


The latter operator is represented by the diagonal 
matrix 


Pan’) = pa Sans Pm O? =e Em/t?/ 5, e-Halk?, (17) 


Thus, we may neglect the terms in Eq. (14) in 
which D is multiplied by the magnitude of the 
field. In addition, the matrix po(#) may be 
simplified since the energy of the molecule in the 
external radiation field will always be small 
compared to kT. It is shown in Appendix | 
that, to a sufficient approximation, 


[po(t) Jmn = Pm‘ Smn 
+ (0m — pn) (Vinn/hiomn) coswt. (18) 
With these simplifications, Eq. (14) becomes 
(0/dt+twmn+1/7)Dnn(t) 
= (Pm — pn) (Vinn/heomn) Sinwt. (19) 


The steady-state solution of the latter equation 
is 








WO —Wmntt/r 


Dnn(t) — ( pn’ — pm) 


x ( Vinn/ 2hiwmne~*! 


w 
enig, — pm) 
WO Wmn 1 T 


X(Vinn/Zhwmn)e™', (20) 
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whence 


_.-1) 
@—Wmatt/T 
x (pn = Pm) (Vinn/ 2hiomn)e~ * 


hited 
@—Wmn—t/T 


x (pn (0) Pm (0)) ( Vinn/ 2hwmnye™!, 


bma(t) = pa bunt ( 


(21) 
and, finally, 


| p(t) = PnmPmn(t) 
=2 PamPmn* Fe-*! 


w Pn — pm 
ogee 
@— Wmn +1/r Zhwmn 


+ > > PmnPam e Fe! 
m,n 


w pn — pm ™ 
eT, 
@—Wmn—t/T Zhirmn 


in which the indices m and n have been inter- 
changed in the second term. In virtue of the 
spherical symmetry of an isolated molecule, it is 
possible to replace PamPmn*F with (1/3)Pnm*PmnF, 
or (1/3) |Pmal?F. We therefore obtain a formula 
for p(t) of the form (2), with 








(22) 


Pn OD nan Pm (0) 





= 27 1— 
x X 41Pm| 1 —) 


homn 





=E Hoel" 2-— si/e 


(23) 





o ! (0) — p,, (0) 
wotwmnti/r homn 


In particular, 





P < 1 | | “| 1/7 
mx = ——| Pmna 
6h , 


mn mal (w—wmn)?+1/7? 


1/r 
+ 
(w+wmn)?+1/7? 





Jeon oni, (24) 
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and 





22 w? N 1/r 


a mn * —— 
. 3 c re Ip | (w —wmn)?+1/72 


1/r 
Laren Tt 1/72] home / kT 


}! _ e~homnl/kT 





pn, (25) 


which is essentially the final result of Van Vleck 
and Weisskopf. 

An important specialization of this formula 
refers to the situation in which the resonant 
frequencies of the molecule are widely spaced, in 
comparison with the resonance width Aw=1/r. 
If the applied frequency lies in the vicinity of a 
particular resonance frequency, wo=(E,—E;)/h, 
only terms involving w—w will appreciably 
contribute to the summation in Eq. (25). How- 
ever, the energy levels EZ, and Ey will be degen- 
erate, in general, and we must further specify the 
states contributing to (25) by a degeneracy 
index, say «x and X, respectively. Thus 


1/r 
“bon wo)? +1/r? 


4rw*? N 


a re = wr! 2} 
—" ~ prey? oa 





1— ehwo/kT 


x : 
hwo/kT a e~Em/kT 


e~ BolkT 





(26) 
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We shall now extend our treatment to include 
the effects of a strong monochromatic radiation 
field. The discussion will, however, be limited to 
the situation embodied in Eq. (26), that is, 
where w—wo is comparable with 1/r, but all 
other such differences, w—wmn, are large com- 
pared to 1/r. In addition, we shall impose an 
inocuous restriction on the field strength that 
amounts to requiring that the external radiation 
field be small compared to the internal molecular 
field; we ignore any time variation of p(¢) that 
involves harmonics of the fundamental frequency 
w. This restriction is expressed by the assumption 
(eiet 


Dan t) = Rant Pmn Pre + Pon (27) 


which is to be inserted in the equation of motion 
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(14). The resultant set of equations are: 
1 @ 

2 (mn —2—i/1)Lormn 
— Dil Vint Rin — Re V0) 


Vine ( Pm‘? — pn‘) 





Past) = 


; aoa Venn (fom © — pn) 


28 (oma -+o 1/17) Ledeen (28) 











Pa*™ — 


+ ¥ i( VineRin — Rint Vien) | 


>. Vink (P ken +) + Pin -) 





ee ita 


— (Par +Pmi—) Vien J. 


With the impressed frequency in approximate 
resonance with the transition frequency wo= (Ea 
—E,)/h, only the matrix elements Pas, Pra, 
Rea, and Ry are of significance, if we suppose the 
energy levels a and b to be non-degenerate. 
This statement is accurate to the extent that 
Aw =1/tT<wmn. The simultaneous equations (28) 
then reduce to 


ee Vow = i... — 
Pa (Pa Pb ) 
2h(w—wo+t/r)Lwo 


+(Re—Re)| 

Vea fe 
ie 0 
nw,” 
+(Ree—Ru) | (29) 


Pre‘ = — 





Roa— Roy = —i(7/h)[VarP va — Pav Voc], 
Raat Rw =0. 
The solution of these equations is 
Va» |?/h? 
Raa— Ro = on | Vasl*/ 
wo (w—wo)?+1/7?+ | Vas|?/h? 


(0) _. 2, (0) 
X (pa — po), (30) 





Py = P3,.-* 


Var w w—wo—t/r 


2h wo (w—wo)*+1/7?+ | Varo] 2/h? 
x (p. = po) . 
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In computing the average dipole moment, 
p(t) = Sppp(t) = Spppo(t) + SppD(t), 


we may ignore the time-dependent contribution 
of po, for this is neither resonant nor contributes 
to the absorption. Hence 


(31) 


p(t) = SppD(t) = 2RepsaP ave ** 
R . Fe-‘! 
=> e—-p aDab* ee 
h baPab 


us w—wo—t/r 
wo (w—wo)?+1/7?+ | Vao|?/h? 


X (pa — po). 





(32) 


The assumption of non-degeneracy must be 
relinquished at this point, for orientation de- 
generacy, at least, is necessarily present. How- 
ever, our theory is easily extended if the compo- 
nent of the dipole moment in the direction of 
the field has vanishing matrix elements between 
different degenerate states. This is indeed real- 
ized in the most important situation of orienta- 
tion degeneracy since the magnetic quantum 
number relative to the direction of the field is 
unaltered in any transition induced by the 
radiation. Under these circumstances the appro- 
priate generalization of Eq. (32) is 


1 
ph) =Re- X«| Pos*]*Fe-! 


uf w—wo—it/r 
wo (w—wo)*+1/7?+ | Par* |? F?/h? 


X (pa — po), 





(33) 


where 5" designates a non-vanishing matrix 
element of the component of the dipole moment 
in the field direction, and « is a degeneracy index. 
This is of the desired form (2), with 


1 
Imx=— Yel Poré|? 


w l/r 
x— 
wo (w—wo)?+ 1/r?+ | Pav* |2F?/h? 


X (po — pa), 





(34) 
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whence, finally 


w? 
a= 44—— J',| Par*|? 


c kT 
1/r 
x 
(w— wo)? +1/17?+ | past | 2F?/h? 








x . (35) 
hovo/kT = Ym mE mitt 


In the weak field limit, this result reduces to 
Eq. (26), as it must, since 


$2 [Poem |*= 2 | Pas*|*. (36) 


When, however, |a.*| becomes comparable 
with h/r, the absorption line begins to widen, 
and the peak absorption coefficient correspond- 
ingly decreases. Indeed, in the limit | pa.*| F>h/r 
and h(w—wo), but | pas*| F<h(w—wmn), the power 
absorbed per unit volume exhibits a saturation 
phenomenon, approaching a value independent 
of the field strength, namely, 


P=acF?/8xr 
(uw)? N 1—e-MoolkT 9 BvikT 


g - (37) 
2r RT heoo/kT Ym emBmltt 





In this formula, g denotes the total number of 
degenerate transitions contributing to the ab- 
sorption line. 

It is well to note, finally, that our essential 
results, Eqs. (29) and (30), permit an elementary 
interpretation. In the immediate vicinity of 
resonance, w/wo may be replaced by unity, and 
the first of Eq. (29) can be written 





Vas 
[paa— poo]. (38) 


Pa) =— r 
2h(w—wot+t/r) 


It is apparent from this form that the broadening 
of the absorption line at high power levels is not 
to be attributed to any intrinsic modification of 
the line shape, but rather to a frequency de- 
pendent alteration of the populations of the two 
levels. The net rate of absorption is the difference 
between the rates of true absorption and stimu- 
lated emission, with the common transition 
probability for the two processes possessing the 


characteristic frequency dependence 1/ C (wc)? 
+1/7?]. The frequency dependence of the popu- 
lation difference is contained in the first of Eq. 
(30), which may be written 


1/r (p.™ 
Paa— Pos = pa”? — py . 
” 1/r+w - (39) 


1 | Vas] 2/7 
w=— . 
h? (w—wo)?+1/r? 





(40) 


To interpret this result, we note that 1/r is the 
rate at which the population difference tends 
toward its thermal equilibrium value, as induced 
by collisions, whence w may be considered the 
rat2 at which radiative transitions tend to 
produce equality in population. That this is a 
self-consistent interpretation may be seen on 
computing the power absorbed per unit volume 
in accordance with the detailed radiative pro- 
cesses: 


P= }whw(paa— poo) N 


w(1/r) 
= $ha——(p. — po) N (41) 
w+1/r 


which, with appropriate modifications for de- 
generacy, agrees precisely with Eq. (35). In 
writing the last equation, the transition proba- 
bility for absorption or stimulated emission has 
been placed equal to }w, since both processes 
contribute equally to the rate at which radiative 
transitions tend to decrease the population 
difference. 

We have enjoyed several conversations on this 
subject with J. H. Van Vleck. 


APPENDIX I 


To simplify the density matrix po(¢), in ac- 
cordance with the smallness of p-F/k7, we 
consider the problem of expanding the operator 
exp(A+B) in powers of B. We shall be content 
with the first two terms of the expansion. It is 
convenient to introduce 


F(A) =e (4+ ®) (1.1) 


which satisfies the differential equation 


d/ddF(A) = (A+B) F(A) (1.2) 
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and the initial condition 
F(0) =1. 
On performing the transformation 
F(A) =e@4G(A), G(0O)=1, 
we encounter the differential equation 
d/dyG(d) =e™4 BeG (a) 


which is equivalent to the integral equation 


(1.3) 
(1.4) 


(1.5) 


G(a) =1+ f e ABe’4G(\)dn’. (1.6) 
0 


The latter may be solved by successive substitu- 
tion, which generates a series of which the first 


two terms are 


» 
coy=1+ f e’4BeAdN’ +--+. (1.7) 
0 


Hence ; 
cura RI) mer f e-) 4 Bed4gy +--+. (1.8) 
0 


The matrix elements of exp(A+8), in a 
scheme with A diagonal, are 


[etAtB) Jara =e barat pa Baar + ae (1.9) 


a’—a 
Thus, with A = —H)/kT, B= —(V/RT) coswt, 


[e“Frr’),., = e—Emlk Ténn 


e—Em/kT _ g—EnikT 
-- . sé Vinn COSwt, 





(1.10) 


and 
1/C = Spe# ORT = Spe—Holk? 


1 
+—Spe#ol*Tp-F coswt (1.11) 
kT , 


=1/C, 
The latter statement is valid since the average 
dipole moment of the molecule vanishes, in the 
absence of an external field. We finally obtain 
[po(t) = = Pm (9) Sn 
+ (Pm —Pn (0)) ( Vinn/hwmn) coswt, 


which is Eq. (18) of the text. 


(1.12) 


APPENDIX II 


The situation treated in the text is that of a 
molecule with widely spaced resonant frequen- 
cies. We now treat the opposite extreme, a one- 
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dimensional harmonic oscillator, and we shall 
show that no saturation effect occurs. The elec- 
tric dipole moment of a charged particle confined 
to the x axis, p=ex, has the following non- 
vanishing matrix elements: 


nh 


3 
Part= Priam |: n=1,2,3,---, (11.1) 


2mwo 
where m and wo are the mass and natural fre- 
quency of the particle. According to the third 
equation of the set (28), only the diagonal ele- 
ments, Ryn, are significant if w>1/r. The prop- 
erties of the dipole moment matrix then restrict 
the other non-vanishing matrix elements of D(t) to 


Vaexs 
x 2h(wo— w—i/r) 


(+) (—) 


Fa a—) = Pant, a” 





Ww 
—(pn — pa_1) 
wo 


+R, "ag Ra-1, .-1| 
(11.2) 


Va- ln 


2h(wotw+t/r) 


(+) (-—) 
Po—-1.0.= Pa a-1*= = 





Ww 
{= (on — pos) 


@0 


= Ra, n +Ri-1 | 


The average dipole moment may now be com- 


puted as 
p(t) =2Re (Pra. nParo-itPa,a-1Ps tne! 
n=1 


= | Pn,n—a|? 


n=1 h(wo—w—i/r) 





FEe~ iwt 


Ww 
<] —(pn—1 — pp) 
wo 


+Rn-1, n—1~ Ra, | 
= | Pa, n—1| . 


on h(wot+w+i/r) 


Ww 
x [=(on-s (0) — Pn (0) 


wo 


‘et 





— Ry-10-1 t+ Ra, -| (II.3) 
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whence 


e2 
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1/r 





Imx = 


2mwo (w—wo)?+ 1/r? 


xe of (o-1 — pn) 


n=1 Wo 


+ Ra-1, n—1~— Ra, | 


e? 1/r 





+ 
2mwo (w+wo)?+1/7? 


However 


= 2( pn‘ 


n=1 


and 


x 3 of (on-1 — px) 


n=1 Wo 


— Ry-1, 0-1 t+ Ra, | (11.4) 


) — py) = >> pa =Spp=1, (11.5) 
a=0 


2 m(Ra-1, n-1— Ra, n) = SPD = Spp—Sppy=0, 


n=1 

















(I1.6) 
We thus obtain 
e w 1/r 
Imx = “| 
2mw wol (w—wo)?+ 1/7? 
+ 1/r 
een A. (iL) 
which leads, finally, to 
e? /w\? 1/r 
a-2r—(=) m| 
mc \wo (w—wo)?+1/7? 
™ 1/r 
I1.8 
ates a 


in complete agreement with Eq. (17) of reference 
(1). It is evident that the absorption coefficient 
of an oscillator is independent of the distribution 
of molecules among the states of the system and 
is therefore unaffected by the redistribution 
induced by the radiation field. 
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The absorption coefficient of a gas is related to the 
density matrix of that gas. The density matrix is obtained 
formally from its equation of motion, which takes into 
account a possible time-dependence of the resonant fre- 
quency of the molecule and of the frequency of the exciting 
radiation. The shape of the absorption line is calculated 
explicitly in a variety of cases. For low frequency modu- 
lation, it reduces to Lorentz’s expression with a time- 
dependent frequency difference. For high frequency sinus- 
oidal modulation, resolved sidebands to the resonant 


frequency are obtained. Finally, for square wave modula- 
tion, the line shape is again given by Lorentz’s expression 
with a varying frequency difference, except that damped 
oscillations are superimposed on the expected square wave 
time-dependence. In this case, the deviations from the 
Lorentz expression are no greater than about ten percent 
for the zero frequency and fundamental frequency compo- 
nents, if the modulation frequency is less than one-half of 
the half-width of the absorption line. 





I. GENERAL TREATMENT 


ODIFICATIONS of the theory of collision- 

broadened lines of Van Vleck and Weiss- 
kopf! have been discussed in the paper preceding 
this.2 There the theory has been extended to 
include the effects of the induced transitions on 
the Boltzmann distribution. In this paper, effects 
of a time-dependent radiation frequency or 
resonance frequency will be discussed. Since 
almost all microwave spectroscopes described in 
the literature use some such modulation,’ it 
seemed worth while to examine the conditions 
under which easily interpretable results might 
be obtained. The notation of reference (2) will 
be adopted. The radiation wiil be considered 
sufficiently weak so as not to affect the Boltz- 
mann distribution appreciably, and frequency 
modulation effects will be of the order of the 
line width, which in turn is much smaller than 
the resonant frequency. 

The argument in J leading to Eq. (14) can now 
be repeated, provided the Hamiltonian is modi- 
fied so as to include frequency modulation of 
both molecule and radiation: 


* United States Rubber Company predoctoral fellow. 

1J. H. Van Vleck and V. F. Weisskopf, Rev. Mod. 
Phys. 17, 227 (1945). 

* Robert Karplus and Julian Schwinger (henceforth re- 
ferred to as I), Phys. Rev. 73, 1020 (1948). 

* See, for example, (a) W. E. Good, Phys. Rev. 70, 213; 
(b) C. H. Townes, Phys. Rev. 70, 665 (1946); (c) R. H. 
Hughes and E. B. Wilson, Jr., Phys. Rev. 71, 562 (1947); 
(d) B. P. Dailey, Phys. Rev. 72, 84 (1947); (e) R. J. 
Watts and Dudley Williams, Phys. Rev. 72, 1122 (1947); 
(f) W. D. Herschberger (to be published). 


1027 


H(?) =Ho(¢) —p- Peo f w(rnar| 


=H)+[Ho(t) —HoJ+V cod f w(t)ar | (1) 
0 


H, is written for some value of the operator 
H,(t). The matrix elements will be calculated in 
the representation based on the eigenfunctions 
of Ho. Equation (14) of I then becomes 


a 0 
[<+iowa(d +1/ rDanit =——L[polt) Ima, (2) 
at ot 


where 
him n(t) = (H(t) = od (H(t) J nn 


and the terms in which D is multiplied by the 
magnitude of the field have been neglected. 
After multiplication by 


exp if vna(t dt +4/r], 
0 


Eq. (2) above may be integrated to give 
Dmnn(t) = —[po(t) Imn 


+ f dt'C po(t!) Imnl ie n(t) 1/7] 
0 


xeno| i f ona(t")dt”—(t—)/] (3) 


the right side of this equation has been integrated 
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by parts, and it is assumed that a long time has 
elapsed, (>r. 

As is shown in I, the matrix oo(¢) may be 
approximated by 


Cpo(?’) Jes = PmSinnt (Pm — Pr) Vinn 
eo f o(t')de” |/hims 


+(Pm°— Pn’) (Ho(t’) — Ao) mn/ hima, (4) 


where hdimn =(Ho)ma—(Ho)nn, and p® is the equi- 
librium density matrix associated with the 
Hamiltonian Ho, 


o° =exp[ —Ho/kT ]/Sp{exp[ —Ho/kT J}. 


Now it has to be assumed that [Ho(t)—Ho mn 
contains no terms that oscillate at a frequency 
close tO wm, and are comparable to Vim, in 
magnitude. This means that an alternating 
electric field, which may be used to introduce a 
time dependence into Ho(¢) via the Stark effect, 
has no appreciable Fourier components near the 
resonance frequency of the molecule. If only 
resonant contributions to the density matrix are 
considered, therefore, the last term in Eq. (4) as 
well as the non-resonant term in the cosine may 
be neglected, so that the equivalent of J, Eq. 
(21), is 


Amn(t) = Cpo(t) Imnt+Dmn(t) 
= pm Smn+ (t/2h) (Pm? -_ Pn°) Van 


xexp| -if” w(eyar| 


x Wma(l’) —i/7)/Gma 
J [(oma(t’) —i/1)/tima 
xen f [com a(t”) —co(t’”) Jd” 


- (—0)/« ir. (5) 


All other off-diagonal elements of p(t) except 
Pam(t) will make negligible contributions to ab- 
sorption at the frequency w if the resonances are 
widely spaced and non-degenerate. Hence the 
average dipole moment responsible for this 
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absorption is 


p(t) = Sp {po(t) } =2Re { Pamdmn(t) } 


= Re (1/0) Pandan: Fexo| —i f v(tha| 


x (p 2” — Pm) f (comnsco it) ; (6) 


where the function f(wmn,w;t) has been writter 
for the integral 


er J “iaT 


xexp| —f f _ [analt?)—o(e?)Me"=7/s], a 


which is obtained from the integral in Eg. (5) 
by setting 7=¢—?’ and by approximating 
(wma(t’) —i/r)/G@mn by unity, again with £>r, 

Since the transitions occur independently of 
each other in the absence of saturation, Eq. (6) 
may readily be extended to include degenerate 
or approximately degenerate resonances: 


p(t)=Re (1/h) 20 | Pan |*F exp| —i f w(hat 


x (pnr° aa: Pe’) f(@m nw it) ; (8) 


here all p’s refer to the component of the dipole 
moment along the field F and « and ) ar 
degeneracy indices. Finally, the absorption co 
efficient is 


a(t) =4n(w/he)> lPua™ | *(pa°— Pme°) 
XImf(omn,w;t). (9) 


Transitions induced by the modulating fields 
may somewhat alter the populations of the 
initial and final states, but they will not affect 
the function f(wmn,w 3), which alone determine 
the shape of the absorption line. Since al 
essential information is obtained from the study 
of a simple transition, the degeneracy indices 
will hereafter be omitted. 

The remainder of the paper will be devoted 
the evaluation of Imf(wmn,w jt) in various special 
cases. Periodic modulation alone is of interest it 
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microwave spectroscopy, because only in this 
case is a quasi-steady state reached eventually. 
The frequency difference appearing in the func- 
tion f(wmn,w it) may then be expressed 


Wmn(t) — w(t) =w'g (vt) +a,** (10) 


with 
g(x-+2mx) =g(x)~unity (11) 
and i. 
f g(x)dx=0, 
0 
so that 


f(@mnyot) -if dT 


xexp| —i' fi e(ot dt — Go-+1/2)7 | (12) 
‘—T 


It may be noticed that most of the integral 
comes from values of TSr because of the expo- 
nential decrease of the integrand. It should 
further be pointed out that w’ will be the same 
for all members of a group of coincident absorp- 
tion lines if the exciting radiation is frequency 
modulated, but that w’ will, in general, vary 
from component to component if the resonance 
frequency is modulated. 


II. SLOW MODULATION 


If » is small compared to 1/r, the function 
g(vt) will change only slightly in a time interval 
of the order of 1/r. The exponent of the inte- 
grand may therefore be replaced by 


—[iw'’g(vt)+a+1/r]T 
= —t[wmn(t)—w(t)]T—T/r. (13) 


Hence 





1 
Imf(@mnw it) = Im - 
‘Lom a(t) —w(t)]+1/+ 


a 1/r 
[wm u(t) —co(t) 2+ 1/7? 


Physically, the line has the same shape as in 
the absence of modulation; the absorption peak 
is merely shifted in a straightforward manner, 
according to the modulation. 

This kind of modulation has found most use 
in microwave set-ups. A low frequency saw-tooth 





(14) 


** Observe that » is an angular frequency. 
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modulation, for instance, is almost universally 
employed to display the absorption coefficient 
as a function of frequency (3); the problem of 
low frequency sinusoidal modulation has recently 
been discussed by Herschberger (3f); square 
wave modulation of the resonance frequency by 
an external electric field has been used to aid 
detection of absorption lines as well as to study 
their Stark effect (3d). 


Ill. WEAK MODULATION}t 


If the amplitude of the modulation is small 
compared to the modulation frequency, w’<», 
the exponential can be expanded to give (x = vt’) 


S (wma it) -{ iat] 1 ie! e(a)ds] 
0 v(t—T) 


Xexp[—(ta+1/r)T], (15) 
so that 


1/r - 
Im f (ema, it) = — + (o’/v) I dT 
flonase) = + ol /o)to f 


Ww 


Xexp[ — (ia+1/r)T] g(x)dx. 


v(t—T) 


(16) 
Because it is periodic, g(x) can be expanded in a 
Fourier series 


g(x) = C[gee coskx+g.x sinkx ]. 


k=1 


(17) 


By carrying out the indicated operations, the 
shape for any modulation can be obtained (cf. 
Appendix A). A typical result is that for simple 
harmonic time dependence, g(x) =cosx. Then 


Imf(wm ny jt) 
1/r Tow 
auoneyonnevdip aeons 
@+1/r? [(a?—v*)r?—1]*?+40"r? 
[@?—»? ]r?—3 
x| » 
@*r?+1 


, 














sinvt —2 cosmt| (18) 


At low modulation frequency, v<1/r, this is 
seen to represent an effective differentiation of 
the absorption line shape obtained in II above. 
At high modulation frequency, the time de- 


tt The experimental use of such modulation was sug- 
gested by Dr. W. D. Hershberger. 
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pendent term decreases as (w’/v) near the line 
center @=0. 


IV. SINUSOIDAL MODULATION 


If the modulation is simply harmonic, g(vt) 
=cosvt, the exponential in the integrand may be 
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expanded in the Fourier series 
exp[ —78 sinx ]= R2 Ji(8) exp[ —ilx],5 (19) 


so that 


« t 
FS (w@mn,w3t) = f dT exp| —ia! f cosvt'dt’ —iaT — T/+| 
0 *—T 


S(@mn,w ;t) = f idT exp[ —i(w’/v) sinvt] exp[ —i(w’/v) sin(vT — vt) ] exp[ — (i@+1/7)T] 


=4 > Ji(w’/v) exp[ —ilvt] dT > J .(w’/v) exp[ —is(vT — vt) —(ta+1/7)T] 


l=—o 0 


=L LX JI.(w'/vr)Ji(w'/v) exp[i(s—D) ot] 


s=—@ l=—w 


s=—O 


(sv+a) +i/r 
(sv-+a)?+1/7? 





(21) 


coskvt — (sv-+@)r sinkvt 





Iuflemese) (1/2) XE _Julo'/)Jesa(a'/>) 


(22) 


’ (sv+a)?+1/7? 


This expression is convenient only for rela- 
tively high modulation frequencies (y~1/r), 
since otherwise it converges slowly. 

The average value of the shape factor is 
relatively simple (k =0) : 


(mf (womns it) mw 





= 5 [.(w'/»)} (23) 


s——0 (sv+o@)?+1/7? 
This predicts a series of absorption lines sepa- 
rated by a frequency »v and resolved if »~1/r; 
their intensity varies as [J,(w’/v) }. This phe- 
nomenon has been observed and accounted for.®? 

Also of interest is that component of the line 
shape that oscillates at the modulation fre- 
quency. It is (see Appendix B) 


s 1/r 
so (sy+@)?+1/7? 





a,cos(vitg,). (24) 


The coefficients a, depend to some extent on the 


SE. T. Whittaker and C. N. Watson, Modern Analysis 
Conon University Press, Teddington, England, 1927), 
p. 358. 

P b. 5) H. Townes and F. R. Merritt, Phys. Rev. 72, 1266 

7D. Blochinzew, Phys. Zeit. USSR, 4, 501 (1933). 





frequency @. This results in removing the central 
line (s=0) and in distorting the side-band lines, 

Similar results will be obtained for the higher 
harmonics. 


V. SQUARE WAVE MODULATION 


As already pointed out, square wave modula/ 
tion has been applied particularly successfully, 
This has been made possible by the fact that a 
low frequency square wave modulation of the 
molecular resonance together with a still slower 
saw-tooth sweep of the exciting frequency per- 
mits the simultaneous observation of two ab- 
sorption lines, corresponding to the two values 
of the resonance frequency in the two half-cycles. 
If these two resonance frequencies are sufficiently 
different, a Lorentz shape will be obtained at 
each one. The detection of weak lines can be 
facilitated by using a filter circuit tuned to the 
square wave frequency or to any of its harmonics, 
because all Fourier components of the absorption 
coefficient reproduce the true line shape. Further- 
more, the Stark effect pattern of a degenerate 
transition as well as the unperturbed line are 
obtained if the modulation is brought about bya 
square wave electric field based on zero voltage 
(3d); measurement of the splitting and square 
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wave amplitude then give the Stark effect 
coefficient directly. tt 
Square wave modulation will be obtained if 


g(x)=+4, O<x—2re<z, (25) 
g(x)=—}, w<x—2re<2r. 





witt/r 
wrt 1/r? 
wett/r 


flomnot) = 


Flomnvoit) =-——— {1 — Az. exp[ — (te + 1/7) (¢— (27 +1) x/v) J}, 


wet+1/r? 


where A; and A: are complex functions of w,, ws, 
y, and r. These equations show that the square 
wave shape that would be predicted from the 
treatment of slow modulation has superimposed 
damped oscillations. The damping decreases with 
an increase in modulation frequency. In the 
case of slow modulation, of course, the funda- 
mental frequency component reproduces the true 
shape of the line. 

It is of interest to calculate at what modulation 
frequency the line shape becomes distorted by 
the modulation. As long as the frequency » is 
still smaller than the line width (»r<S4), the 
coefficients A; and Az» are practically unity. 
Experimentally, also, the line is usually swept 
from near resonance (w;~1/r) to non-resonance, 
(w2>1/7), so that terms with w2 in the denomi- 
nator may be neglected. The average value of 
Imf(wmn,w jt) and the fundamental frequency 
component of this function are then, to about 
1 percent accuracy, 


(Imf(om nyW it) Yaw 
1 1/r 


— ’ (27a) 
2 wi?+1/7?+ (v/4r) (1 —w,?r?) 





and 


(Imf(wmns @; t) )rund 


1/r 
= (2/7) / 


) . (27b) 
w1?+ 1/7?+ (1/8) »?(3 —w?r?) 





tt This observation prompted the author last March 
to suggest the replacement of the sinusoidal modulation 
used by Hughes and Wilson (Phys. Rev. 71, 562 (1947)) 
by square wave modulation (B. P. Dailey, Phys. Rev. 72, 
84 (1947) to permit better interpretation of experimental 
resu 


{1—A, exp[ —(twi+1/7)(t—2er/v)]}, O<vt—2ar<z, 


It is convenient to rename the frequencies 
a+ 4’ =, 


As is shown in Appendix C, the function 


@ — Fw’ = ws. 


determining the line shape then has the following 


time dependence: 


(26a) 


x <vt—2re<2x, (26b) 





Inspection of these equations shows that the 
distortion is largest at the line center. Quantita- 
tively, the peak intensity is changed as follows: 


(ety V1/r)mv/(OrK1/2)w1 — vr / x, (28a) 


and 


(ay W1/+) tuna/(@r«&1/r) fund==l — (3/8) v*r?. (28b) 


Thus the corrections are indeed small up to 
vr~}. Another interesting parameter is the half- 
width Aw of the absorption line. This may also 
be estimated from Eq. (27) and (28): 


(Awy~1/r)/(AwrK1/+ wo 1+ vr/x, (29a) 


and 


(Aw, 1/2) fund/(Aws<1/r) fund==1 + (1/4) vr’, (29b) 


The effects here are of the same order of 
magnitude as the effects on the peak intensity. 
It may be noticed that the fundamental fre- 
quency component is affected much less than 
the average value. 


VI. CONCLUSION 


A general equation has been derived for the 
shape of a collision-broadened absorption line. 
When the transition frequency and the exciting 
frequency depend on time, only their difference 
enters into the final result. Hence, modulation 
of the exciting radiation and modulation of the 
molecular resonances are equivalent. 

The author wishes to express his appreciation 
to Professor Julian Schwinger and to Professor 
J. H. Van Vleck for many clarifying discussions. 
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APPENDIX 
A. Weak Modulation 
Following Eq. (17), 


vt oo 
f g(x)dx =>) (1/n) {g-,[ sinnvt+sinny(T —t) ]+4.,[ —cosnvt+cosnv(T —t) ]} 
*(t—T) 


n=| 


=> (1/n) {sinnvt[_g..—g_ cosnvT —g,, sinnvT | 


n=| 


+cosnvtl —gsn+Zcn sinnvT +¢,, cosnvT }}. (Al) 
Using the fact that 


f dt sinnvt exp[ — (ta +1/7)t]=nv/[n?v?+ (ta +1/7)?], 

















« (A2) 
f dt cosnvt exp[ —(ia@+1/7)t] = (ta+1/7)/[n*v? + (ta+1/7)?*], 
0 
gives 
Im f aT expl—(ia+1/2)T]f g(x)dx 
0 v(t—T) 
” @T [a@7(@? — ny?) 7? +1 ge, — 2nvarg,n 
= (+/m)| sino] —————£.,+- 
n=l @’r?+1 [ (a? —n*v?) 7? —1 }? +4077? 
@T @t[ (@?— ny?) 7?+1 |g.n—2nvar'g,. 
+cosn rf | =| 
ort+1 [ (ao? —m?v*) 2? —1]?+4-40577? 
avr? @ (nvr (o?—n*v?)r?—3 ]gen—2(@*7? +1) Ben 
= mie | sinnvt 
@?7r?-+1 21 [o?—m*y?) r?—1 ]?+ 4077? 
nvt[_(@* — ny?) 7? —3 ]g.,—2(?7? +1) 205 
_ cosnst}. (A3) 
[ (@?—m?y?) r?—1 ]?+-407? 


B. Sinusoidal Modulation 


The imaginary part of the fundamental frequency term of the shape-determining function is, 
from Eq. (21), 


© J,(w'/v) [Jeri(w’/») + J,-1(@'/v) | cosvt — J,(w’/v) [Je41(w’/v) —Ss-1(w’/v) ]7(sv +a) sinvt 

















1/r Ea 
(t/1) 2 (sv-+a)?+1/7? 
«2 4d, cos(vt+¢,) 
=(1 , (Bi) 
(1/1) 2, (sv-+a@)?+1/r? ( 
_ : Jurs(a'/») —Jn-s(e"/») 
om tan (ora) al woman “| —2/2<9,<2/2, (B2) 
Jn41(w’/v) + Se-1(w’/v) 


Oy = J, (w/v) {(Se41(w’/v) +I ,-1(w’/v) }? + 72(sv +e) *[So41(w’/v) —Je_1(w’/v) JF}. (B3) 
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FREQUENCY MODULATION 


Note that Ao = 2J o(w'/v)Ji(w’/v)ra=0 if o=0. 
C. Square Wave Modulation 
2» t 
IS (wma: wd=f iaT exp| ~i f (oma —a)d —T/r] 
0 1-—T 
where 


Oma —-@=0, O<vt—2rr<e 
}r=0, +1, +2,---. 
Oma—@=e2 w<vt—2re<2e 


To simplify the manipulations, it is convenient to use 


t 
o-f (mn —w)dt’ ; 
t—T 


ee and"t)=0 (0<vt—2rr<z) 
vt 


. =vt—2re+(k—l)er—2r, to=0 (4<vt—2re<2x); 
and 


Sees 
A= f dT exp[ —ig—T/r]. 


Comparing (C.5) and (C.1), one can see that 


FS (wmn,wit) =1 - A ke 
k=0 
The calculation of the A, will now be divided into four cases (s=0, 1, 2, ---): 


I 


O0<vt—2rar<x 
tes << T <tees ly 
0<v(t—T) —2(r-.)4<4r 
¢! = (witwe)(sr/v) +:(T—2sx/vr), 
Aii= (t+ 1/7)-! {1 —exp[ — (ta. +1/7)(t—2rx/v)] } . 


A»,' = (iwi +1/7)— exp[ — (i(o1-+w) +2/1)s4/v] exp[_ — (iw: +1/r)(t—2rx/v) ] 


X fexp[ (toi +1/r)x/v]—1}. 


II 


O<vt—2rr<r r 
t < Ll <lhosie, 
—<9(t—T)—2(r—s)r<0) _ 
go" = (w1+w2)(sa/v) + (wi — we) (t—2re/v) +02(T—2sx/v), 


Anyi"! = (te +1/r7)-! exp[ — (i(w1+we) +2/7)s2/¥] exp[ — (t#1+1/1)(t—2rx/v) ] 


X {1—exp[—(tw2+1/7)x/r]}. 


III 
a <vt—2rer<2r 


tos <T <teoe+1, 
m<v(t—T)—2(r—s)4<2r . a 






(C1) 


(C2) 


(C3) 


(C4) 


(CS) 


(C6) 


(C7) 


(C8) 
(C9) 


(C10) 


(C11) 


(C12) 


(C13) 


(C14) 
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gl = (wi +w2)(sx/v) +w2(T —2sx/r), (Cts) 
A gM = (tw2+1/7)-* {1 —exp[ — (to2+1/7)(t—(2r+1)x/r) ], (C16) 
Aol = (iw. +1/7)-! exp[ — (i(w1+w2) +2/7)sx/v] exp[ — (tw2+1/7)(¢—(2r+1)x/r)] 
X {exp[ (dw2+1/7)4/rv]—1}, (C17) 
IV 
u<vt—2rax<2er 
0<v(t—T) —2(r—s)4<2r 
oY = (1 +2) (Sx/v) — (wi —w2) (t— (27 +1) 4 /v) +01(T —2sx/2), (C19) 
A rep18¥ = (t1 +1/7)— exp[ — (i(w1 +2) +2/7)s4/v] exp[ — (iwe+1/7)(¢—(27+1)x/v)] 
x {1—exp[ — (to: +1/7)x/r}}. (C20) 


These results may now be substituted into Eq. (C6). The sums are geometric series that ar 
easily evaluated. Inspection of (C10), (C13), (C16), and (C20) shows that 


tossi<T <tas+2, (C18) 


Sf (wmn,w st) =4 5(A 25 +A 2041!) (0<vt—2rr<n), (C21) 


s=1 


flomawit) =i S (An +Argi”) (e<vt—2re< 2x). Cy 


2=0 
The result can be written most conveniently with the aid of two constants: 
™ 1—exp[ — (tw2+1/7)x/v] {\-" 

1—exp[ — (4(w1+-w2) +2/7)2/v] twe+1/r 

ins 1—exp[ — (tw1+1/7)x/v] (1 
1—exp[ — (i(wit+we) +2/7)4/v] twi+1/r 





expl = (i(or-tun) +2/1)x/I, xy 








expl—(ilorten)+2/r)e/r]. (Ca 
It is 
f(comnso st) = (w1 —i/7)— {1 — A, exp[ — (ta +1/7)(t—2rx/v)]} (0<vt—2rr<n), (C25) 
f(emn,w it) = (w2—i/ 7) {1 —Ae exp[ — (tw2+1/7)(t—(2r+1)2/v)]} (4 <vt—2re<2x). (C26) 


It may be observed that the deviation of A; and A» from unity depends on the expo 
nential exp[ —2/vr]. If vr, as considered in the body of the paper, exp[ —2/vr ]~exp[-6] 
~2X10-, certainly a negligible quantity as far as comparison with experiment is concerned. 

With the assumption, moreover, that ws>1/r, the function f(wmn,w;t) becomes effectively zero 
during one-half of the cycle. Hence 


rly 
(f(wmn it) ww = (w1 -i/4 1/2—A 1(o/2x) f dt exp[ — (t#1+ 1/7] 


(C21) 
= {i/2(tw1+1/r) } {1+%/r(tw1+1/7) } 


=1/2(twit1/r+v/n). 
Taking the imaginary part then leads to Eq. (27a). Equation (27b) is derived in a similar way. 
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A 140+1-day half-life is assigned Ce. It decays by K-electron capture to La”. Two y-rays 
of 0.184 and 0.8 Mev are associated with Ce’. The 0.184-Mev y-ray is found to be partially 
internally converted, giving electrons of approximately 0.145 and 0.178 Mev. A 30.6+0.7-day 
half-life is assigned to Ce which is found to decay by the emission of a 0.66-Mev 8--particle 
and a y-ray of approximately 0.2 Mev to stable Pr. A 1.4+0.1-day half-life is assigned to Ce'* 
which decays by the emission of a 1.3-Mev 8--particle and a 0.6-Mev y-ray to Pr. A 13.5+0.1 
half-life is assigned Pr'* which decays to stable Nd’ by emission of a 0.83-Mev 8--particle. 
The saturation intensity ratio of the Ce(d,n)Pr™ reaction to the Ce™(d,2n)Pr' reaction is 


found to be 2.9. 





1, INTRODUCTION 


IRST attempts to produce radioactive cerium 

by neutrons from a radium-berryllium source 
were ineffective.' The first attempts at using the 
greater neutron flux made possible by cyclotron 
bombardments gave activities of low intensity.’ 
Cerium and praseodymium activities produced 
by alpha-particle, deuteron, and proton bom- 
bardments have been investigated at this labo- 


ratory for a number of years.’ It is the purpose 
of this paper to summarize the results obtained 
to date. 

All bombardments were done in the 42-inch 
cyclotron at Ohio State University, giving 20- 


Mev alpha-particles, 10-Mev deuterons and 
5-Mev protons. Activity measurements and ab- 
sorption measurements, unless otherwise indi- 
cated, were made by means of a Wulf unifilar 
electrometer with an ionization chamber kept at 
20 lb./in.? pressure of freon. The stopping power 
of this electrometer window has been included 
in determining -particle energies. All 8-particle 
energies were computed by means of the Sargent 
formula.‘ Hilger material was used throughout. 


Ce’? Data 


A strong activity in the cerium fraction was 
obtained when lanthanum was bombarded with 


* Lt. Col. U. S. Air Forces, research done under auspices 
of Air yt ig Maxweli Field, Alabama. 

1E. Amaldi, O. D’Agostino, E. Fermi, P. Pontecorvo, 
F, Lm and E. Segre Proc. Roy. ee. 49, 522 (1935). 

L. Pool, J. Cork, and R. . Thornton, Phys. 

Rev. 52, 239 (1937). 

*M. L. Pool and J. D. Kurbatov, Phys. Rev. 63, 463 
tious’ ; J. D. Kurbatov and M. L. Pool, Phys. Rev. 65, 61 


*B. W. Sargent, Can. J. Research 17A, 82 (1934). 


deuterons. The chemical separation** was ac- 
complished by oxidizing the cerium from Ce** 
to Ce+ while in a solution of concentrated HNQOs. 
In this condition cerium is precipitated when 
the pH is brought to 3.1 while the lanthanum 
remains in solution. The decay curve of the 
chemically separated cerium is shown in Fig. 1. 
This activity was observed for 1100 days during 
which time the intensity passed through ap- 
proximately eight half-lives until no measurable 
activity remained. From this curve the half-life 
was determined as 140+1 days. 

The 140-day activity was also produced in the 
cerium fraction by the bombardment of alpha- 
particles on barium, protons on lanthanum, and 
fast neutrons on cerium. The fast neutron 
bombardment was obtained by completely inter- 
cepting the cyclotron beam with a layer of 
lithium sufficiently thick to prevent any deu- 
terons from passing through the lithium. The 
cerium sample was placed so as to be exposed 
only to the neutron flux produced by the 
reaction Li’(d,n)Be®. 

While the sample was decaying with this 
140-day half-life, x-rays in the neighborhood of 
0.36 angstrom were found by aluminum absorp- 
tion measurements. When the sample was used 
as a source for a Cauchois® camera the lanthanum 
K. x-ray line was photographed. In order to 
determine that the lanthanum K, x-ray line was 
emitted, the camera was first calibrated with 
cerium fluorescent x-rays. During this calibration 
only the lower half of the film was exposed to 


** The chemistry was a! done by Ruth M. Steelman. 
5 Y, Cauchois, J. de Phys. 3, 320 (1932). 
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Fic. 1. Decay curves for the Ce fraction of a deuteron bombardment of lanthanum. A 140+-1.0-day 
half-life was observed for both 8- and y-decay. 


the cerium x-rays. Thereafter the upper half of 
the film was exposed to the x-rays produced by 
the active cerium decaying with the 140-day 
half-life. A vertical line was obtained on the 
upper half of the film which was horizontally 
displaced from the calibration line on the lower 
half by a distance corresponding in displacement 
and direction to the wave-length difference be- 
tween the cerium and lanthanum K, x-ray line. 

By using an electrometer with an ionization 
chamber open to the atmosphere and a number 
of aluminum foils of 0.0023 g/cm? each, electrons 
of approximately 0.150 Mev were found. The 
shape of this absorption curve indicated that 
these electrons were monoergic. The fact that 
monoergic electrons were present was confimed 
by obtaining exposures on a f-ray spectrograph 
of the 180° focusing type. The 8-ray spectrograph 


exposures gave lines for monoergic electrons of 
0.135 and 0.165 Mev, with the former mor 
intense. 

A portion of the lead absorption curve ob 
tained while the sample was in the 140-day 
period is shown in Fig. 2. Two gamma-rays, one 
of 0.184-Mev and one of approximately 0.8 Mev, 
were observed, the former being more intense. 
The gamma-ray decay of this cerium activity s 
also shown in Fig. 1. The half-life again is found 
to be 140 days. 


Ce!*® Interpretation 
Obtaining the 140-day activity in the cerium 
fraction of an alpha-particle bombardment o 
barium and a deuteron bombardment of lantha- 
num permits assignment of this period to either 
Ce"° as an isomeric activity of stable Ce™ or ® 
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Fic. 2. Portion of a lead-absorption curve of cerium 
while in the 140-day activity. The dashed line was ob- 
tained by subtraction of the 0.8-Mev y-ray curve from 


the total y-ray curve. 


Ce™®, Assignment of this period to Ce’ is 
eliminated by the fact that the lanthanum K, 
x-ray line is emitted during the decay of this 
activity. The 140-day half-life is therefore as- 
signed to Ce™*. The monoergic electrons indi- 
cated by aluminum absorption and obtained as 
0.135 and 0.165 Mev by the f-ray spectrograph 
are attributed to a partial internal conversion of 
the observed 0.184-Mev gamma-ray. The two 
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energies expected by conversion of the 0.184-Mev 
gamma based on the known binding energies of 
the K and ZL shells of lanthanum are 0.145 and 
0.178 Mev. These values are within experimental 
error of the 8-ray spectrograph values, 0.135 and 
0.165 Mev. Since no electrons with energies 
greater than approximately 0.165 Mev were 
observed, it is concluded that the 0.8-Mev 
gamma-ray is essentially not internally con- 
verted. 

It is therefore concluded that Ce™® decays by 
K-electron capture to La™*, The La™*® nucleus 
obtained after the decay of the Ce™® by K- 
electron capture has two excited levels and 
decays either by the emission of a 0.184-Mev 
gamma-ray or a 0.8-Mev gamma-ray to the 
ground state of stable La™*. 


Ce!*! 


An activity with 30.6-day half-life in the 
chemically separated cerium was produced by 
the bombardment of barium with alpha-particles, 
cerium with deuterons, and cerium with fast 
neutrons. This activity was not produced by 
the bombardment of deuterons on lanthanum. 
A plot of this activity produced by the bombard- 
ment of deuterons on cerium is shown as Fig. 3. 
The half-life, 30.6+0.7 days, was determined by 
following the activity over a period of 300 days 
during which time it decayed through approxi- 
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Fic. 4. Aluminum-absorption curve of the 30.6-day activity showing a 8-end point of 0.66 Mev. 





mately ten half-lives until no measurable activity 
remained. As shown by the decay curve, a 
gamma-ray of low intensity was found to be 
associated with this period. By means of lead- 
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absorption measurements the energy of this 
gamma-ray was found to be 0.2 Mev. Cloud- 
chamber observations showed that this 30.6-day 
activity decayed with the emission of a negative 


Fic. 5. Aluminum-absorp- 
tion curve of the 1.4-day 
activity showing a 6 end 
point of 1.3 Mev. 
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Fic. 6. Decay curve for the Pr fraction of a deuteron bombardment of cerium. A 13.5+0.1-day half-life 
was observed. 


B-particle. The energy of the §-particle was 
determined as 0.66 Mev by aluminum-absorption 
measurements, as shown by Fig. 4. 

The bombardment of barium with a-particles 
by which this 30.6-day period was produced 
would permit assignment of the activity to either 
Ce? as an isomer or Ce"!. However, the fact 
that the activity was not obtained from the 
bombardment of lanthanum with deuterons re- 
moves the possibility of assignment to Ce®, 
The 30.6-day activity is therefore assigned Ce™! 
and decays to stable Pr! by emission of a 
0.66-Mev 8-particle and a gamma-ray of approxi- 
mately 0.2 Mev. 


Ce'43 


A cerium activity emitting negative 6-particles 
with a half-life of approximately 1.4+0.1 days 
was produced by bombarding cerium with deu- 
terons or neutrons. An aluminum-absorption 





curve showing the energy of the 8-particle to be 
1.3 Mev is shown in Fig. 5. This activity was 
not produced by the bombardment of barium 
with alpha-particles. The value of the half-life 
was obtained by subtraction of the 30.6-day 
activity from the total activity in cerium. A 
gamma-ray was found to be associated with this 
decay and the energy determined as approxi- 
mately 0.6 Mev by means of lead-absorption 
measurements. 

Since the 1.4-day activity in cerium could be 
produced by a deuteron bombardment of cerium 
but not by an alpha-particle bombardment of 
barium, it is assigned to Ce™* which decays by 
the emission of a 1.3-Mev §-particle and a 
gamma-ray of approximately 0.6 Mev to Pr. 


Pr!43 


A 19.3-hour and a 13.5-day half-life were 
produced in the praseodymium fraction of a 
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bombardment of cerium by deuterons. Although 
the 19.3-hour activity was produced by bom- 
barding lanthanum with a-particles, praseo- 
dymium with deuterons, and praseodymium with 
neutrons, the 13.5-day activity was not produced 
by these reactions. The value 13.5+0.1 days for 
the half-life of this activity was determined from 
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Fig. 6, covering a period of approximately 135 
days or 10 half-lives. The activity was followed 
until no measurable intensity remained, |t Was 
found that no gamma-ray was associated wit, 
this activity. Cloud-chamber observations showed 
the 13.5-day activity to decay with the €Mission 
of a negative §-particle. The energy of this 
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Fic. 7. Aluminum-absorption curve of the 13.5-day activity showing a 8-end point of 0.83 Mev. 
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Fic. 8. Cerium region of an isotopic chart. Activities assigned by this paper are heavily outlined 
and reactions obtained which produced these activities are indicated by heavy arrows. 


8-particle was determined to be 0.83 Mev, as 
shown in Fig. 7. 

In accordance with the reactions given above, 
the 13.5-day period of praseodymium is assigned 
Pr“* which decays with the emission of a 0.83- 
Mev £-particle to stable Nd™. 


II. DISCUSSION 


A portion of the isotopic chart is reproduced 
in Fig. 8. The activities with which this paper 
deals are accentuated by heavy outline. It will 
be noted that the above assignments require a 
genetic relationship to exist between Ce and 
Pr'®, This relationship reported in previous 
abstracts’ was established by successive chemical 
separations of praseodymium from a cerium 
sample decaying with a 1.4-day half-life. This 


relationship is in agreement with the results of 
others.*® 

Certain data were obtained during these 
experiments which permit computing the ratio 
of saturation intensities of the (d,n) and (d,2n) 
reactions of Ce. The praseodymium fraction 
from a Ce(d,n)Pr reaction gave the 19.3-hour 
half-life of Pr’ and the 13.5-day half-life of Pr’. 
The ratio of the saturation intensity of the 
13.5-day period to that of the 19.3-hour period 
was found to be 2.9. 
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Using the ideas of the similarity theory, it is shown that there is a close relationship between 
the hitherto distinct theories of Weyl and Kaluza. Also, simple equations belonging to the 
similarity geometry are found to give the correct trajectories for charged mesonic test particles. 





L 


N two recent papers! it was shown that one 

can formulate a unitary theory of the gravi- 
tational, electromagnetic, and vector meson 
fields within the framework of the similarity 
geometry. It is the purpose of the present paper 
to put forward certain general considerations 
concerning the similarity theory, and also to 
carry the technical aspects of the theory a step 
farther. 

From the point of view of pure field theory, 
the idea of a metric is extraneous. If, though, 
we permit consideration of the physical tra- 
jectories of test particles, the concept of a metric 
becomes less remote. For the null geodesics 
define a light cone at every point of space-time, 
and thus at once define a metrical tensor ga, to 
within an arbitrary (non-zero) multiplying factor 
p*(x). We may express this by saying that the 
null geodesics determine a conformal metric. 

It is well known that the null geodesics are 
invariant under conformal transformations 


Zav(x)—Gas(x) = p?(x) gas(x). (1) 


The non-null geodesics, however, are not invari- 
ant under the general conformal group. If we 
seek the subgroup of the general conformal group 
which leaves all geodesics invariant, we come to 
precisely the group characterized by 


Zab(x) —9Jav(x) _ R*gap (x) ’ (2) 


which yields what I have called the similarity 
geometry. Thus, even from the point of view of 
the gravitational trajectories of uncharged test 
particles, it appears reasonable that the similarity 
geometry should play a fundamental role. 


* Now at Queens College, Flushing, New York. 


1 Banesh Hoffmann, Phys. Rev. 72, 458 (1947), and 73, 
30 (1948). These rs will be referred to, respectively, 
as V.M.P.R. and ge 
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That the similarity geometry should involye 
two extra degrees of freedom can be understood 
from this particular point of view as follows: 
the projective geometry, which leaves all geo. 
desics invariant, introduces one new degree of 
freedom which finds expression in some such 
device as the use of homogeneous coordinates, 
The other degree of freedom then pertains to 
the transformations (2), these transformations 
taking place irrespective of coordinate transfor- 
mations.’ 

Reference was made in V.M.P.R. to the work 
of Lubariski and Rosenfeld. It is significant 
that, starting from the commutation properties 
of the 8-matrices of meson theory, and working 
purely algebraically, they found that meson 
fields are fundamentally related to the group of 
rotations in space of six dimensions, and thus to 
the group of a four-dimensional quadric surface 
in a projective space of five dimensions. For it is 
just such a geometrical picture which underlies 
the similarity and the general conformal geo- 
metries. 

Reference was also made, in S.G., to the 
relationship of spinors to the same underlying 
geometrical picture. It may not be out of place 
to state briefly the nature of this relationship. 
If,= vs, we are two four-component: spinors 
(where the indices A, B have the range 1, 2, 3, 4, 
referring not to space-time but to spin space), 
a parametric representation of space-time in 
terms of four-component spinors is achieved, 
through the Pliicker-Klein correspondence, by 
first writing 


XAB =} (49? —P* 9%), (3) 
and then relabeling the six independent non-zero 


?Note that gos in (2) is a function of x, not of new 


coordinates 2. 
# See O. Veblen, Proc. Nat. Acad. Sci. 19, 503 (1933). 
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according to the scheme 
X¥=h(X'+iX"), X¥=Z(X'—-1iX%), 


XM=H+X), X8=KX-X9, (A) 
X4=3(X1+4iX*), X= 9(X'—1X"*). 
The quantities X4* satisfy the identity 
XB2X4+4+XBXM+ XUXB =O. (5) 


In terms of the six quantities X*° defined in (4), 
this becomes 
(X24 (X1)2-+ (X*)?-+(X3)? 

—(X*2+(X*)?=0. (6) 
The spinor representation of the Lorentz group 


is then obtained by considering the real points 
of the quadric (6) and setting, say, 


X°=0, X5=0. (7) 


Thus the spinor representation of the Lorentz 
group is here obtained only after specialization 
of a formalism which basically involves six 
variables, X’, and is concerned with an invariant 
four-dimensional quadric surface (6) in a pro- 
jective space of five dimensions. 


Il. 


Hitherto it has seemed that the unitary 
theories of Weyl and Kaluza were quite distinct, 
if not actually rivals. In the light of the present 
ideas, though, one finds a close relationship 
between them. 

Weyl developed his conformal theory without 
the aid of extra degrees of freedom. Conse- 
quently, unification was incomplete, in the sense 
that the Lagrangian for the total field had to be 
formed by the arbitrary addition of partial 
Lagrangians for the gravitational and electro- 
magnetic parts of the field, respectively.‘ Also 
the gravitational part of the Lagrangian could 
not be formed from R(g)?, since this was not 
gauge invariant, the only available gauge invari- 
ant densities formed from gs being R*(g)}, 
R*R,x(g)!, and so on. 

The modern form of the general conformal 
geometry, with its conformal tensors having 
(n+2)* components, does not seem to have been 
applied to the Weyl theory. Yet it is a natural 


‘Eddington, in his Qinsralieation of Weyl’s theory, 
dition more plausible. 


was able to make this a 
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components of the antisymmetric quantity X44 


CHARGED MESONS 1043 






step to employ in a basically conformal physical 
theory the full resources of the general conformal 
geometry, and a generalization along these lines 
would undoubtedly qualify as a modern version 
of the original Weyl theory. Such a generalized 
theory might avoid the difficulty regarding the 
gravitational part of the Lagrangian since there 
would be available in it quantities analogous to 
Goo of V.M.P.R. and Soo, etc., of S.G. which 
could be used, as in those papers, to form a 
simpler gauge invariant Lagrangian than was 
possible in the original Weyl theory. Such a 
theory could also achieve a closer unification of 
the different parts of the total Lagrangian. It 
might also meet the grave objections to Weyl's 
theory made by Einstein,® since a normalized, 
affine gq, could be defined in it much as an affine 
Za» is defined in the projective theory of rela- 
tivity. Whether this modernized version of 
Weyl’s theory would yield results physically 
preferable to those of the present similarity 
theory, which is a restricted form of it, is hard 
to say without detailed investigation, and, un- 
fortunately, the necessary calculations appear 
formidable. Nevertheless, we may reasonably say 
that, from the present point of view, Weyl’s idea 
does imply a transition from entities having 4* 
components to entities having 6* components. 
And the initial step from 4* to 5* components 
was just that taken by Kaluza. The relationship 
between the ideas of Kaluza and Weyl is seen 
to be even closer when one notes that the gen- 
eral conformal geometry is essentially projective 
in character, and that Kaluza’s theory has been 
interpreted as a projective theory. That the 
relationship between the two ideas extends 
even to details is indicated by the fact that 
both in the Weyl and the Eddington theories 
terms appear in the curvature scalar analogous 
to the terms involving N and N? in the curvature 
scalar in V.M.P.R. 

Since the present similarity theory is a special 
case of the above-mentioned modernized form 
of the Weyl theory, and since it is so closely 
related, too, to the Kaluza-Klein and projective 
theories, one sees that it is not only a unitary 
theory of certain physical fields but also, to 
some extent, a unitary theory of unitary theories. 


5 A. Einstein, Physik. Zeits. 21, 651 (1920). 
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Il. 


In S.G., the basic similarity tensor S,, was 
subjected, for simplicity, to the arbitrary in- 
variant restrictions 


Sos=0, (8) 
Sss/Soo independent of x*. (9) 


We retain these restrictions in the present paper. 
In setting up the field equations for the gravi- 
tational, electromagnetic, and vector meson 
fields in S.G., certain physical identifications had 
to be made. If the equations of the trajectories 
we are about to discuss are to have any relevance 
to the work of $.G., they must involve the same 
physical identifications as those of that paper. 
From Eqs. (22) to (28) of S.G., and Eqs. (5), 
(6) of V.M.P.R., we may summarize these 
physical identifications as follows: 
Let g., be such that 
£05 =L00=0; (10) 
let y. be such that 
¥o=0, Ws independent of x*; (11) 
and let ¢, be such that 


(12) 


(13) 


~o= 1 » = 0. 
Then 
Sor = er/ Soo; 
and 
Sor =Lert Gorter, (14) 

where 

Zap is the gravitational metric, 

Wa is the electromagnetic potential, 
and 


¢a is the vector meson field quantity. 


In the general theory of relativity the gravi- 
tational trajectories of test particles are the 
geodesics, given by the variational principle 


dx* dx?) 
5 f | eo — dt=0, 
dt dt 


where ¢ is a parameter. 

To obtain equations of physical trajectories of 
test particles in the present case, we set up an 
analogous variational principle. Since the field 
equations of the present theory are obtained 
from a variational principle which does not 


(15) 


contain exp(Vx°) as a factor, the exp( Nx) being 
cancelled by a suitable power of Sy, we Write 
here for the trajectories not 


ifs ——la 
or t= 0, 
dt dt (16) 


dx? dx’ i 
sf {s.. d di / so dt=0, (17) 


in which too the exp(Vx°) factor is cancelled 
a suitable power of Soo. By (13), this is the 


same as 
sf| — la 4 
Ser t=0. 
dit dt (18) 


It is well known that the trajectories defined 
by (18) are given by 


d*x¢ dx? dx* 
—+A,.°— —-=0, (19) 
du? du du 


where A,’ are the Christoffel symbols of the 
second kind formed from s,,, and du? = s,,dx‘dx', 
To investigate the physical significance of these 
equations it is convenient to go over to their 
covariant form. Multiplying by s,, and summing 
over a, we obtain 


dx’ dx* 


"du du 


d*x? 


fap 
du? 


where A,,,, are the Christoffel symbols of the 
first kind formed from s,-. 

Inserting the explicit form of A,.,,, we have, 
owing to the symmetry of (dx*/du)(dx*/du), 


1 Os,, dx" dx* 
2 ax? du du 


d?x* 


Sep 
du? 


Os,, dx" dx* 


Ox* du du 


or 
1 Os,, dx’ dx* 


2 ax’ du du 


d dx? 
as 
duit du 


There are six component equations in (22). 
Consider first the two equations given by p= 
and p=5, respectively. Since s,z does not contain 
x° or x, the last term vanishes in each of these 
cases and the equations admit of the first 
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dx? 
Sco = €0, 


du 
dx* 


So5 = €5, 
du 


(23) 


(24) 


where €, €5 are independent of the coordinates. 
From invariance considerations, ¢9 is a scalar, 
but «; becomes multiplied by k-* under the 
transformations of x* given by Eq. (14) of S.G. 

Using (10)-(12), and (14), we may write 


these as 
dx? 


as = €0, 
dx? 
~ = €5/Vs, 


u 


(25) 


(26) 


where €) and ¢5/¥s are now both scalars. They 
are thus constants of the motion. 

Consider now the remaining four equations in 
(22), corresponding to p=a. They are, by (10)- 
(12), (14), 


“lg + (om) ot (1 — )v.| 


1 Ago. dx? dxe dx*\ dg, dx" 
2 dx* du du (+7) du 

dx* hdd dx" 
-(¥eE axe du 


or, using (25) and (26), and also (11) and (12), 


d dx 
wae) 
du du 


=0, (27) 


1 gy. dx® | 
2 dx* du du 
Ova Ogn\dx* 
+f ae eae 
Ox = dax*/ du 


OG-ak 
+(— =0. 
Vs Ox dax*/ du 


Multiplying by g* and summing over a, we 
i write these as 


dx? dx« ax 
du2 “+f,¢ = du oe 
€5 dx* 
(St 
Vs du 


(28) 
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where, as in S.G., 
} (<< Oe 
Pt = 8° Poe = 3B" | ———— ], 
: axe dx® 


(30) 


with a similar definition for y+». Interpreting the 
constants of the motion ¢€o, ¢5/¥s as being pro- 
portional to g/p, e/u, respectively, where g is the 
mesonic charge of the test particle, e its electric 
charge, and yw its mass, we see that these equa- 
tions give the correct trajectories of charged 
meson test particles in a combined gravitational, 
electromagnetic, and vector meson field. 


IV. 


Removing the restrictions (8), (9) on the 
fundamental similarity tensor S,, presents some 
problems. These may in part be due to incom- 
plete guidance from invariance considerations 
owing to the use of a specialized* transformation 
matrix U,* in S.G. 

In tentative attempts to remove the restric- 
tions on S,,, I have been able to dissect a 
general S,, in such a way that the field equations 
contain a scalar meson field alongside the gravi- 
tational, electromagnetic, and vector meson 
fields, together with another scalar field whose 
physical significance is unclear. The two meson 
fields have the same value for the mass. However, 
the presence of certain interaction terms in the 
field equations, and the form taken by the 
corresponding equations of the trajectories indi- 
cate that the particular dissection and physical 
identification of the general S,, in these calcula- 
tions may not be the appropriate one. There are 
some indications that with a different dissection 
the second scalar field might absorb the 20N? 
term which was subtracted from the Lagrangian 
in S.G.” and take on the character of a Stueckel- 
berg field. 

From the point of view of meson theory, the 
field quantities should, in general, be complex. 
Now, it is known that two-component spinors 
suffice to give a representation of the Lorentz 
group. Since, despite this, four-component spin- 
ors are required in the Dirac equations, it is 

* The specialization is actually present in the original 
conformal transformation matrix of Veblen, from which 
the transformation matrix of S.G. was derived, It is 
manifest here in the arbitrary linkin: fd the x® and x* 


transformations to a single parameter 
7 See S.G., Eq. (51). 
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reasonable to consider the physical potentialities 
of more extended groups, having the Lorentz 
group as a subgroup, which the four-component 
spinors are able to represent. Because of the 
close relationship of the conformal and similarity 
geometries to the geometry of four-component 
spinors, it would be of interest to investigate a 
theory analogous to the present theory but 
based on spinors rather than tensors. Complex 
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field quantities would enter such a theory auto. 
matically. And if the detailed computations bore 
a sufficient resemblance to those of the 
tensorial theory, as is not unlikely, one would 
expect to find field equations containing not only 
the fields already obtained but, in addition, 
pseudovector and pseudoscalar fields, as well as 
fields pertaining to half-integral values of the 
spin. 
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A theory is proposed to explain the mechanism of breakdown of gases in high frequency 
electrical fields. It is assumed that breakdown occurs when the electrical field and the frequency 
are such that an electron acquires the ionizing energy at the end of one mean free path. The 
field for breakdown is thus a function of the frequency of the applied potential and the ioniza- 
tion potential and pressure of the gas. The fields for breakdown of argon and xenon are calculated 
and expressed as functions of the frequency and the gas pressure. The calculated potentials are 
compared with experimental data, and good agreement is found for frequencies greater than 


10 X 10° c.p.s. 


1, INTRODUCTION 


HE breakdown of gases in high frequency 
electrical fields has been studied by a 
number of workers.' In general, the procedure 
followed has been to measure the minimum 
potential for breakdown of the gas as a function 
of the gas, gas pressure, electrode separation, and 
frequency of the applied field. The potential for 
breakdown, V,, was plotted as a function of the 
gas pressure, ~, for one frequency and gap width. 
The data, when plotted in this manner, gave 
V,—p curves which have the general appearance 
of the Paschen curves for breakdown in d.c. 
fields. 
Thomson’s? work was typical. He studied the 
breakdown of hydrogen in this manner. He used 
a number of frequencies of the applied potential 


* This work was sponsored by the U. S. Navy Bureau of 


ps. 

** Now at the Army Chemical Center, Maryland. 

1L. B. Loeb, Fundamental Processes of Electrical Dis- 
charge in Gases (John Wiley and Sons, Inc., New York, 
1939), p. 550. 

2 J. Thomson, Phil. Mag. 23, 1 (1937). 


and experimentally determined a series of V,—p 
curves, each of which corresponded to one fre- 
quency. As he increased the frequency, from 
about 2X 10° to about 40 X 10° c.p.s., V, took on 
lower and lower values. However, as the fre- 
quency was increased above about 40 X 10° c.ps,, 
V, began to increase with increasing frequency. 
The present paper reports a somewhat different 
approach to the problem. It is assumed that the 
breakdown potential for high frequency fields is 
determined by those electrons in the gas which 
succeed in acquiring the ionizing energy in one 
mean free path. Thus, the breakdown potential 
should be a function of the gas, gas pressure, 
electrode separation, and frequency of the 
applied field. Thomson’s experimental work 
showed that for hydrogen V, was a function of 
the gas pressure and the frequency of the applied 
field. 

Under this assumption the solution of the 
equation of motion of the electron which moves 
in the gas and the high frequency field is not 
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difficult since before the gas breaks down the 
electric field is not distorted by space charge. The 
motion of the electron under such conditions is 
given by 
£=(e/m)E sin2zft. (1) 
The electron is assumed to be at rest when the 
instantaneous value of the applied field is zero 
and all collisions which do not result in the 
formation of an ion pair are disregarded since 
such collisions cannot lead to the breakdown of 
the gas. Also it is only those electrons which 
are at rest when the instantaneous value of the 
field is zero which will acquire the ionizing poten- 
tial at the end of one mean free path under the 
conditions to be imposed. These simplifying 
assumptions should not greatly alter the results 
since it is assumed that the electrons which 
acquire the ionizing energy in one mean free path 
are those which cause the initial breakdown. 
Integration of the equation of motion gives, 


¢=v=(e/m)E/2xf(1—cos2zxft), (2) 
x=d=(e/m)E/4r°f?(2xft—sin2zft). (3) 


It is assumed that the gas will break down when 
the values of E and f are such that d will be one 
electron free path, L., for the gas and gas pressure 
considered, and that the electron will have the 
ionizing energy at the end of the mean free path. 
Thus v will be determined by 4mv?=eV;, where 
V; is the ionization potential of the gas under 
consideration. Some value must be assigned to ¢. 
This can be done by assuming that the electron 
is to acquire the ionizing energy and move one 
mean free path in a time ¢ which is some frac- 
tional part of one period of the applied electrical 
field. Thus, ¢ is expressed in terms of f, and E and 
f computed for this value of ¢. This amounts to 
determining, for the gas and gas pressure con- 
sidered, the proper values for E and f so that an 
electron will acquire the ionizing energy, after 
acceleration during a fraction of a period of the 
applied field, and be displaced one mean free 
path. Under such conditions the probability of 
ionizing collisions should be a maximum. Further, 
by calculating E and f for several values of ¢ it is 
possible to plot a curve showing E, the peak 
value of the field for breakdown in volts per cen- 
timeter, as a function of the frequency of the 
applied field. 
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Fic. 1. Calculated values of EZ, the field for breakdown 
of A at several pressures, plotted against the frequency. 


This has been done. Figure 1 shows calculated 
values of E, the peak value of the field for break- 
down, plotted as a function of frequency for 
argon at several pressures from 15 to 120 microns 
of mercury. For any of the curves, the values of 
E corresponding to values of ¢ less than about 
t= 1/4f lie to the left of the minimum. This shows 
that if the electron is to have a high probability 
of ionizing after being accelerated during a small 
part of a period of the applied high frequency, E 
must be large and the frequency comparatively 
low. If the electron is accelerated over a large 
portion of one period, ¢ equal to about 1/f, E is 
large and the frequency is high for high proba- 
bility of ionization. The minimum value of £ is 
given by ¢ about equal to 3/8f. The curves of 
Fig. 1 show that when the pressure of the gas is 
increased the minimum value of £ increases and 
lies at greater frequencies. Also the minimum 
becomes less pronounced for the higher pressures. 

Figure 2 shows curves of calculated values of 
V,, the peak value of the breakdown potential 
for a 5-cm gap, for xenon, argon, krypton, and 
hydrogen, all at a pressure of 30 microns of 
mercury. These curves show the dependence of 
E and the frequency, for breakdown, upon the 
ionization potentials and the electron mean free 
paths for these gases. The values of E corre- 
sponding to = 1/4f and t=3/8f are indicated for 
hydrogen. 
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Fic. 2. Theoretical variation of V, with frequency for a 
5-cm gap in A, He, Kr, and Xe all at 30 pressure. 


Each of the curves of Fig. 1 is tangent to the 
line OP at one point. The value of E, for each 
curve, at the point of tangency is given ap- 
proximately by ¢=7/16f. 

It is possible, using the data of Fig. 1, to 
derive a set of theoretical V,— curves such as 
Thomson measured experimentally. This is done 
by reading off, from Fig. 1, the values of EZ cor- 
responding to the various pressures shown and 
for one frequency. As an example the following 
data were taken from Fig. 1 for a frequency of 
40 X 10° c.p.s. 


p (microns) V, (peak volts) 
15 17.6 
30 15 
60 22 
120 65 


These data were plotted in Fig. 3 as the E—p 
curve for 40 megacycles. The data, as plotted in 
Fig. 3, give the peak value of the field for break- 
down for a gap in argon as a function of the 
pressure. Figure 3 also shows similar curves for 
the breakdown potential at other frequencies. 
These theoretical curves all have the same 
general shape as do the Thomson curves for low 
pressures and high frequencies. That is, both 
Thomson’s experimental curves and the curves 
of Fig. 3 show E, minimum decreasing with de- 
creasing frequencies and falling at lower values 
of the pressure. Thomson’s curves for hydrogen 
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do not show E, increasing as rapidly, to the right 
of the minimum, as do the curves of Fig, 3. 
However, the shape of the curves for hy 

might be expected to be quite different from 
those for argon. This is shown by a com parigon 
of the curves for hydrogen and argon in Fig. 2 

The minimum value of £, for any one of the 
E—p curves of Fig. 3 will be nearly equal to th 
value of E given by t=7/16f for one of the Curves 
of Fig. 1. This is so because no matter why 
frequency is chosen in deriving an E—p ¢ 
from a set of the type shown in Fig. 1, the lowes 
value of E, for that frequency will always fy 
given by the curve which is tangent to OP at the 
intersection of OP and the line of constant fre. 
quency. Thus it is possible to calculate the 
minimum value of E, for any E—> curve and for 
any gas and frequency. All that need be known 
is V; and the frequency applied. A study of Eq, 
(2) indicates the method. If the velocity and 
frequency are known and ¢ is set equal to 7/16, 
this equation can be solved for E and this value 
of E, multiplied by the electrode separation, 
gives V, minimum, for the V,—) curve at the 
frequency chosen. 

It is also possible to estimate the pressure at 
which the minimum value of V, will fall for 
curves of the type shown in Fig. 3. Equation (3) 
is used in this calculation. The value of E, as 
calculated above, the frequency under con- 
sideration and t=7/16f are substituted in the 
equation and d is calculated. This gives the elec- 
tron mean free path in the gas considered and at 
the pressure for which V, is a minimum. It is 
thus possible to estimate the gas pressure. 


2. EXPERIMENTAL PROCEDURE 


Breakdown potentials were measured for 
xenon and argon at constant pressure and in the 
range of frequencies from 5 X 10° to 50 X 10° c.ps. 
Two xenon-filled tubes were used. The gas pres 
sure in each was 20 microns of mercury. Two 
argon tubes were used with gas pressures of 30 
and 49 microns of mercury. The pressures wert 
measured at 22°C. The tubes were of Pyrex 
and were either 22’ or 41 mm in diameter. Ex 
ternal electrodes were used so that the purity of 
the gas might be of a high order. The length of 
all tubes was 22 cm. The external electrodes 
were made from strips of copper 1 cm wide fitted 
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about the tubes. Electrode separations of 5 and 
10 cm were used. 

Considerable care was used in filling the tubes. 
They were attached to the vacuum system and 
baked out at 400°C over night. The vacuum 
system had a side bulb in which was fitted a 
tungsten filament. This filament supported a 
pellet of barium or calcium. After the gas was 
admitted the pellet was flashed to act as a getter 
for contaminating gases. This flashing formed a 
freshly deposited surface of the getter on the 
walls of the containing bulb and the gases were 
allowed to stand in contact with this surface for 
some time before the discharge tubes were 
sealed off. After sealing off, the spectra of the 
gases were examined and showed no trace of 
contamination. However, this is only a rough 
check since many discharge phenomena in gases 
at low pressures can be altered by traces of im- 
purities which cannot be detected by a study of 
the spectrum of the gas. 

Most of the work was done with two oscillators 
and a few values of V,, at the lower frequencies, 
checked with a third oscillator. The two oscil- 
lators most used were of the same type but 
covered different frequency ranges. They were of 
a modified Hartley type and employed 100 TH 
tubes rated at 200 watts. The electrodes of the 
discharge tubes were connected directly across 
a few turns of the oscillator plate coil. The 
potential applied to the electrodes was varied by 
varying the oscillator plate potential. This ar- 
rangement made it possible to change the poten- 
tial on the electrodes continuously and smoothly 
from about 100 to 1000 volts. A few values of V, 
were taken as a check with a Navy type TDE 
transmitter oscillator. This oscillator had a buffer 
stage and it was assumed, therefore, that the 
potential applied to the discharge tubes was 
nearly free of harmonics. Potentials were mea- 
sured by a vacuum tube voltmeter. This indicated 
potentials in peak volts and all values of potential 
and field mentioned are so expressed. 

The procedure followed in determining the 
breakdown potential was to start with a low 
value for the applied high frequency potential 
and then to slowly increase it until the gas broke 
down. Breakdown was indicated by the ap- 
pearance of a glow in the body of the gas and 
also by a slight kick of the voltmeter needle. All 
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. 3. Calculated E-p curves for breakdown of A at 
several frequencies. 


points were checked a number of times. The 
breakdown potentials were readily reproducible 
within the limit of error of reading the voltmeter 
with the exception of those for the lowest fre- 
quencies. For these frequencies there was con- 
siderable spread among the readings taken at 
any one frequency. 


3. EXPERIMENTAL RESULTS 


The measured values of V, for argon plotted 
as a function of frequency are shown in Fig. 4. 
The values of V, indicated by circles were taken 
with the Harley oscillators and those indicated 
by triangles were taken with the Navy type 
TDE oscillator. The smooth curves represent 
the average of the experimental data. The two 
curves at lower values of V, were taken using a 
tube 41 mm in diameter and filled to a pressure 
of 30 microns of mercury. Electrode separations 
of 5 and 10 cm were used for the two curves. The 
values of V, for the upper curve of Fig. 4 were 
measured using a tube filled to a pressure of 49 
microns of mercury and with a 10-cm electrode 
separation. This tube was also 41 mm in diam- 
eter. 

The dotted lines of Fig. 4 are calculated values 
of V, for the gap widths and pressures shown. In 
making such calculations it is necessary to’ 
assume some value for the potential drop in the 
wall of the discharge tube. However, the data of 
the two lower curves make it possible to do this 
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Fic. 4. Measured values of V,, for breakdown of A, 
plotted against the frequency. The electrode separation 
was 5 cm for the bottom curve, and 10 cm for the other 
two. The dotted curves indicate calculated values. 


since it may be assumed that each of the two 
values of V,, for any one frequency, is equal to 
the potential drop in the gas plus the drop in the 
tube wall, and that the drop in the wall is the 
same for each. Thus, for any frequency, two 
equations may be set up and the solution will 
give the drop in glass and also the field in the 
gas for breakdown. This calculation was made 
for several frequencies and gave an average value 
of 120 v for the potential drop in the tube wall. 
This value was used in calculating the data 
shown by the dotted lines. 

The experimental data shown in Fig. 4 are in 
good agreement with the calculated values except 
at frequencies less than about 10 10° c.p.s. The 
shape of the experimental curves is about that 
predicted and for the higher frequencies the 
measured values of V, differ from the calculated 
values by no more than the experimental error. 

The V,—f curves of Fig. 5 are for xenon at a 
pressure of 20 microns. Two discharge tubes were 
used. The data of the upper curve were taken 
with a tube 22 cm in diameter and with a 10-cm 
electrode separation. The data of the lower curve 
were taken using a tube 41 mm in diameter and 
with 5-cm electrode separation. The dotted line 
shows the calculated values of V, for the larger 
tube. Here also it was assumed that the potential 
drop in the tube wall was 120 v. Since measure- 
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ments were taken for only one electrode separa. 
tion for the smaller tube it was not possible tp 
calculate the potential drop in the tube wall. 
Therefore, the calculated value of E was assumed 
for a frequency of 30 X 10° c.p.s. and the potential 
drop in the tube wall was calculated upon this 
assumption. This gave 150 v for the potential 
drop in the tube wall for this frequency. This 
value was used in calculating the values of y 
shown by the dotted curve for the smaller tube. 
The data of Fig. 5 are not in as good agreement 


- with the calculated values as is the case for 


argon. In xenon, at this pressure, the minimum 
value of E should fall at a frequency of about 
22X10° c.p.s. and should be about 10 v cm-, 
However, the discrepancy may be due, in part, 
to the fact that two tubes of different diameters 
were used in taking the data. Under such con- 
ditions the non-uniformity of the fields in the 
gas, due to the external electrodes, will be dif- 
ferent for the two cases. 

The few data taken with the Navy TDE 
oscillator were used as a check on the data taken 
with the Hartley type oscillators since these 
oscillators would be expected to have a consider- 
able harmonic component. Such harmonics would 
be particularly troublesome in taking values of 
V, which lie along the steeply rising part of the 
V,—f curve. However, the values of V, measured 
with the essentially harmonic free oscillator do 
not differ greatly from those taken with the 
Hartley oscillators. 


4. DISCUSSION 


It was mentioned above that it is possible, on 
the basis of the proposed theory, to calculate the 
minimum value of V, for the V,—p curves as 
measured by Thomson and others and also the 
gas pressure at which the minimum occurs. This 
can be done for any gas, gap width, and fre- 
quency of the applied field. 


TABLE I. 








Frequency (Ve)min Pressure 
(10® c.p.s.) Calculated Thomson Calculated Thomson 


99.0 112.2 volts 138 volts 177 microns = microns 





77.1 87.4 104 135 

65.4 78.8 99 117 300 
49.5 56.1 100 70 340 
15.6 23.0 112 64 400 
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This calculation has been made for hydrogen 
and several frequencies of the applied field. 
Table I gives the calculated values of V,, mini- 
mum, for a gap width of 2.58 cm as was used by 
Thomson. Also the table shows the experi- 
mentally determined values of Thomson. The 
agreement is fairly good for the higher fre- 
quencies. Thomson also measured the minimum 
value of V, for a number of frequencies which 
were lower than any shown in Table I. For those 
cases the calculated values of V, are much lower 
than the measured values. This may mean that 
some mechanism, other than the one considered 
here, determines breakdown at the lower fre- 
quencies. 

The gas pressure at which V, is a minimum for 
the Thomson V,—? curves has been calculated 
for hydrogen and for the frequencies used by 
Thomson. These results, with Thomson’s mea- 
sured values, are shown in Table I. In making the 
calculations it was assumed that the molecular 
free path for hydrogen was 18.3 X10~-* cm at 760 
mm of mercury and 0°C. The agreement is poor 
for all frequencies used by Thomson. However, 
as shown by Fig. 3, the minima in the V,—p 
curves are broad and it would be difficult, ex- 
perimentally, to determine the pressure at the 
minimum. 

Brasefield? measured the conductivity of 
hydrogen for one frequency and after breakdown, 
as a function of the pressure. He found that for 
any one frequency there was a pressure for which 
the conductivity was a maximum. It has been 
remarked that the observed maxima, in the 
values of the conductivity, should occur for 
those pressures which give the minima in the 
V,—p curves for the same gas and frequency.* ‘ 
It is observed that, for values of the applied 
potential slightly greater than V,, discharges in 











TABLE II. 
Frequency Pressure 
(108 c.p.s.) Calculated Brasefield 
20 28.6 microns 20 microns 
15 21.0 
12 15.9 30 
10 14.0 35 
5 7.2 10 








*C. J. Brasefield, Phys. Rev. 35, 1073 (1930). 


*H. Steinhauser, Zeits. f. Physik 54, 788 (1929). 
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Fic. 5. Measured values of V,, for breakdown of Xe at 
204 pressure, plotted against the frequency. Electrode 
separations of 5 and 10 cm were used. The dotted curves 
indicate calculated values. 


argon, krypton, and xenon are brightest when 
the pressure is about that corresponding to the 
minimum breakdown potential for the frequency 
used. If it is assumed that the maximum con- 
ductivity and the minimum in the V,—? curves 
fall at the same gas pressure for any one fre- 
quency of the applied potential, the pressures 
for maximum conductivity in hydrogen at the 
frequencies used by Brasefield can be calculated 
by the method used above in calculating the 
pressures at minimum breakdown potentials. 
Table II shows the calculated values and Brase- 
field’s experimental results. Here the agreement 
is fair for the higher frequencies and is poor for 
frequencies below about 15 X 10° c.p.s. However, 
the agreement here is better than was the case 
for Thomson’s data. 

The value of the electron mean free path used 
in calculating E and f was that given by the 
kinetic theory. This can hardly be correct and 
the good agreement between the calculated and 
experimental values, as shown in Figs. 4 and 5, 
is most likely fortuitous. The kinetic theory yields 
a value for the mean free path which is inde- 
pendent of the electron energy. The Ramsauer 
type experiments indicate that the electron mean 
free path is a function of the electron energy.® 
In the case considered here the electron energy 
varies from zero to the ionizing energy. It is dif- 
ficult to estimate the mean free path for this 


5 Reference 1, p. 649. 
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condition. What is needed is some sort of an 
“effective” mean free path which would give the 
average path for an electron which starts from 
rest, is accelerated in a field which varies in a 
sinusoidal manner, and then undergoes an 
ionizing collision. The kinetic theory mean free 
path used in these calculations can be no more 
than an approximation to such an “effective” 
mean free path. 

It is implied, in the assumptions made in cal- 
culating E and f, that if an electron in the gas 
acquires the ionizing energy at the end of a mean 
free path the probability of its ionizing is a 
maximum. This is also questionable. Smith*® 
found that the efficiency of ionization, for elec- 
trons in argon, increased with increasing electron 
energies up to electron energies of several times 
the ionizing energy. Thus, for argon, the prob- 
ability of ionization increases quite rapidly with 
increasing electron energies for energies slightly 
above the ionizing energy of 15.69 v. This would 
also be expected in xenon. Thus it may be, for 
breakdown in high frequency fields, that the 
large increase in electron density which break- 
down demands comes when the electron acquires 
energy at the end of a mean free path somewhat 
above that given by the expression }mv?=eV;. 
This would mean that the calculated values of 
E and f, as given here, are too small. 

It is assumed, in comparing the calculated and 
experimental values of V,, that the electrical 


*P. T. Smith, Phys. Rev. 36, 1293 (1930). 
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field in the gas is uniform under the conditions 
of this experiment. That is, it is assumed that 
the field is given by dividing the applied potential 
by the distance between the electrodes. However 
with external electrodes, such as used here, the 
field cannot be uniform and a distortion of the 
field along the discharge tube axis must fp 
expected. Thus at some point along the axis the 
field should be greater than estimated. The 
breakdown of the gas would then be expected ty 
start at the point where the field is the greatest. 
Once breakdown starts at any point in the tube, 
space charge would be expected to cause the 
rapid propagation of the breakdown throughout 
the tube. 

This assumption of a uniform field makes the 
measured value of V, too small. It is likely, since 
no space charge would be expected before break. 
down, that the measured value of V, is correct 
to a first-order approximation. Thus it appears 
that the assumptions that the field is uniform 
and that breakdown occurs for electron energies 
given by mv? =eV, may be only approximations, 
and that the two approximations tend to offset 
each other and thus make the calculations appear 
better than they actually are. 

The author wishes to acknowledge that the 
discharge tubes used were filled by Mr. Charles 
Hendee, and that the Hartley type oscillators 
were designed and built by Mr. John Frank. 
Also many helpful discussions were held with Dr. 
Richard Nelson and Professor Walter S. Huxford 
during the course of the experiments. 
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Saturation Effect in Microwave Absorption of Ammonia* 





Ropert L. CARTER AND WILLIAM V. SMITH 
Department of Physics, Duke University, Durham, North Carolina 


(Received January 12, 1948) 


Attenuation and line width for the NH; 3,3 line are measured as a function of the intensity 
of radiation incident on the gas for several different pressures. The saturation effects are found 
to be proportional to the power and inversely proportional to the square of the line width, in 
agreement with theory. An estimate of the collision cross section given by saturation data is 
in agreement with that deduced from collision broadening data. 








I. INTRODUCTION 


HE use of vacuum tube oscillators as high 
intensity monochromatic sources for cer- 
tain types of spectra has initiated investigations 
of “saturation” phenomena in which absorption 
or induced emission varies with intensity of the 
incident radiation, since the latter can be made 
sufficiently intense to disturb the thermal equi- 
librium of the irradiated material. While the 
earliest experiments of this sort are in the field 
of nuclear induction in the solid state,’ recent 
experiments by Townes? have shown that similar 
effects exist in molecular absorption in the micro- 
wave region. The only molecule quantitatively 
studied so far is ammonia, and, more specifically, 
the 3,3 member of the inversion spectrum at 
23,870 megacycles, as this line, with an absorp- 
tion for plane waves of about 8X10~* cm~ is the 
strongest yet discovered in the microwave re- 
gion.** In spite of this high absorption, experi- 
mental results of different investigators are in 
marked disagreement as to the amount of broad- 
ening accompanying saturation.2** In our own 
investigations we find that an underestimation of 
certain systematic errors masked a broadening 
which we now find to be observable, but still 
somewhat less than quoted by Townes. Our 
present observations taken before the publication 
* The research described in this report was supported by 
Contract No. W-28-099-aci125 with the Army Air Forces, 
Watson Laboratories, Air Materiel Command. 
1F. Bloch, Phys. Rev. 70, 460 (1946); F. Bloch, W. W. 
Hansen, and M. Packard, Phys. Rev. 70, 474 (1946); 
Purcell, Torrey, and Pound, Phys. Rev. 69, 37 (1946). 
*H. Townes, Phys. Rev. 70, 665 (1946). 
*B. Bleaney and R. P. Penrose, Proc. Roy. Soc. 189, 
358 (1947). 
‘W. Gordy and M. Kessler, Phys. Rev. 71, 640 (1947). 
(19 7 V. Smith and R. L. Carter, Phys. Rev. 72, 638 


*T. A. Pond and W. F. Cannon, Phys. Rev. 72, 1121 
(1947). 
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of Pond and Cannon’s letter* agree with their data, 
and extend the data to higher pressures. A quanti- 
tative agreement with theory is now found.** 


Il. THEORY 


Of the several possible mechanisms proposed 
by Townes, which might lead to saturation, the 
only one now believed to be operative is the 
disturbance of the distribution of molecules be- 
tween the ground and excited states.’ This arises 
when the rate of absorption of energy per mole- 
cule in the ground state becomes comparable 
with the collision rate between molecules. The 
resulting modification of Van Vleck and Weiss- 
kopf’s relation® for the absorption of pressure 
broadened lines under conditions where the line 
width is small compared to the frequency can be 
shown to be 


Yo 














)= 1 
v(v <r ap (1) 
( ) +14 
Avo (Avo)? 
with the line width at half-power 
AP \3 

2ay= 2dr 1+ ) ; (2) 

(Avo)? 


where 


Yo=peak unsaturated attenuation =attenua- 
tion at resonant frequency, vo, for low 
input power 


82? v?no 
~ 3ckT Avy 


** Subsequent to submission of this manuscript a very 
thorough paper on saturation in ammonia by Bleaney and 
Penrose, Proc. Phys. Soc. 60, 83 (1948), has appeared. 
Their results are in substantial agreement with ours. 

7 J. Schwinger and R. Karplus, private communication. 

sJ.H. Van Vleck and V. F. Weisskopf, Rev. Mod. Phys. 
17, 227 (1945). 
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Fic. 1. Block diagram of apparatus. 


2Avo=half-power line width at low input power, 
mo=number of molecules in the 3,3 ground 
state for thermal equilibrium, 
P=input power in ergs/cm? sec., 


K? 


Fic. 2. Ammonia 3,3 line with input to crystal 0.15 x 10-* 


watt 2Av, 2300 kc. (a) Input to cell=1.5X10-* watt; 
(b) input to cell = 150 X10~* watt. 


u=dipole moment = 1.45 X10-"8 e.s.u., 


8x | u15|? 
A= = 1.02 107,*** 
3ch? 


h, c, k, T=Planck’s constant, velocity of light, 
Boltzmann constant, and absolute 
temperature, respectively. 


Expressions (1) and (2) assume a non-degen- 
erate line with pressure broadening and satura- 
tion the sole causes for line width. Constant 
power along the guide and over the cross section 
is also assumed. The first condition is approxi- 
mately attained experimentally, but not the 
second. 

Averaging over the guide cross section and re- 
placing the unsaturated absorption at » by 
(Agvo/A) replaces Eqs. (1) and (2) by 


(y(») Yaw 


Yo 2a 4) dg 
=" {1-1 /(1+ ) Is « 
a / ((vy—v0)/Avo)?+1 r . 


and 








2a?—a—1+(1+2a)i(1 =) 
1+3a—(1+2a)! 


’ 


where a=[A P/(Avo)?](Ag/A) and P is the aver- 
age power density over the guide cross sections. 

Despite the complicated forms of Egs. (3) 
and (4), they differ only to a minor extent from 
the unaveraged expressions, as is evident from 


(2Av) my = 2an( 


*** This value neglects averaging over the Zeeman com- 
ponents of the line. Proper averaging yields more com- 
plicated expressions than those used here,’ and, to a first 
approximation, gives a value of A =1,75X 10". 
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AMMONIA 


(b) 


Fic. 3. Ammonia 3,3 line with gain adjusted for approximately constant height; 
2Avo2300 kc. (a) Input to cell=1.5X10-* watt; (b) input to cell=150X10~* watt. 


Figs. 4 and 5. If the average power density is 
used in Eqs. (1) and (2), the ratio of (1) to (3) 
is unity at both low and high powers, while the 
ratio of (2) to (4) is unity at low powers and 
(3)! at high powers. This small variation is 
reasonable, since in the average the low power 
regions of the guide cross section contribute 


little to the power absorbed per unit length. It 
should be noted that variation in power over 
the guide length is a more serious factor, as it is 
the relative power absorbed per unit length that 
counts in the total observed attenuation. Indeed, 
this power variation along the guide length 
probably accounts for one of the failures to 
observe saturation.‘ The cell length of 2 meters 
used in the present work is short enough to 
avoid this difficulty, as its attenuation in the 
absence of ammonia is only 1 decibel. 


» Ill. EXPERIMENTAL METHOD 


The apparatus used is shown schematically in 
Fig. 1. The signal oscillator was a Western 
Electric 2K50 reflex klystron. A saw-tooth volt- 
age derived from a DuMont oscilloscope was 
applied to the reflector of the tube. The voltage 
used was sufficient to sweep the tube about 10 
megacycles, over which range the variation in 
output power was very small, as the 2K50 
reflector modes are about 100 megacycles wide. 
Attenuator A was adjusted to maintain a con- 
stant reading on crystal C, which was calibrated 
against a thermistor. The small reflections set 


up by the mica windows of the cell were balanced 
out by variable reactances. The quality of match 
was checked both by minimizing reflections ob- 
served at directional coupler D, and by obtaining 
a smooth mode presentation on the scope which 
was connected to a crystal G through a pre- 
amplifier. The crystal also was tuned to eliminate 
reflections. In general, calibrated attenuators E 
and F were varied together to vary power input 
to the cell while maintaining the input to crystal 
G at a constant level in the region where the 
crystal response was proportional to power, thus 
eliminating any possibility that variation in line 
shape might result from crystal saturation. An 
additional result of the use of constant crystal 
input was a constant noise level and constant 
(small) curvature of the base line. 

The preamplifier and oscilloscope have a flat 
response from 10 to 100,000 cycles. As a sweep 
frequency of 120 cycles was used, in general, no 
distortion was present in reproducing absorption 
lines covering from 1 percent to 10 percent of 
the sweep length. Variation in sweep speed 
checked the flatness of the response. 

We have made no direct pressure measure- 
ments, preferring to present our data as a func- 
tion of the unsaturated line width 2Av, which 
was accurately measured by photographing both 
the main line and the fine structure, the latter 
establishing the frequency scale.* 

Both the 2K50 and the preamplifier were 
battery operated to minimize hum and fluctua- 
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tions. The cell length of 2 meters gave an 
attenuation in the absence of ammonia of only 
one decibel, so that the power could be con- 
sidered sensibly constant over the cell length. 
The cell cross section was 10.7 X4.3 mm. 

The data were obtained as 35-mm_ photo- 
graphs of a five-inch oscilloscope screen; they 
were examined in enlarged projection. Typical 
pictures are shown in Figs. 2 and 3. The crystal 
input power was the same for Figs. 2a and 2b, 
while the power through the cell was 100 times 
as large for 2b as 2a. The factor of difference in 
peak attenuation is clearly seen, while the factor 
of differences in line width can only be measured 
by enlargement from the original film. In Figs. 
3a and 3b, attenuator F is maintained constant 
while the oscilloscope gain is varied to maintain 
constant line height. There is the same factor 
of 100 in input power to the cell, and here the 
change in line width is evident although changes 
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in curvature in the background make the Meas. 
urements uncertain by about 20 percent. 


IV. EXPERIMENTAL RESULTS AND com. 
PARISON WITH THEORY 


Figure 4 shows a plot of y(vo) versus input 
power P to the cell for three different pressures 
The vertical scale is arbitrary, the different 
curves being displaced relative to one another to 
facilitate comparison. Each curve approaches q 
constant asymptote at low input powers. (The 
asymptotes for the different curves differ by a 
few percent from the theoretically constant 
value.) For curve C, the highest pressure at 
which the fine structure could be clearly resolved, 
the asymptote is taken as 7.7 KX 10-* cm—, less by 
10 percent than the value of 8.610~ em 
which we measured independently at higher 
pressures with an 8-meter cell. The departure of 
absorbed power from linearity with y, while 


THEORETICAL CURVES 


Fic. 4. Peak attenuation of 
NH; 3,3 line as function of 
power. Experimental curves 
(A, B, and C) taken at suc- 
cessively higher pressures. 
Theoretical curves were fitted 
to C at y/vyo=0.5 and dis- 
placed vertically. Curves D 
and E were obtained from 
unaveraged theory (Eq. (1)) 
and averaged theory (Eq. 
(3)), respectively. 
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-10.0 





Fic. 5. Line width of the 





N#H; 3,3 line as a function 
of power. Experimental 
curves A, B, and C corre- 
spond to curves A, B, and,C 
of Fig. 4. Theoretical curves 
were fitted to Cat y/yo=0.5. 
Curves Dand E were obtained 
from unaveraged theory (Eq. 
(2)) and averaged theory (Eq. 
(4)), respectively. 
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EXPERIMENTAL CURVES 


re 





small for these values of y, has been corrected 
for in the data. Also plotted on the graph are 
theoretical curves D and E, fitted to curve C at 
the observed half-power point, and displaced 
vertically to facilitate comparison. 

It is clear that a combination of vertical and 
horizontal displacements of the curves A and B 
will superpose both on C within the 20 percent 
error estimated in our observations. To this 
accuracy, the data can also be fitted to either 
theoretical curve, although the averaged curve 
E will be taken as correct. 

Since the theoretical curves are functions of 
the ratio [P/(Avo)? ], it is clear that the horizontal 
displacements of 4db and 6db (2.5 and 4 in 
power ratios) necessary to superpose A and B on 
C should correspond to ratios of line width of 1.6 
and 2, respectively. Examining Fig. 5, in which 


POWER (MIL LIWAT TS) ————_——_> 


a similar comparison of experiment with theory 
is made for the line widths, the respective ratios 
are found to be 1.6 and 2.2. Since the line widths 
are estimated to be accurate to only 20 percent, 
the agreement with theory is more than satis- 
factory. That the observed scatter in the data at 
the low input power end of the graph is more 
than this 20 percent estimate is due to the fact 
that the data were taken with the system sealed 
off from the pumps, and ammonia absorbed on 
the walls was released during the run, which was 
taken from low to high powers and back to low 
in interlocking steps; an average of the data 
thus represents a run at constant pressure. 
Finally, the constant A was calculated from 
the data of Fig. 4 and the corresponding half- 
power line width at low powers obtained from 
Fig. 5. The value of A is very sensitive to Avo, 
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and the 20 percent uncertainty in Avo rendered 
the value of A thus obtained too inaccurate for 
satisfactory check. Additional data were taken 
in which the pressure variation during a run was 
reduced to a negligible amount, and values of 


J. B. JOHNSON 


Avo showing variations of less than 10 

were obtained. From these data a value of 
A =(1.6+0.3) X10" cm?/erg sec. was calculated, 
agreeing with the theoretical value when Zeeman 
averaging is included. 
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Secondary Electron Emission from Targets of Barium-Strontium Oxide 
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(Received December 22, 1947) 


The secondary electron yield of (BaSr)O has been studied, as induced by microsecond 
pulses of primary electrons with energy up to 2000 ev. The & vs. V, curves have the usual 
form, with maximum 6 near 1200 ev. At room temperature, and before surface charges build 
up, the dmax is of the order 12, but it may be reduced to 6 by less than 0.1 atomic layer of Ba 
evaporated from a nearby thermionic cathode. With increasing temperature 4 decreases to an 
apparent minimum at ~600°C. With the onset of d.c. thermionic emission the total yield 
increases during each pulse, in rough proportion to the thermionic current. The increase is 
thought to represent a transient change in thermionic activity caused by the bombardment. 
No change with temperature is observed for the energy distribution of the true secondaries. 
The possibility of field-enhanced secondary emission at low temperatures is considered. 


I. INTRODUCTION 


N earlier short notes and abstracts some 

results of pulsed measurements on the 
secondary emission properties of thermionic 
oxide cathodes were described.' Briefly, the 
results were these: The yield 6 of secondary 
electrons from oxide cathodes is relatively high, 
from 4 to 10 at the optimum voltage, depending 
on various conditions. Near room temperature 
the 6 tends to be high, decreasing slowly with 
temperature up to 600°C. In the temperature 
region where thermionic emission is appreciable, 
an increase in the thermionic emission occurs 
during and shortly after the bombardment with 
primary electrons and this emission is superim- 
posed on the secondary current. 

These measurements have now been amplified 
and extended and will be described more fully 
in this paper. The earlier conclusions are sup- 
ported in all essentials, particularly as regards 
the presence of the bombardment-enhanced ther- 
mionic emission. The principal results of the 


1J. B. Johnson, Phys. Rev. 66, 352 (1944); Phys. Rev. 
69, 693 (1946); Phys. Rev. 69, 702 (1946). 


measurements on secondary emission are given 
in Section 4.0 of the paper, which deals with the 
influence of the various parameters such as 
primary energy, temperature, current density, 
and other factors on the secondary emission ratio 
of the oxide target. The test circuit and the 
general characteristics of the experimental tubes 
are dealt with in Section 2.0. In Section 3.0 are 
described the specific characteristics of a par- 
ticular tube and target from which the typical 
results in Section 4.0 were derived, involving the 
determination of temperature, thermionic ac- 
tivity, and the possible limitations imposed on 
the measurements by space charge in the tube. 
Matters which do not bear directly on the main 
results of Section 4.0 but which are still of con- 
siderable interest are dealt with in the last four 
sections. These include the effects of barium 
poisoning, the primary energy at which 6=1, the 
energy of the secondary electrons, and the pos 
sible effects of high internal field in the target. 

Two other reports on the secondary yield of 
oxide cathodes have appeared in recent yeafs. 
The first, by Morgulis and Nagorsky,? presents 
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evidence obtained by a d.c. method that the 
secondary yield from the oxide cathode increases 
exponentially with temperature from its room 
temperature value to the point where the second- 
ary emission is eventually swamped by the ther- 
mionic emission. Later work by Pomerantz,* 
using in part a technique of microsecond pulsing 
very similar to that of the present work, supports 
the conclusions of Morgulis and Nagorsky. 
Extrapolation to higher temperatures indicated 
that a very high secondary yield should be 
reached. In the work to be reported on here the 
results and interpretations differ in several 
respects from those of the other authors, and are 
therefore presented in considerable detail. 


Il. APPARATUS 
2.1 Tube Structure 


In order to have a set of consistent data, nearly 
all of the experiments reported here have been 
made on a single tube, MN-74. All of the phe- 
nomena have been observed on other tubes, so 
that they are not peculiar to this one specimen 
of tube or target, but in the present tube the 
target is even closer to the collector electrode 
than in previous tubes, in order to reduce the 
effect of space charge. Figure 1 shows a scale 
drawing of part of the tube, with electron gun, 
the two perforated copper disks serving as anode 
and collector, and the oxide-coated nickel cup 
serving as the target. The gun has a cathode with 
a standard oxide coating on grade A nickel, 
indirect heater, and a cap serving as grid for 
turning the electron beam on and off. The gun 
was designed by Dr. A. L. Samuel for another 
purpose, on the basis that the electron beam 
would have a cross-over near the gap between 
the copper disks independent of voltage between 
cathode and anode over a wide range. The target 
is a cup of grade A nickel }-inch in diameter. It 
is coated on the flat face with the standard 
“double carbonate’’‘ coating of (BaSr)CO; about 
0.001 in. thick. In pumping, the tube was baked 
at about 500°C, the electrodes were well out- 


* N. Morgulis and A. Nagorsky, J. Tech. Phys. U.S.S.R. 
5, 848 (1938). pied 4 

*M. A. Pomerantz, J. Frank. Inst. 241, 414 (1946) ; 
. 242, 41 (1946); Phys. Rev. 70, 33 (1946). 


*45 nt Ba 


> CO:, 55 percent SrCO;, by weight, 
suspended in amyl.acetate with a nitrocellulose bi 
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Fic. 1. Tube structure. 
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gassed with high frequency, the cathodes ac- 
tivated, the KIC getter fired, and the tube 


sealed off. 
2.2 The Circuit 


The testing circuit for pulsed operation is 
shown schematically in Fig. 2. The gun cathode 
is run at a potential V, negative to ground in the 
range 0-2000 volts. Normally the gun is biased 
beyond cut-off, but is turned on by pulses of 
positive voltage from the pulser P, smoothly ad- 
justable in voltage, and variable in duration from 
about 0.2 to 30 microseconds with a repetition 
rate to 500 to 4000 pulses per second. The col- 
lector is at the potential V,, the gun anode is at 
+22 volts with respect to the collector to keep 
secondaries from the anode out of the collector 
space. For measuring the primary electron cur- 
rent, 7,, the target is made 22 volts more positive 
than the collector as shown in the diagram. The 
primary electrons then strike the target with 
energy which exceeds V, by V.+22 volts. This 
increase in energy does not alter the primary 
current appreciably and therefore makes no 
essential difference in the measurements. The 
effect of high energy secondaries which escape 
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Fic. 2. Secondary emission circuit. 
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Fic. 3. Amplifier characteristic. 
the target against the retarding potential of 


primary current, will be discussed later. When 
with the key in the position 7, the target is con- 


measures the excess secondary current 1,—1p, 
while the average d.c. current including any ther- 
mionic current 7 is measured by the d.c. 
meter. The electrons then strike the target with 
energy V,, and the collector is positive by the 
amount V, to draw the secondary electrons from 
the target. The target connection includes the 
load resistance r of 240 ohms, and a meter so 
that direct current in the target circuit can be 
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Fic. 4. Richardson plots of target: A—early, average, 
V.=39; B—late, V.=6; C—late, pulsed, V. = 36. 
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22 volts, and so affect the measurement of the: 


nected effectively to ground, the a.c. circuit: 








measured. By-pass condensers are Provided 
wherever needed in the circuit, but are Not indi. 
vidually shown in the drawing. 

The pulsed component of the target current j 
amplified and displayed on the oscilloscope. The 
amplifier has a flat characteristic that is down 3 
db at a few hundred cycles and at 10 megacycles, 
about as shown in Fig. 3. It terminates in a 
balanced 829B tube that is resistance-capagj 
coupled to the plates of the 5LP1 cathode-tay 
tube. Its gain is such that 21ya in the 
circuit gives 1.0-in. deflection on the scope at the 
highest gain. The gain is variable in six steps of 
2.0:1.0. 

The linear sweep circuit is coupled to the 
horizontal plates of the CR tube. The pulser, 


sweep, and intensity control are triggered by g 


synchronizer having adjustable repetition rate 
and phase. 


III. CHARACTERISTICS OF TUBE MN-74 
3.1 Temperature Calibration 


For calibrating the temperature of the target 
a second tube was used containing only a target 
with as nearly as possible the same structure as 
that in MN-74. This target had welded to the 
center of its face a thermocouple of 0.003-in, 
Pt-PtRh wires for measurements in the low tem- 
perature range. The couple was calibrated against 
a mercury thermometer with the whole tube in 
an oven. For the high temperature range, the 
temperature of the target was measured by an 
accurate optical pyrometer, correcting for spec- 
tral emissivity of the target (taken as 0.40) and 
for the measured transmission of the slightly 
darkened glass wall (0.56). The heater power was 
the variable parameter in these calibrations, and 
the same calibrations were then assumed to hold 
for the target of MN-74 on the basis of equal 
heater power. The heater of this target was then 
calibrated in terms of a high resistance ac. 
voltmeter which served as the indicating instr 
ment during the tests. The temperature is prob 
ably not in error by as much as 20° in any part 
of the curve. 


3.2 Thermionic Activity 


The variation of thermionic emission of the 
target with temperature is shown by the Richart. 
son plots of Fig. 4. The thermionic curreit 
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emitted from the 0.317 cm? of target area is 
plotted on a log scale, against 1000/T°K on a 
linear scale. Three experimental curves are 
shown: (A) an extensive set of readings made 
early in the life of the tube, with V,=39 volts; 
(B) a set made toward the end of the present 
tests, with V, at 6 volts; and (C) a set made at 
the same period as B but with the initial current 
read on the ’scope as V, of 36 volts was applied 
by the tap of a key. In B, as contrasted with C, 
the effect of decaying emission with time after 
applying V. is clearly shown, especially at the 
higher temperatures. When 6-measurements are 
made the V, has always been on for several 
seconds so that the lower lying curves should 
then more nearly apply. The thermionic currents 
were not extrapolated to the values for zero field 
by means of the log 7 vs. E* plot as is sometimes 
done. The curves show that there was a change 
of thermionic constants toward lower activity 
during the course of the tests. 


3.3 Space Charge Conditions 


In Fig. 5A are shown curves for electron emis- 
sion from the target as a function of collector 
voltage V.. The currents are plotted on a 3- 
power scale. The steep parts of the curves define 
regions where the current is limited by space 
charge. A logi vs. E} plot of the more nearly 
horizontal parts of the curves yields nearly 
straight lines, showing that here space charge 
limitation is not significant. The curves marked 
Th correspond to d.c. thermionic emission at the 
temperatures 600°, 700°, and 790°C. In the 
subsequent tests the thermionic emission was 
never larger than the highest of these, and the 
collector potential was usually 63 volts. The 
curve marked Sec. was made with pulsed second- 
ary emission current at the temperature 380°C 
where the thermionic current was negligible and 
the secondary pulse was flat-topped. This current 
of 0.5 ma is larger than ever used in the 6-tests. 
With the aid of these curves it was arranged that 
space charge was never a serious limitation upon 
either thermionic or secondary measurements. 


IV. SECONDARY EMISSION MEASUREMENTS 
4.1 Procedure 


The measurements of secondary yields will be 
described with the aid of Fig. 8, which is a series 
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Fic. 5. Current-voltage curves, and effect of surface 
charge. Currents on §-power scale. A—thermionic current 
at 600°, 700°, 790°C. ondary current at 380°C. Space 
charge limitation at lower values of collector potential ¥,. 
B and C, discussed in text. 


of photographs* of the patterns on the ‘scope, 
made at various target temperatures. The pattern 
for 400°C may be selected. The lower trace 
represents a pulse of primary current set to read 
0.40 in. on the screen, which corresponds to 
8.5-ua beam current. The collector is 22-volts 
negative. Time passes from left to right and the 
pulse is 4.0usec. long. The upper trace, with the 
axis shifted upward slightly to prevent overlap 
in the photograph, is the corresponding second- 
ary current, the collector being here 63-volts 
positive. The gain of the amplifier is reduced by 
a factor 4.0 for this trace in order to keep the 
two traces at nearly the same size. The pulse 
rate was 1000 per second, with each photograph 
exposed here 3 seconds. 

Normally the readings were made directly on 
the ’scope by means of an accurate reticle in 
front of the screen, rather than from photographs 
The primary pulse was set usually to give the 
primary deflection D, =0.40 in. by adjusting the 
pulser output, at some selected amplifier gain. 
The gain was then decreased by a factor 4.0 
and the height of the secondary pulse D, was 


* In the original negatives of these oscillograms the steep 
side-traces are clearly visible but are too faint to reproduce 
in the printing. These parts have therefore been intensi- 
fied without any of their features being altered. 
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Fic. 6. Charging of target surface. V,=1250; V.=63; 
T=30°C; 


tp = 34 wa; a, ¢=10 ysec.; b, t=2 usec. 


observed, giving the yield almost directly: 


4D,+D, 4D, 4D, 


D, D, 


In the figure just considered 6 is thus 8.2. The 
remaining photographs of Fig. 8 were made with 
the target at different temperatures but other- 
wise under constant conditions. 

The 6 so measured is subject to the limitations 
that not all the secondaries are stopped by the 
retarding potential of 22 volts, and that the 
secondary current does not saturate sharply but 
varies somewhat with collector voltage as is 
shown later in Figs. 21-22. These conditions 
form part of the definition of the present 6. 


4.2 & at Low Temperatures, and the 
Charging Effect 


At room temperature,:Fig. 8, the secondary 
pulse is seen to reach a maximum value quickly 
and then to decrease with time. This is shown 
more clearly in Fig. 6, where the curves were 
made with larger beam current and with two 
different pulse lengths. In Fig. 6a the pulse length 
is 10 usec. and a slow sweep is used, while in 6b 
details of the early part of the pulse are shown 
using a faster sweep and a 2 usec. pulse under 
otherwise identical conditions. This shape of the 
secondary pulse arises from the fact that the 
coating is at this temperature a fair insulator and 
its surface charges positive under the bombard- 
ment when 64 is greater than one. 

The effect is illustrated by the curves of Fig. 5. 
In Fig. 5B the oxide coating is drawn as having 
resistance R and capacity C per unit area, be- 
tween the outer surface and the base, with the 
potential V, between base and collector. Initially 
the surface is at the same potential as the base 
and conditions are as indicated at a@ in Fig. 5A 
and 5C. As now an excess of electrons flows from 
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the surface to the collector the capacity 
charged, reducing the effective collector vol 
until it can no longer support the full 
current. The surface potential is then within 
few volts of the collector potential and th 
current breaks as at 6 in Fig. 5A and 5¢. The 
current finally decreases to an equilibrium 
where it is limited chiefly by the iR drop in the 
coating as at d in the figures. The time from the 
beginning of the pulse to the point where the 
decrease begins, about 0.8 usec. in Fig. 6b, is 
nearly proportional to V,, and varies in not Quite 
the inverse proportion with the beam current. 

In this temperature range, then, the Measure 
of 6 is taken from the peak height of the secon. 
dary pulse. The curves of Fig. 8 show that the 
charging effect disappears rapidly as the tem. 
perature, and with it the conductivity, of th 
target increases. At the same time the peak 
height of the pulse decreases so that 5 becomes 
less with increasing temperature. 

The charging effect and the high values of ; 
at low temperatures could not have been ob. 
served in the d.c. method of Morgulis and 
Nagorsky, and were not found by Pomerantz, 
Possibly in the latter case the resistance of the 
coating was for some reason never as high as 
here, or the bombarded area was larger. It is not 
known whether the accumulation of charge and 
the high 6 are related, but it seems quite possible 
either on the basis that secondary electron escape 
more readily from an insulator than from a 
better conductor‘ or that in the insulator internal 
fields are set up which direct the secondaries 
toward the outside.® Of the reality of the charging 
effect there is no question. 


4.3 The Bombarded Area 


The size of the target area bombarded by the 
beam of primary electrons needs to be known for 
some of the results which are to be cited. It 
cannot be seen directly by the fluorescence of 
the coating, but the charging effect gives a 


5H. Bruining and H. J. deBoer, Physica 6, 823 (1939); 
G. Maurer, Zeits. f. Physik 118, 122 (1941); H. Bethe, 
Phys. Rev. 59, 940 (1941). 

*H. Hintenberger, Zeits. f. Physik 114, 98 (1939); H. 
Bruining and H. J. deBoer, Physica 6, 823 (1939); P. V. 
Timofeef and R. M. Aranovich, J. Tech. Phys. U.SSR 
10, 32 (1940); D. V. Zernov, Bull. Acad. Sc. U.S.S.R.§ 
352 (1944), 
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method of estimating this area. At the point of 
break, as at in Fig. 5A and SC, the total charge 
on the bombarded area a, is 


q= (is—ty)to= Cos(Va— Vo), 


where (i,—tp) is the excess of secondary over 
primary current, ¢ the time at break, V, the 
initial value of collector voltage, and V, the 
effective collector potential at break, usually 
estimated at a few volts, and C is the capacitance 
per cm? of the coating. (The resistance R plays 


only a minor role up to this stage of the process.) . 


For determining C, the target from another 
tube, similarly activated, was removed and the. 
capacity between the base and a plate pressed 
lightly against the oxide was measured, with 
suitable precautions. It was 51 uyuf, the capaci- 
tance C of the coating’ being then 160 yuf per 
cm*. The extent of the bombarded area ao, 
was computed from a series of measurements 
with varied 7, and V,, for a fixed V, of 1250. The 
results are shown in Fig. 7, where o, is given as 
a function of i,. The curve covers the whole 
range of beam currents used, and g, is always 
small compared to the total area of the target. 
The area ought not to vary in any major way 
with V,. 

Another method of estimating the area is 
furnished by the current-voltage curves of Fig. 
5A, where saturation of the curve of secondary 
current may be compared with that for the 
nearly equal thermionic current at 600°C. The 
secondary current requires higher V, for satura- 
tion than thermionic current of the same mag- 
nitude. This is because only a small part of the 
target area is bombarded by the primary elec- 
trons whereas the thermionic current comes from 
the whole area. A comparison of the secondary 
curve and the lowest thermionic curve gives a 
rough estimate of the area on which the primary 
beam impinges. Neglecting initial velocities and 
assuming the 3-power law to hold, we have 


Cs is Vi i 

—=—(—}), 
oe tt ] $ 

where ¢ refers to thermionic and s to secondary 


’ The measured thickness of the coating was 0.0008 in., 
density 1.27, dielectric constant 3.5 at the frequency of 


one megacycle, 
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Fic. 7. Variation of spot area with beam current. V, = 1250. 
Total target area, 31.7 mm*. 
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currents and the V’s refer to saturation voltages. 
The total area is ¢,=0.317 cm*. Values may be 
taken from the curves as follows: V;=2.5, V,=15 
volts; 7;,=0.30 ma, 1,=0.45 ma. This gives for 
the bombarded area o,=0.032 cm*, when the 
primary beam current was 68 ya at 1250 volts. 
The large point in Fig. 7 represents this value, 
and it is not much out of line with the other 
points of the figure. 


4.4 5 at Higher Temperatures, and the Bom- 
bardment-Enhanced Thermionic Emission 


Returning to Fig. 8, we see that above 650°C 
the shape of the secondary pulse departs in a 
different way from that of the primary one. The 
charging effect has ceased, D, rises during the 
pulse, and a tail remains at the end of the pulse. 
At the same time, thermionic current is emitted 
by the target and is measured separately by the 
d.c. meter but it does not directly appear in the 
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Fic. 8. Variation of yield with temperature. Lower 
trace, primary current; upper trace, secondary current on 
}-scale. Base lines separated by vertical shift on ‘scope. 
Pulse time ¢=4ysec., from left to right. i,=8.5 ua; 
V, = 1250. 




















* (et Sa Say 


SE RV 


a b 


Fic. 9. Enhanced thermionic emission curves. Vp = 1250; 
T =800°C; ip=17 wa; ¢=4 usec. Curves 5 are the same as 
a, but shifted to left to show more of tail. 


D,. In Fig. 9 the tail of a pulse is followed for a 
longer time. 

The current that produces the tail flows after 
the primary pulse is over and cannot be secon- 
dary current.’ It must be a temporary increase 
in the thermionic current, and presumably the 
increase in current during the pulse must be of 
the same origin. The emission is not caused by 
local heating at the surface of the target, for 
calculations show conclusively that heating by 
the bombardment must be quite negligible. 
Some part of the secondary emission process, 
rather, must change temporarily the thermionic 
constants of the target. An increase in the 
number of conduction electrons under the bom- 
barded surface could raise the thermionic emis- 
sion, though the validity of this mechanism 
could not be urged without careful study. 

At low temperatures the 4 is seen, as in Fig. 8, 
to decrease with increasing temperature. In the 
higher temperature range it becomes difficult to 
select by inspection the boundary between 
secondary emission and the added thermionic 
emission and to say how much each contributes 
to the final pulse height. Attempts were made to 
find the boundary by making semilog plots of 
the top or tail of pulses on the basis that they 
might be exponential with a definite intercept 
at zero time. 

Such plots are shown in Fig. 10 for the top 
and tail of the pulse in Fig. 9 as measured on 
the photographic film. If the pulse top can be 
represented by the time function 


D,=Dot+ Dili —e~%) 


8 The interval between the arrival of a primary electron 
and the emission of the secondaries has been estimated as 
follows: (4X10-" sec.), F. Kirchner, Ann. d. Physik 78, 
277 (1925). Less than 2X10~-*® sec., L. Malter, Proc. 
I.R.E. 29, 578 (1941); for at least some electrons less than 
5X10" sec., M. H. Greenblatt and R. H. Miller, Jr., 
Phys. Rev. 72, 160 (1947). 
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or 
Dot+D:—D,=Dye-*'=y, 


then y should have an intercept Dy when the 
curve is extrapolated to =0. Curve A of Fig. 19 
is such a plot for the head of the pulse. At 
times the curve represents an exponential with 
a time constant of about 0.67 usec. and = 
intercept at 0.35 in. below the top at 1.13 in, as 
measured on the ‘scope. This suggests that the 
true secondary emission is given by 


59 = 10(1.13 0.35) +1=8.8. 


On the other hand, the point at 0.1 psec, jg 
definitely out of line and points to a higher inter. 
cept and lower do. This is at the limit of resoly. 
tion of the system so that one cannot say with 
certainty where the intercept actually is, 4 
similar graph for the tail of the pulse is given by 
B of Fig. 10. Here the curve may represent two 
exponentials, one certainly with a longer time 
constant. The intercept may again be at 0.35 in,, 
but the 0.1-ysec. point suggests a higher one, 4 
number of such curves plotted for different con. 
ditions have failed to make a clear separation and 
thus to show how the true 6 varies with tem. 
perature in the region of the enhanced ther. 
mionic emission. It may be that the curves are 
not truly exponential, or that higher time 
resolution is needed. 

For the purpose of the next figure, in view of 
this difficulty, the highest yield during a puls 
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Fic. 10. Time constants and intercepts of head (A) and 
tail (B) of enhanced emission. Plotted from photograph 
V>=1250; T=800°C. 
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Fic. 11. Variation of yield 6 with temperature. Inserts 
show shape of secondary current pulse for the various 
regions, for defining 6. bmin = 8.0; V,=1250; 1p=8.5 wa. 
D.c. thermionic current shown as J¢,. 


will be called 6. In Fig. 11 are plotted the yields 
given by the series of photographs from which 
those of Fig. 8 were selected, against target 
temperature. Many such runs have been made. 
They differ slightly one from the other but the 
general features are the same. The yield de- 
finitely decreases with increasing temperature 
until appreciable d.c. thermionic emission sets in, 
and then it increases rapidly. The curve J, of 
Fig. 11 gives the thermionic current read at each 
time the corresponding photograph was made. 

For a measure of the enhanced emission one 
needs to know how much of the yield is of true 
secondary origin. Figure 11 suggests that the 
true 6 could continue to decrease with tem- 
perature, and the intercept extrapolations dis- 
cussed above point rather to a slow increase. One 
expedient is to assume that 6 remains constant 
at its minimum value, as suggested by the dashed 
line of Fig. 11, and to ineasure the increase from 
this value. A similar procedure was followed both 
by Morgulis and Nagorsky and by Pomerantz, 
with the minimum 6 at room temperature, and 
they concluded that the increase in 6 depends on 
temperature in the same way as does thermionic 
emission. 

Data of this kind are plotted in Fig. 12. The 
independent variable is the current density of 
d.c. thermionic emission from the whole of the 


SECONDARY ELECTRON EMISSION 


1065 






target, in ma/cm*. The ordinates are the values 
of enhanced current density determined as in 
Fig. 11 by the difference between dashed and 
solid curves, with the bombarded area obtained 
in each case from Fig. 7. The bombarding 
primary current density is given by the circled 
points. Four different runs are included. While 
the points scatter somewhat, they lie along a 
band with 45° slope on the logarithmic scales, 
indicating proportionality between enhanced 
and steady-state thermionic emission. Over most 
of the range the density of bombarding current 
is small compared to either the steady or the 
enhanced emission, and for these particular con- 
ditions of primary voltage and current density 
the enhanced emission has about one-third the 
density of the steady thermionic emission. 


4.5 Enhanced vs. Primary Current 


The variation of enhanced thermionic emission 
with bombarding current is illustrated in Fig. 13. 
The four photographs were made with suc- 
cessively doubled beam current, reducing at the 
same time the gain in steps of 2.0. The curves 
superimpose with almost perfect fit, indicating 
that the enhanced emission is proportional to the 
bombarding current. Inspection of Fig. 7 shows 
that changing the current by the factor 8 
changes the bombarded area by the factor 4 and 
therefore the current density by the factor 2. 


4.6 Enhanced Current vs. Primary Voltage 


The bombarding voltage is shown in Fig. 14 
to have little effect on the enhanced emission 
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Fic. 12. Relation between normal and enhanced thermi- 
onic emission. AJ, is determined as 5—dmin, as in Fig. 11. 
V,= 1250. 
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Fic. 13. Variation of enhanced emission with primary 
current. V,=1250; T=750°C; t=3 usec.; ip=a, 8.5 ya; 
b, 17 wa; c, 34 wa; d, 68 wa. 


over a considerable range, in agreement with the 
conclusion of Morgulis and Nagorsky. The 
photographs cover the range of V, from 2000 
volts down to 50 volts. Above 200 volts the tops 
of the secondary pulses are surprisingly alike, 
although the total heights of the pulses change 
considerably. This suggests strongly that in this 
region the true secondary yield increases rapidly 
with V, while the enhanced thermionic emission 
remains constant, and that the two yields are 
fundamentally different. Below 200 volts the 
tops of the pulses become somewhat flatter and 
at 50 volts the enhanced emission appears rather 
small. 

These findings are somewhat different from 
those of the earlier notes! where the enhanced 
emission seemed to vary somewhat less rapidly 
than the first power of the voltage and as the 
square root of the beam current. The charac- 
teristics of both the pulse and the amplifier were 
then such as to introduce an apparent, sharper 
but false boundary between secondary and ther- 
mionic yield. The present results with the 
improved system are thought to be in closer 
accord with the true facts. 


4.7 Comparison with Pomerantz 


The view taken here is that true secondary 
emission does not increase. with temperature, but 
that the increased current is caused by a tem- 
porary change in the thermionic constants of 
the oxide cathode. Pomerantz, on the other hand, 
finds the steeply rising yield with temperature 
without evidence of the delayed rise and fall of 
the pulse at high temperatures, and his increased 
yield is evident even at temperatures too low 
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for thermionic emission. In special 
observed the rising head and falling tail, but h 
supposed them to be the spurious result of Mag 
charge or other neglected factors. Assuming 

in both studies the space charge problem has been 
adequately considered, one must conclude that 
the targets of the two series of Measurements 
were somehow different although they were 
intended to represent about the same kind of 
thermionic cathode. If in the targets of Pome. 
rantz the large yield at high temperatures js 
caused by enhanced thermionic emission, they 
this enhancement must rise and fall in a time 
usually too short for the time resolution of hig 
system. If, on the other hand, in the presen: 
work there is a rise of true secondary emiggign 
in the higher temperature range, it is not large 
enough to be distinguished clearly from the 
undoubted enhanced thermionic emission. The 
solution to the difference is not now clear. 


4.8 35 vs. Beam Current 


It is well established that for metals the 
secondary current is proportional to the bom. 
barding current over a wide range. With seni. 
conductors and insulators the proportionality 
has sometimes been in question. With the targets 
studied here there has never been any serious 
departure from constancy of 6 with varied beam 
current. Figure 15 reproduces one such rua, 
where 6 was constant within experimental errors 
over a range of more than 100: 1 in beam current. 
The target was here at an intermediate tem- 
perature where the charging effect was small 
even at the larger currents. 


4.9 5 vs. Primary Voltage 


The maximum yield per primary electron 
comes at V, about 1200 volts. In Fig. 16 are 
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Fic. 14. Variation of enhanced emission with primary 
voltage. ip=17 wa; T=750°C; t=3 usec. 
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given curves A, B, and C of 6 vs. V, for three 
different temperatures, the one at 710°C being 
in the range where the thermionic contribution 
is considerable. The temperature variation is, in 
general, in accord with the data of Fig. 11. 

It would be of interest to follow the curves 
beyond 2000 volts where Pomerantz finds a 
rapid decrease of 6, but this has not yet been 
done for reasons of insulation. 


V. BARIUM POISONING 


It is well known that the secondary emission 
of insulating or composite layers decreases with 
time when they are exposed in line-of-sight to 
a hot oxide cathode. Jonker and Overbeck,’ for 
instance, discussed the effect in connection with 
targets of MgO. They assumed that deposition 
of metallic barium which evaporated from the 
oxide cathode’® is responsible and took steps to 
avoid it by geometrical means. 

The effect is very evident in the present tubes 
and has been given some consideration. When 
the target is heated for a short while to 700- 
800°C and cooled again to room temperature, 
curves of the form of curve A in Fig. 16 are 
obtained. All of the room temperature data 
shown so far have been obtained with the target 
thus relatively freshly cleaned. If now the target 
is exposed to the hot gun cathode for some hours 
the secondary yield decreases continuously. 
Curve D in Fig. 17 gives the secondary yield 
from the cold oxide target in the “poisoned” 
state. During the poisoning process there is no 
bombardment of the target and all but the gun 
heater voltage is turned off. The poisoning and 
cleaning processes seem not to depend on the 
presence of electric fields. When the entire 
system is turned off at any time during the 


*J.L. H. Jonker and A. J. W. M. v. Overbeck, W. Eng. 
15, 150 (1938). 
J. A. Becker, Phys. Rev. 34, 1323 (1929). 


poisoning cycle, the value of 6 remains the same 
for a period of at least many days. 

The variation of 5 as the poisoning proceeds is 
shown by the series of photographs in Fig. 17. 
Here the gun cathode was continuously at 
operating temperature but the rest of the system 
was turned on only for a few minutes at a time 
to make the exposures. The secondary pulses look 
very much like the earlier ones in Fig. 8 where 
the target temperature was varied. Obviously 
5 decreases with time, and here, as in Fig. 8, the 
changing shape of the pulse indicates suc- 
cessively decreased resistivity of the oxide 
coating. In these respects the effects of barium 
poisoning are very similar to those of increasing 
temperature of the target. 

The data of Fig. 18 show the time variation 
more clearly for three separate runs, where 4 is 
plotted against time on a logarithmic scale. The 
target was started in the clean condition. At the 
end of the first run certain operations to be de- 
scribed were done, and the target was cleaned 
off for the second run. A single point marks the 
end of a third run of 6 hours after another clean- 
off. It is seen that in a period of 6 hours 6 changed 
from about 12 to about 5 and would doubtless 
have reached a final value somewhat lower than 
this. 

With this large change in 6 one might expect 
also a change in work function of the oxide 
target. A number of attempts have been made 
to measure the change in work function, but 
they have been not entirely conclusive. The fol- 
lowing is one of the best. The target was heated 
at 800°C for an hour and then let come to room 
temperature overnight. Then the target heater 
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Fic. 16. Variation of 8 with tem ture, primary 
voltage, and poisoning. tp =8.5 wa. A, B, C—clean target 
at 30°, 450°. and 710°C. D—poisoned target at 30°C. 
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was turned on and set to arrive at a final tem- 
perature of 305°C. The thermionic emission was 
measured once per minute, and after 15 minutes 
had reached the equilibrium current of 0.050 ya, 
representing the emission of the clean target. 
Now, after room temperature had again been 
reached, the second run of Fig. 18 was made 
ending at 5=6. With the target in the poisoned 
state a second thermionic run was made in the 
same way, with the final emission 0.044 wa. At 
the end of this run with the target at 305° for 
half an hour the 6 was measured again at room 
temperature. It had increased to 8.8 from 6.0 as 
a result of this low temperature heating, to the 
point of about 1-hr. poisoning. If it is assumed 
that the change of emission from 0.050 ya to 
0.044 ya is caused by a change of work function 
of the target, then this change is given by 


2.3 1) 
g logio— = +0.005 ev. 
11600 12 





Ag= 


The same change of emission could also have 
been caused by the target temperature being 
lower in the second run by 1.5°. It is doubtful 
that the target heater could be set closer than 
this. Certainly no radical change in work function 
accompanies the change in 6 from 12 to 8.8. 
Secondary yield from metallic targets is known 
to vary with work function," according to 
theoretical expectations,” but the variation is 
not rapid. Here the converse situation exists: 
large change in secondary emission and inap- 
preciable change in work function. Some other 
factor than work function must here be re- 
sponsible for the change in secondary yield. 


= ip 
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Fic. 17. Poisoning cycle. Exposure to gun cathode for 
various times. f= 10 usec. ; ip =8.5 wa; Vp =1250. 


u K, Sixtus, Ann. d. Physik 3, 1017 (1929); K. G. 
McKay, Phys. Rev. 61, 708 (1942). 
@ 2 D. E. Wooldridge, Phys. Rev. 56, 562 (1939); J. H. 
deBoer and H. Bruining, Physica 6, 941 (1939). 
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The most obvious explanation for the 
in 6 is that material evaporates from the 
cathode and settles on the target. Data in the 
files of these Laboratories indicate that’ the 
evaporated material is predominantly metallic 
Ba, and that at normal thermionic Operati 
temperature and before long aging the €Vaporation 
rate is a maximum of the order 0.1 ug/cm? fy 
The gun cathode, with the same type of coating 
material and base as the cathodes used in they 
evaporation tests, is run at a low temperatup 
and can be assumed to have no greater evapora. 
tion rate than the figure quoted. The amount of 
Ba deposited on our target in a run will 
estimated on the basis of this figure. 

Examination of the tube structure, Fig, 1 
shows that practically all of the emitting surfag. 
of the gun cathode “‘sees” a part of the target 
and all of the target “‘sees’’ the emitter through 
the disk apertures. Therefore, all of the evapo. 
rated material that reaches the apertures falls 
more or less uniformly on the target. Let S be 
the area of the emitter (0.80 cm?), s the area of 
the target (0.317 cm*), o the area of the aperture 
(0.057 cm?), and r the distance from emitter to 
aperture (1.46 cm). Let £ be the rate of evapo. 
ration from the emitter (1X10~" g/cm? hr), 
Then, if the evaporation is uniform in all direc. 
tions, the rate of arrival of material at the 
aperture from an element dS of the emitter is 
approximately 


dW =E(o/2xr)dS, 


where 2zr? is the area of the hemisphere about 
dS with radius r. From the whole emitter the 
rate is very nearly, per unit target area, 


W oS 

—afk 

s 2nr?s 
The mass of the Ba atom is 2.3X10-" g. The 
rate of deposit is therefore 


W/s =0.47 X 10"* atoms/cm? hr. 


BaO crystallizes in the rocksalt structure with 
lattice spacing 5.5X10-* cm. If we assume that 
the mixed oxide has the same lattice spacing and 
presents a smooth (100) plane, then the density 
of O atoms in this plane is 


3.3 X 10'* O atoms/cm’. 


= 1.08 X 10° g/cm? hr. 
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If each of these oxygen atoms were to adsorb 
one Ba atom for a monatomic layer of Ba, then 
the deposition of one layer would require 70 hrs. 
The actual surface of the target is, of course, 
much greater than 0.317 cm? and the density of 
adsorbed atoms correspondingly less. In the 6 
hrs. of the longest poisoning run certainly much 
less than 0.1 monatomic layer was thus deposited 
on the target, and yet 6 changed from 12 to 5. 

It may be that the Ba does not remain on the 
surface but is absorbed into the lattice of the 
oxide, even at room temperature. The density of 
massive (BaSr)O should be 5.4. On the target is 
a layer 0.002 cm thick of density 1.27, so that 
the corresponding thickness of massive oxide 
would be 


7=4.7X10-* cm. 


After 6 hrs. of evaporation a cm? of this layer 
would have 2.85 X10'* Ba atoms absorbed, or 


0.610!” Ba atoms/cm?. 


This concentration of barium atoms, though not 
high, would affect the conductivity of the 
coating in the observed direction, and would be 
more likely to influence the secondary yield than 
the corresponding surface layer. 

Evaporated metal atoms are known to have 
some mobility when condensed on a surface, 
tending to aggregate into small crystals. Yet it 
does not seem plausible that the Ba atoms can 
diffuse throughout the whole thickness of the 
coating at room temperature. If they migrate 
into a layer a few atoms deep, or the depth to 
which the primary electrons penetrate, then a 
considerable conductivity would be developed in 
this layer on top of the major insulating part of 
the coating. The surface charge could then 
spread to occupy a much larger area than the 
bombarded spot, affecting the induced surface 
potential in the same way as a larger body con- 
ductivity. This would delay or prevent the 
approach of the surface potential to that of the 
collector and so reduce the charging effect. At 
the same time the secondary emission would 
come largely from this more conducting part of 
the coating and could well be smaller than that 
of the more insulating oxide, in accordance with 
the variation of 6 with temperature in the low 
temperature range. 
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Fic. 18. Effect of exposure to gun cathode. V,=1250; 
Room temperature; three runs. 


VI. THE POINT OF UNITY YIELD 


At low values of bombarding voltage the yield 
as observed on the ’scope is illustrated by Fig. 19. 
The target is clean and at room temperature, 
and the curve should join curve A of Fig. 16. It 
is seen that 6 passes through unity at about 27 
volts, reaches a minimum at 7 volts, and then 
increases toward unity again as V, is lowered. 
The values of 6 are probably not very accurate 
over most of this range because the primary and 
secondary currents are not measured under 
nearly identical conditions in this region where 
V,. may be larger than V,. Indeed, the observed 
5 varies considerably with V, at low V,j. 

At one point, however, where 6=1.0, the 
value of V,: can be determined quite accurately. 
This is the value of V, where the secondary de- 
flection D, is neither positive nor negative and 
the trace on the CR screen is straight with only 
slight kinks to mark the beginning and end of 
the pulse. V,; can be set well within 0.1 volt for 
this condition with constant V,. (Increasing V, 
decreases V,; because of incomplete saturation 
of 7,.) In this case D, need not be measured 
separately, eliminating one source of error. 
Furthermore, there is then no net current 
through the coating and therefore no iR drop to 
consider ; the face of the coating is at the same 
potential as the base plate. 

In Fig. 20 is shown a series of values of V5: 
for the clean target over a range of temperatures. 
At high temperatures the value is surprisingly 
low. With the “‘poisoned”’ target the values go to 
35-40 volts at room temperature. 
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Vil. ENERGY DISTRIBUTION OF THE 
SECONDARIES 


In a gas with Maxwellian ‘distribution of 
velocities of the molecules, the fraction of mole- 
cules having energy greater than a given amount 
E independent of direction of travel is given by" 


E 
f= (1 +) etm, 
kT 


For thermionic electrons, a distribution curve of 
this type is obtained if the electrons come from 
a small central electrode surrounded by a large 
concentric sphere as collector, on which is applied 
the retarding potential E. The curve has a point 
of inflection where its derivative is highest, 
indicating the most probable energy of emission 
which in this case is greater than zero. 

The central field method of retarding potential 
measurements has been much used because of its 
simplicity. The derivative of the curve gives the 
energy distribution even if the distribution is not 
Maxwellian. If, on the other hand, the electrodes 
have a planar structure, the retarding potential 
method does not give the total energy but only 
the energy corresponding to one of the three com- 
ponents of velocity. The equation is, for Max- 
wellian distribution, 

fe =e (BaIkD), 


















































% 20 40 €0 80 100 120 140 160 


Vp -N vOoLTS 


Fic. 19. Yield at low V,—clean target, room temperature, 
four runs. 


3 J. H. Jeans, Dynamical Theory of Gases (The Cam- 
ridge University Press, New York, 1925), Section 28. 
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Fic. 20. Variation of Vy with target tem 
Potential at which 6=1.0, with rising and falling temper 
ature. 


It has no point of inflection and its derivative jg 
a maximum when the velocity component is zero, 
Retarding potential measurements on the planar 
structure are therefore ill-suited for giving 
information on the total energy distribution of 
electrons. 

The structure of target and collector in the 
present tube is far from either of these simple 
systems. On the other hand, both Pomerantz 
and Morgulis and Nagorsky have published 
curves obtained with structures no more suitable, 
and concluded from these that the average 
energy of the secondaries decreases with in- 
creasing temperatures. For a comparison, some 
retarding potential curves have therefore been 
run on our tube. 

In these measurements the target was bom- 
barded with electrons at 1250 volts, the beam 
current being made so small that the secondary 
current was only a fraction of a microampere in 
order to keep down space charge and iR drop. 
The beam current was steady and the secondary 
current was measured by a sensitive d.c. meter. 
Potential in the range of —25 to +25 volts was 
applied to the collector. Figure 21 shows a set 
of results, the secondary current being plotted 
against collector voltage. The change of voltage 
scale at —5 and +5 volts is to be noted. For 
curve @ the target was at room temperature, 
while for curve 6 it was at 305°C. In the latter 
case there was a slight thermionic emission, ob- 
served separately in the absence of bombarding 
current and plotted as curve c. This curve gives 
the contact potential difference, the collector 
being obout 0.8-volt negative with respect to 
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the target. The difference between curves 6 and ¢ 
is plotted as curve b’, representing the secondary 
current alone at the higher temperature. In the 
region to the left of +0.8 volt there is no sig- 
nificant difference between curves a and b’ for 
the two temperatures. The curves are not dif- 
ferentiated in the usual way, for reasons already 
discussed, but their close coincidence suggests 
that there is here no appreciable change in energy 
distribution between room temperature and 
305°C. 

A similar set of curves is shown in Fig. 22 for 
the higher temperature 380°C. Here the ther- 
mionic emission is large instead of small com- 
pared with the secondary emission. Curve a is for 
room temperature as before, curves d and é are 
the total and thermionic emissions, plotted on a 
compacted current scale, and curve d’ is the 
secondary current given by the difference 
between d and e, plotted on the original scale. To 
the left of the origin there is again no significant 
difference between curves a and d’. Any dif- 
ference caused by a change in energy distribu- 
tion must lie to the right in the region where a 
comparatively large thermionic current flows 
from which the secondary current cannot ac- 
curately be separated. 

Finally, for comparison with the oxide target, 
an uncoated Ni target was used in a tube of 
similar structure, MN-1. A set of 6 vs. V, mea- 
surements for this target is shown in Fig. 23 for 
room temperature and an estimated 800°C. 
There is no appreciable change in 6 over this 
temperature range, and the maximum 6 occurs 
at about 500 v, in conformity with the usual 
results for metallic targets. That the target is 
not a clean metal surface is indicated by the 
value of 6=2.2, which is too high for a clean 
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Fic. 21. Retarding potential curves. Thermionic current 
smaller than secondary current. V,=1250; a, T7=30°C; 
6, T=305°C; c, Thermionic, 77 =305°C; b’=b—c. Change 
of scale at —5 and +5 volts. 
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Fic. 22. Retarding potential curves. Thermionic current 
larger than secondary current. V,=1250; a, T=30°C; 
d, 380°C; e, thermionic, T=380°C; d’=d—e. 


metal. The best available information is that 
nickel has a dmax of 1.3 at 550 volts. 

The retarding-potential curve for this target 
is shown in Fig. 24, curve JJ, in comparison with 
curve J for the oxide target. The thermionic 
curve JIT for the nickel target indicates a contact 
potential of about 1 volt. While neither of the 
secondary curves gives a true energy distribution, 
the difference between the curves is very striking. 
Evidently the secondary electrons from the oxide 
have on the average a much lower energy of emis- 
sion than those from the metallic target. Among 
the former only a small fraction is not stopped by 
— 5 volts, while among the latter a larger fraction 
is not stopped by —25 volts. (This would make 
the observed 6 for Ni too large, by indicating too 
small a primary current.) We can conclude, then, 
that while we do not know the exact energy dis- 
tribution of the secondary electrons from the 
present oxide coating, their average energy is 
considerably below that for the metal, and that 
this distribution does not here change much in 
the temperature range where the secondary 
current is not swamped by thermionic current. 

The assumption thatthe pulsed yield is all true 
secondary emission even at high temperatures 
here meets difficulties. The yield has been extra- 
polated by Pomerantz from values measured 
below 600°C to the thermionic operating tem- 
perature of 850°C, where it may be 100 secondary 
electrons per 1000-volt primary electron. This 
means that an incredibly large part of the 
primary energy goes into energy of the secondary 
electrons unless the energy of the latter is 
unusually small at the higher temperatures. 
Pomerantz considers the difficulty resolved in 
his finding (and that of Morgulis and Nagorsky) 
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Fic. 23. Tube MN-1, Ni target, 4,=10.6 wa. A—room 
temperature; B—~800°C; C—room temperature. 


that the secondary energy does decrease fairly 
rapidly with increasing temperature. This con- 
clusion rests on the shape of energy distribution 
curves obtained by differentiating rather crude 
retarding-potential curves obtained with appa- 
ratus not suitable, as discussed above, for deter- 
mining total energy distribution. 

Other literature on the energy distribution of 
secondary electrons from insulators is also quite 
confusing. In some cases the experimental pro- 
cedure has been faulty, leading to contradictory 
results. Treloar'* working with composite CsO 
layers predicted for these a lower energy of 
secondary electrons than for metals. For NaCl 
Vudinsky™ concluded that the energy distribu- 
tion curves are similar to those for metals with 
a peak at possibly 3 to 6 volts. Kalckhoff'* found 
for glass and mica the secondary energy peak at 
15-20 volts and seemed not surprised. Malter’’ 
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Fic. 24. Retarding potential curves. Nickel target 
compared with oxide target. 


( be 5 R. G. Treloar, Proc. Lond. Phys. Soc. 49, 392 
1 , 
18M. Vudinsky, J. Tech. Phys. U.S.S.R. 9, 1583 (1939). 
16 G, Kalckhoff, Zeits. f. Physik 80, 305 (1932). 
17L. Malter, Proc. I.R.E. 29, 587 (1941). 


obtained for Mg-Ag alloy (presumably idi 
the most probable energy of emission of 
dary electrons at 2-6 volts. For MgF, ip thin 
layers Geyer'® gives a distribution curve with the 
peak energy below his curve for Ni (2 Volts) 
and similar layers of NaCl are not much differen; 
from the Ni curves. His insulator curves, hoy. 
ever, show signs of an iR drop in the Coating 
(“negative energy’’). 


VIII. EFFECT OF HIGH FIELD ON 
SECONDARY EMISSION 


In some instances when the target is 
conducting there is seen a rising initial top por. 
tion of the secondary pulse. In Fig. 6b, fy 
instance, there is a distinct rise during the first 
quarter-microsecond. A ready explanation js 
that as the surface becomes positively charged 
the internal field aids electrons in getting out an 
so increases the yield.’ One might propose this 
a major factor in making the 6 of insulators high 
at low temperatures. 

Some simple computations make this «& 
planation less plausible. In the present targets 
the surface potential may reach at most that of 
the collector, say 60 volts. If this is distributed 
as a uniform field through the target, it woul 
amount to about one millivolt per atomic laye 
of the oxide. It seems hardly reasonable that 
this small field could appreciably affect th 
motion of an internal secondary electron with 
energy of several electron volts. On the other 
hand, a field might be concentrated in a thin 
layer near the surface, say over the depth whic 
the primary electrons reach, caused by th 
primaries being trapped at this depth whik 
secondaries leave the surface. In order to geta 
significant field strength, say 0.1 volt per atomé 
layer, the charge delivered by the beam in th 
first quarter-microsecond in Fig. 6b should hav 
been about 500 times what it actually was. | 
seems difficult to explain the initial rising topd 
the secondary pulse for the cold target on th 
basis of internal fields with the simple distrib 
tion assumed here. More needs to be know 
about the effect of field on the motion of inter 
electrons. 


18H. K. Geyer, Ann. d. Physik 41, 117 (1942). 
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Ix. ACCURACY OF THE 6-MEASUREMENTS 


The question was raised near the beginning of 
the article whether a retarding potential of 22 
volts is sufficient to prevent all the secondaries 
from leaving the target so that an accurate 
measure can be made of the primary current. The 
retarding-potential curves, such as that of Fig. 
21, seem to answer in the affirmative, having a 
very flat tail at the left in the retarding potential 
region. On the other hand, it is well recognized 
that secondary electrons have energies dis- 
tributed all the way up to the primary energy. If 
in Fig. 21, 20 percent of the secondary electrons 
had energy near the primary energy the curve 
could still be as flat as it is now at —25 volts. 
The high speed secondaries would then in part 
strike the collector and there give rise to tertiary 
electrons which would be drawn to the target 
and measured as primary current. Similar errors, 
but not quite so large, apply to measurement of 
the secondary current. This confusion applies to 
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practically all 6-measurements made by retard- 
ing-potential methods and makes the values of 6 
somewhat uncertain. It is never possible to draw 
unassailable conclusions about the origin of the 
various currents measured. This is why the 
retarding potential was specified in the definition 
of 6 for the present measurements. A study of 
the few published reports on the ratio of high 
speed to low speed secondaries for various 
materials, and measurement in a few cases of 
currents to all the electrodes in the present work, 
suggests that 20 percent may be an upper limit 
to the errors in 6 in the present measurements, 
introduced largely by the uncertainty in the 
measurement of primary current. 


X. ACKNOWLEDGMENT 


The author wishes to express his gratitude to 
many of his colleagues for valuable discussions 
during the progress of this work, in particular to 
Dr. K. G. McKay and Dr. Conyers Herring. 














PHYSICAL REVIEW 


VOLUME 73, NUMBER 9 





MAY 1, 1945 


Mechanical Properties of Long Chain Molecule Liquids at Ultrasonic Frequencies 


W. P. Mason, W. O. Baker, H. J. McSxrin, anv J. H. Heiss 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received October 3, 1947) 


Measurements have been made of the mechanical prop- 
erties of long chain molecule liquids of the polyisobutylene 
type by means of shear and longitudinal waves in the 
ultrasonic frequency range. The shear waves show that 
these liquids behave as Maxwell relaxing liquids. The 
viscosity measurements in the range around 14 kilocycles 
check the viscosities measured by falling ball measure- 
ments within the experimental error. As the temperature 
decreases or the frequency increases, the reaction of the 
liquid shows that a shear elasticity of the Maxwell type 
comes into play with a shear elastic constant of from 
5X<10* dynes/cm* to 5X10’. This elasticity increases with 
decreasing temperature and increases with chain length, 
and represents an intermediate type to the “frozen” type 
of elasticity or the ‘‘kinetic theory” type in that it has the 
high compliance of the “kinetic theory” type but the tem- 
perature variation of the “frozen” type of elasticity. It is 
suggested that this type of elasticity may be due to a com- 
posite motion of the chains, including hindered rotation 
within chains, as well as interaction of segments between 


chains. At very high frequencies this composite motion 
disappears and the shear stiffness becomes very high. 

Above about 30 kilocycles for these liquids, some shear 
viscosity is relaxed by the shear elasticity, Measurements 
with longitudinal ultrasonic waves show, however, a dis. 
persion of velocity and an associated attenuation curve, 
From very low frequencies to very high frequencies the 
velocity increases by about 25 percent, while the attenua. 
tion has the high value of 0.7 neper per wave-length at a 
frequency for which the velocity is a mean between the 
two extremes. These measurements show that a relaxation 
occurs in either the shear elasticity, u, or the Lame con- 
stant, A. Current investigations show this to be in the 
shear constant, wu. However, the measured attenuation 
frequency curve is broader than that of a single relaxation 
frequency and moreover indicates that the attenuation 
reaches a constant value per wave-length at high fre- 
quencies. A simple explanation of this is that the rearrange. 
ment compliance has a hysteresis component. Calcula- 
tions of the velocity and attenuation on this basis agree 
very well with the measured curves. 





I. INTRODUCTION 


ELOCITY dispersion and associated sound 
absorption caused by molecular process are 


very hard to locate and measure in ordinary . 


liquids because they come at frequencies higher 
than can be utilized with present day ultrasonic 
equipment. If, however, we use liquids con- 
taining long chain molecules, the frequencies of 
the relaxing effects are low enough to be measur- 
able by ordinary ultrasonic equipment. This is 
because the shear and compressional viscosities 
are high enough to lower the relaxation fre- 
quencies to easily measurable ranges. 

In order to study these effects, shear and longi- 
tudinal measurements have been made for a 
number of samples of polyisobutylene of vis- 
cosity average molecular weight ranging from 
900 to 5600. This is a molecule composed of 
| CHs | 
| 
chains of | (—C—-CH.—) | groups without cross 

| 
| CHs : 
linkages. At least as observed when crystallized, 
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this chain occurs in a spiraled zigzag form, as 
shown in Fig. 1. It turns all the way around in 
the direction of its length probably once in every 
9 pairs of CH; groups. In the liquid state some 
less regular twisted form is likely. The different 


average chain lengths used result in a range of — 


viscosities from 0.3 to 1700 poises at 25°C. By 
measuring the shear properties of these liquids 
with a torsionally vibrating crystal, it is shown 
that they act as a Maxwellian relaxing liquid 
with a shear elasticity as well as a shear vis- 
cosity. The shear elasticity depends on the chain 
length, and if one plots the logarithm of the 
elasticity against the inverse of the temperature, 
one obtains a straight line having less than half 
the slope of the logarithm of the viscosity versus 
inverse temperature curve. Although the dif- 
ferent chain length liquids have different elas- 
ticities, it is found that all of their elasticities for 
different temperatures and chain lengths can be 
represented by a single curve when plotted 
against density. 

At frequencies so high that the shear viscosity 
is relaxed, the shear viscosity cannot be con- 
tributing to the loss of a longitudinal wave. 
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4 CH3 H CH3 \ Ps i J ~\ WA 
Fic. 1. Molecular structure | | | | C C ¢ 
and chain form for polyiso- —¢ c c c— yt Me a ys yt iy 
butylene. | | | | Hs chs CHe 
"oo "* o& 


A 


Torsional crystal measurements show that the 
first marked relaxation frequencies for all of these 
liquids are less than 30 kilocycles. Measurements 
by a pulsing technique show however that there 
are other components of the shear elasticity that 
are not relaxed until the high megacycle region, 
and these are the most likely cause of the relaxa- 
tion phenomenon so far observed for longitudinal 
waves. By measuring the initial slope of attenua- 
tion-frequency curves, these secondary com- 
ponents of the shear viscosity can be determined. 
The logarithm of this second component of the 
shear viscosity for all chain lengths was directly 
proportional to the inverse absolute temperature 
with a slope about ? as large as that for the 
lower frequency or “‘primary”’ shear viscosity. All 
the different molecular weight liquids had the 
same slope, indicating that the element that was 
rearranged was a segment of the molecule rather 
than the whole molecule. As with the low fre- 
quency shear viscosity, an increase in molecular 
weight of the chain causes a marked increase 
in viscosity. Measurements over a wide fre- 
quency range show that the attenuation increases 
to a maximum and falls off at higher frequencies. 
At the same time the velocity increases with 
frequency and then levels off for higher fre- 
quencies. This agrees with the prediction of a 
relaxation theory. However, when plotted on a 
logarithmic scale the attenuation is not sym- 
metrical about the frequency of highest attenua- 
tion, but indicates that the loss comes down to 
a constant value per wave-length independent 
of the frequency. This deviation from the relax- 
ation theory can be explained if the molecular 
rearrangement compliance has a hysteresis? com- 
1 , ° 
(b) W, 0. Baker, C28, Fuiler'and JH. Hleise Thus o5 
2142 (1941). The molecular weight-melt viscosity rela- 
tion seems to be linear in a log-log plot rather than in 
the simpler forms in the references. 
* By elastic hysteresis we mean a stress-strain loop 


(usually nearly an ellipse) that does not vary with fre- 
quency. For elastic hysteresis for small strains, the area 


B 


ponent. When calculated, attenuation and ve- 
locity curves fit the measured values very well. 
Since the hysteresis component appears only at 
high frequencies for which the secondary shear 
viscosity is relaxed, it appears to be due to a 
twisting up of chain segments which cannot 
quite jump from one stable potential well to a 
neighboring one by untwisting. 


II. MEASUREMENTS OF SHEAR VISCOSITY AND 
SHEAR ELASTICITY FOR POLYISOBUTYLENE 
Polyisobutylene is a polymer molecule that 

occurs in a long chain. It has the formula shown 

by Fig. 1A and the (non-planar) zigzag form 
shown by Fig. 1B. This chain in an ordered, 
stretched state appears to rotate about the direc- 
tion of its length once in every 9 pairs of CH; 
groups. Accordingly, non-planar zigzag segments 
can be expected in the liquid state. The speci- 

mens used were designated A, B, C, and D, 

which had, respectively, average molecular 

weights of 903, 3520, 4550, and 5590. 
Measurements of the viscosity of these four 

samples were made by the falling ball method 
(b) over a range of temperatures and are shown 
plotted as the logarithm of the viscosity versus 
the inverse temperature by Fig. 2. All of these 
liquids have the same slope, which indicates 
according to Eyring’s theory*® that the element 
which moves from one potential well to an ad- 
jacent one is a segment of the chain of 20 sub- 
molecules or so, whose length is essentially inde- 
pendent of the total chain length. The large 
decrease in viscosity for any one temperature as 
a function of chain length has been explained as 
the increased probability that the chain as a 
whole will jump to a new position as the chain 
length gets shorter. Measurements have also 
been made of the density of these liquids, and 
of the loop is proportional to the square of the maximum 
strain. 


* Walter Kauzmann and Henry Eyring, J. Am. Chem. 
Soc. 62, 3113, 3125](1940). 








the data are shown plotted on Fig. 3 as a function 
of the temperature. 

According to classical theory, longitudinal 
waves have an attenuation which is determined 
by both the shear and compressional viscosity, 
but recent experiments by one of the writers‘ 
have shown that shear viscosities of viscous 
liquids are often relaxed at relatively low fre- 
quencies by the shear elasticities of the liquids, 
and the low frequency shear viscosities do not 
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contribute to the attenuation of a longitudinal 
wave. Both the shear elasticities and the shear 
viscosities can be measured by means of the 
resistance and reactance loading that the liquids 
impress upon a torsionally vibrating crystal, In 
order to demonstrate that the low frequency 
shear viscosities were relaxed at frequencies wel] 
below the frequencies used for longitudinal meas. 
urements, torsional crystals were used to meas. 
ure the shear viscosities and shear elasticities, 


10 OOO 
1000 
1oo 
7) 
my) 
4” 
o — 
a Fic. 2. Shear viscosity and 
z shear elasticity of polyisobuty- 
oe lene liquids. 
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TEMPERATURE IN DEGREES CENTIGRADE 


The experimental arrangement is shown by 
Fig. 4. A torsional crystal of ADP (ammonium 
dihydrogen phosphate) was gold-plated by the 
evaporation process and suspended from its 
nodal plane by three wires glued to the surface 
by Bakelite cement. The resonant frequency, the 
antiresonant frequency, the resistance at reso- 
nance, and the capacity at 1000 cycles were all 
measured, and the results are shown by Eq. (1) 


Crystal length =5.0 cm; O.D.=2R=0.472 cm; 
I.D.=2Ro=0.30 cm; p=1.804; fr=19615 
cycles; f4 = 19835; Co=100 puf; R=500 ohms. 

(1) 


From these data the ratios between the shear 
resistance and reactance and the increase in 
electrical resistance and decrease in resonant 
frequency can be calculated by formulae de- 
veloped in the previous paper. These are given 
by the equations 


ARzr=KiRu; Af=—K2Xum, (2) 


where ARz is the increase in electrical resistance, 
Af the decrease in resonant frequency, Ry the 
mechanical resistance loading of the shear wave 
per square centimeter, Xy the mechanical reac- 
tance loading of the crystal per square centimeter, 
and K, and XK: are constants of the crystal. These 
are related to the above measurements by the 


formulae 





K, = 
2n*fe(Afr)CopLR'—Rot 1 


ifR'+R 1 
K.-—|——“+-] 
rpLRi—R,* /1 
where Afr is the separation fa—fr. With the 


above values, at 25°C 


K,=425, Ke=1.15. (4) 


1 fR+Re? | 


(3) 





The value of K, changes slightly with tem- 
perature and at 50°C was evaluated as 455. 

It was found that the resistance. values at 
resonance gave the most reliable results since it 
was difficult to locate accurately the resonant 
frequency of the crystal in a viscous liquid. The 
measurements were made in a balanced electrical 
bridge and data similar to Fig. 7 of the previous 
paper* were used to evaluate the resistance 
loading. Measurements were made at the first, 
third, and fifth harmonic of the crystal. For the 
harmonics, the same value of K, holds as for the 
fundamental. Typical data for the resistance 
loading per square centimeter in terms of the 
frequency and temperature are shown for the 
polymer “B”’ liquid by Fig. 5. To interpret this 
data in terms of shear viscosity use is made of a 
calculation of the resistance and reactance 
loading of a liquid having shear viscosity and 
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LIQUID TO BE 
MEASURED 





4 eet 
: -——-—+- ~ Seats 














Fic. 4. Torsional crystal and container, used for measuring 
shear viscosity and shear elasticity of liquids. 


shear elasticity given in the previous paper.* 
This is reproduced in Fig. 6 of this paper. Com- 
paring this with the data of Fig. 5, we see, for 
example, that at 0°C, the loading is nearly inde- 
pendent of frequency, which means that the 
relaxation frequency is considerably below the 
lowest measuring frequency of 17.5 kilocycles. 
The curves for 24°, 40°, and 50°, however, show 
enough bending with frequency to allow one to 
fit them to the theoretical curve. From this data, 
one can find that the ratio of the lowest fre- 
quency (about 17.5 kc) to the relaxation fre- 
quency is given by the second column of Table I, 
while the asymptotic value of the loading resis- 
tance at very high frequencies is given by the 
third column. Since the shear elasticity is related 
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R at high "7 Relaxati 
Tempera- frequency dynes f requency. Value of shear 
ture f/fe mech. ohms cm? Je cycles pales, in 
orc _ 6100 42 X108 = 
2 1.8 14 X 106 9700 
40°C 0.9 2650 8 X108 19400 a 
50°C 0.6 2200 5.6 X108 29200 30.5 











to the resistance loading at high frequencies by 
the formula 


(pu)*=R or p=R?/p, (5) 


the shear elasticity 4 is shown by the fourth 
column. The fifth column shows the calculated 
relaxation frequency, while the sixth column 
shows the shear viscosity » which can be cal- 
culated from the formula 


77> u/(2xfe) : (6) 


The values of viscosity measured by the crystal 
are shown plotted by the circles of Fig. 2 for all 
three liquids and, as is evident, they agree with 
the values measured by the falling ball method 
within 5 percent, which is probably the accuracy 
of measurement by the present method. 

The values of shear elasticity measured for the 
three polymer liquids, B, C, and D are shown 
plotted by the dashed lines of Fig. 2. They lie 
nearly on straight lines of uniform slope when 
plotted as logu versus 1/T, at least within the 
temperature range shown. If we plot all of these 
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lymer B plotted as a 
unction of frequency and 
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shear elasticities as a function of density alone, 
which can be done using the data of Fig. 2 and 
Fig. 3, the points of Fig. 7 result. It appears 
likely, within the experimental error, that all of 
these points can be represented by a single curve. 


Ill. VELOCITY AND ATTENUATION FOR 
LONGITUDINAL WAVES 


In the last section it was shown that the first 
components of shear viscosities of these polyiso- 
butylene liquids were relaxed at frequencies from 
several kilocycles to 30 kilocycles. Measurements 
made by terminating a rod of fused quartz, 
which is carrying shear wave pulses, by a layer 
of these liquids have shown that there are other 
components of the shear viscosity which are the 
causes of the dispersion measured with longi- 
tudinal waves. These measurements will be dis- 
cussed in another paper. The losses in these 
materials run as high as 300 db per centimeter 
in the eight megacycle region and have neces- 
sitated new experimental means for measur- 
ing the attenuation and velocity. The experi- 
mental method chosen is a combination of 
pulsing and steady-state methods and is shown 
schematically by Fig. 8. Here a source of high 
frequency is fed to an amplifier-rectifier through 
two parallel paths. One is through an amplifier 
that is gated by a direct-current pulse. The pulse 
of a.c. current is impressed on a transmitting 
crystal which sends a pulse of alternating longi- 
tudinal waves into the liquid. This wave is 





RATIO OF f/f¢ 


picked up by a second crystal accurately parallel 
to the sending crystal which is placed at a 
variable distance from the sending crystal. The 
voltage generated by the receiving crystal is sent 
through a wide band amplifier, is rectified, and 
actuates the vertical set of electrodes of the 
oscilloscope. The sweep circuit of the horizontal 
set is controlled by the same synchronizing oscil- 
lator that controls the d.c. pulse generator so 
that the pulse received always occurs in the 
same position on the fluorescent screen. The 
second path from the high frequency oscillator 
is a steady state one through an attenuation box 
to the amplifier rectifier and oscilloscope. The 
attenuation box has carbon film resistors that 
are stable in value up to a frequency of 10 mega- 
cycles. Attenuation measurements are made by 
comparing the output of the receiving crystal 
with the output of the attenuator (connection 
shown by dotted line). If the loss in the liquid 
is 15 db or more, the pulse length does not make 
any difference and comparisons can be made 
by steady-state methods. However, if the loss 
between the two crystals is small, trouble is 
experienced with standing waves. To get around 
this difficulty a very short pulse length is used, 
and the first received pulse, which is free from 
standing wave complications, is used. Figure 9 
shows a typical measurement of attenuation 
versus change in path length for polymer D. 
A change of 38 db occurs in a path difference 
of 0.1465 cm, indicating an attenuation of 
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259 db per cm for a frequency of 8 megacycles 
and a temperature of 31°C. From the straight- 
ness of the attenuation-distance line it appears 
likely that the attenuation can be measured 
within +2 percent for a high loss material and 
+5 percent for a low loss material. 

A measurement of the velocity for such a high 
loss material is more difficult by conventional 
methods. The path length is so short that a com- 
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Fic. 8. Experimental arrangement for measuring the 
velocity and attenuation of a liquid at ultrasonic fre- 
quencies. 





1080 MASON, BAKER, McSKIMIN, AND HEISS 





Fic. 7. Shear elasticity of 
polyisobutylene liquids plotted 
as a function of the density, 


.90 92 


parison of the position of received pulse with 
transmitted pulse does not give an accurate 
measurement of the velocity. On the other hand, 
the attenuation is too high to utilize the standing 
wave properties of the liquid as is done with the 
acoustic interferometer. The method adopted 
was to compare the phase of the received pulse 
with the phase of the steady-state transmission. 
For this purpose both paths were connected 
simultaneously to the amplifier-rectifier, and the 
attenuation in the db box was adjusted to be 
approximately equal to that through the liquid. 
As the path length was changed, the output from 
the pulse alternately added and subtracted from 
that through the box. By plotting the positions 
of the maxima, the wave-length in the liquid can 
be obtained. Figure 10 shows a typical measure- 
ment for the same liquid polymer D, plotting the 
number of wave-lengths change against the 
separation in centimeters. A very good straight 
line can be drawn through these points, and it is 
estimated that the velocity can be measured 
about +1 percent. By this method velocities can 
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be measured even though the liquid path has 50 
db or more attenuation. 

Employing these methods a series of measure- 
ments were made for these three liquids at the 
frequencies 2 mc, 5 mc, and 8 mc and over a wide 
temperature range. The data on the attenuation 
for polymer D is shown plotted by Fig. 11, while 
the velocities for the same conditions are plotted 
on Fig. 12. The attenuation is plotted in terms 
of nepers (1 neper equals 8.68 db) per wave- 
length, since the theoretical attenuation is most 
easily calculated for that quantity. It is obvious 
from the data that an attenuation and associated 
velocity dispersion is occurring for this liquid. 

In order to classify the measured results and to 
obtain parameters in terms of which they can be 
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expressed, use is made of the calculated value of 
the attenuation and phase shift due to a relaxa- 
tion theory. The effect can be represented by the 
equivalent circuit of Fig. 13, in which the series 
arm is the density times the length of the section 
dx considered, and the shunt arm consists of a 
stiffness «,/dx in parallel with a second shear 
viscosity divided by dx and the two in series 
with a second stiffness xo/dx. At very low fre- 
quencies this will reduce to the impedance of the 
stiffness xo, so that xo represents the compressi- 
bility of the liquid measured by static methods. 
At very high frequencies, the impedance of the 
shunt arm reduces to that of the two stiffnesses 
in series. Hence, xo=low frequency compres- 
sibility; x:=difference between high frequency 
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and low frequency compressibility. The resis- 
tance \ represents the viscosity. The attenuation 
and velocity can be calculated from the formula 


Pdx =(A+jB)dx 








Z:\3 jwp(dx)? ' 
-(-) -|_ ==. 
Z2 —JKo A(—jKi/w) 
w A—jKi/w 


where Z; =jwpdx is the series arm and 
—jko (—jei/w)] 1 

Z.-| + |x 

dx 





3) A\—jki/w 


is the shunt arm. 

If we solve for the attenuation A (expressed in 
nepers per cm) and B the phase shift (expressed 
in radians per cm), we have 


- (4) —————") 
= x 1+A%w?(Ko+ K1/KoK1)? 
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Fic. 10. Number of yw, 
lengths plotted as a function of 
crystal separation for polymer D 
Temperature 31°C, frequency § 
megacycles. 
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vo is the velocity at low frequencies, v,, the 
velocity at high frequencies, and k/2r is the 
relaxation frequency fo. If we multiply the ratio 
A/B by 2, we obtain the attenuation A, in 
nepers per wave-length, which is the quantity 
measured and expressed in Fig. 11. This becomes 


wwr 1 


A ,s——— xX 3 (9) 
pug? 
1+ | 











Veo? 
p°r0%(ve? = " 
For very low frequencies this reduces to 

Aw =2n°fd/(pv0"), (10) 


and the attenuation should initially be propor- 
tional to the frequency. This agrees with the 
measurements of Fig. 11 for high temperatures 
where the initial slopes of the attenuation fre- 
quency curves can be obtained. Equation (8) 
gives a method for determining the second com- 
ponent of the shear viscosity for 


A=Aypvo?/(2x*f). (11) 


Since all these quantities are known, A can be 
determined and for poymer D is shown plotted 
as logd versus 1/T by Fig. 14. The points lie on 
a straight line having a slope of ? that for the 
first component of the shear vicosity. The initial 
slopes have been determined for the other three 
liquids and are shown by Fig. 14. All the curves 
are parallel, indicating, as for the first com- 
ponent of shear viscosity, that the temperature 
dependent jump occurs by chain sections that 
are the same for all average molecular weights. 
The viscosity increases with molecular weight, 
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although the spread is not nearly as large as that 
for the low frequency shear viscosity. 

To correlate all the measurements of Fig. 11, 
over temperature and frequency ranges we plot 


the product 
A pvo*/(pvo*) s (12) 


against the product of frequency times second 
shear viscosity, where (pvo*)s is the product 
of density times vo” for polymer D at 20°C. All 
these viscosities are determined by the curves 
of Fig. 14, while the zero frequency velocities 
can be obtained by extrapolating the data 
of Fig. 12 and are shown by Fig. 15. Within 


0.8 
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Fic. 11. Measurement of the 
attenuation wd wave-length for 
opyeer D plotted as a function 
of frequency and temperature. 
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the experimental error all these points lie on 
one curve shown by Fig. 16. Also the measured 
attenuation per wave-length of the polymer C 
liquid and the polymer B liquid can be plotted 
on the same curve. From the equation for the 
phase shift (6) since B=w/v, we see that the 
ratio of v/v should also be a function of the 
product of the frequency by the secondary shear 
viscosity. From the data of Fig. 12, showing the 
measured velocity, the data of Fig. 14, showing 
the viscosity, and the data of Fig. 15 for the 
zero frequency velocity, the ratio of v/vp can 
be evaluated and is shown plotted by Fig. 17 
as a function of the product frequency times 
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viscosity. A single curve suffices for all the tem- broken down. Alternately, if we regard a liquid 
peratures and for the other two polyisobutylene as being a very dense gas as far as the inter. 
liquids. change of energy between translational and 


internal vibrational modes is concerned, the 
IV. DISCUSSION OF LONGITUDINAL VELOCITY natural method for accounting for the velocity 


AND SOUND ABSORPTION IN LIQUIDS , : , , : 
dispersion and attenuation dispersion of a gas is 


A traditional concept of the liquid state to generalize the Herzfeld-Rice-Kneser5 theory 
regards a liquid as a solid substance for which so that it applies for a liquid. This has recently 
the long-range order between the molecules has _ been done by Kittel,* using the Tonks equation 
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oa MIS and F, O. Rice, Phys. Rev. 31, 691 (1928); H. O. Kneser, Ann. d. Physik 11, 761, 777 (1931); 
¢ Charles Kittel, J. Chem. Phys. 14, 614 (1946). 





— = - 6 — -—— — je, 


oo OQ; of co 


ve 





‘on 


); 








of state, and he finds that the attenuation A is 


given by 





a *\( 3RC; fo ) 13) 

( Vo C,°C.* fet+f? , 
where C,” is the specific heat at constant pressure 
for an infinite frequency, i.e., with no internal 
modes of vibration of the molecules excited, C,°, 
the specific heat at constant volume and zero 
frequency, 3R= Cp—C», C; the specific heat 
associated with internal modes of vibration, f, 
the frequency, and fo=1/2rr, where 7 is the 
relaxation time which corresponds to the average 
lifetime of the excited vibration. On account of 
the larger number of collisions at higher absolute 
temperatures, this relaxation time is inversely 
proportional to the absolute temperature in 
degrees K. Since the attenuation per wave-length 
at low frequencies is 





anf 3RC; (14) 
A, =— =—_ = T 
: C.°c,* 


by Eqs. (8) and (11), a “compressional” vis- 
cosity on the gas-like theory should be 


3RC; 
A= ( ) ote (15) 
C,°C 





When a liquid is regarded as being a solid in 
which the long range order between molecules 
has broken down, another method of explaining 
a compressional viscosity is the rearrangement 
process, after perturbation. This was first sug- 
gested by Debye’ and has been further de- 
veloped by Frenkel.? On this theory the com- 
pressibility is due to two components, the in- 
crease in potential energy caused by decreasing 
the distance between molecules, and a change 
in the degree of local order in the arrange- 
ment of the particles, in the sense of a more 
compact arrangement when the liquid is com- 
pressed, and a more open distribution when 
it is expanded. This change in the degree of local 
order must, in general, lag with respect to the 
variation of the pressure, since it is connected 


7 See H. O. Kneser, Physik. Zeits. 39, 800 (1938). 
*J. Frenkel, Kinetic Theory of Liquids (Oxford Uni- 
versity Press, New York, 1946), p. 208. 
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Fic. 13. Equivalent circuit for the propagation of a 
longitudinal wave in a liquid having an elastic compliance 
controlled by a relaxation mechanism. 


with a rearrangement of the particles or a redis- 
tribution of their mutual orientations, i.e., with 
processes requiring a certain activation energy, 
and proceeding accordingly with a finite velocity 
only. This time lag of the arrangement with 
respect to the volume must coincide with the 
mean lifetime of vibrations about the same 
equilibrium positions which determine the shear- 
ing viscosity of the liquid. By developing this 
point of view Frenkel shows that the reaction 
of an infinitesimal volume to a compression can 
be represented by the network of Fig. 13, and 
this theory results in the variation of velocity 
and attenuation given by Eqs. (8) and (9). Since 
an activation energy U is involved in the change 
from one degree of order to another, the viscosity 
should vary with temperature according to the 
form 


A=AeU!tT, (16) 


and when one plots the log of the viscosity 
against the inverse of the absolute temperature 
a straight line should result. 

The longitudinal measurements, however, do 
not distinguish between a change in A, which 
would be caused by either the H-R-K mechan- 
ism, or the Debye-Frenkel mechanism, and a 
change in the shear elasticity, 4, which can be 
caused by a secondary relaxation of the shear 
term. Measurements that will be described in a 
forthcoming paper have shown that the increase 
in shear elasticity with frequency is the cause of 
this increase in longitudinal velocity. 

However, this theory does not account entirely 
for the measured attenuation and velocity curves 
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of Fig. 16 and Fig. 17. The calculated attenu- 
ation per wave-length for a single relaxation 
frequency is shown by the dot-dash line of 
Fig. 16. The measured value is broader on a 
logarithmic scale than the curve for a single 
relaxation frequency, and, moreover, is dissym- 
metrical about the maximum. We could match 
this curve by a dissymmetrical distribution of 
relaxation frequencies. 

However, a simpler explanation of this effect 
is that a hysteresis occurs in the stress-strain 
relationship which introduces a constant loss per 
cycle. In order to get an agreement with experi- 
ment, this hysteresis loss has to be introduced 
in series with the elastic stiffness x;, giving this 
arm the impedance 


(A! —jx,) /w. (17) 


Since this arm is shunted out at very low fre- 





Y Cc 


POLYMER B 


Fic. 14. Second shear vis- 
cosity of polyisobutylene liquids 
plotted as a function of temper- 
ature. . 
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oc 
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quencies by the second shear viscosity \, this 
results in the following interpretation. At low 
frequencies the local order change caused by 
the shearing of the liquid takes place by one 
segment of the chain jumping from one stable 
potential well to another with no appreciable 
tangling with other chains. There is even, in 
this case, a small amount of hysteresis loss, as 
is shown by Fig. 18, which shows the measured 
attenuation of the lightest liquid, the polymer A 
liquid. The attenuation values measured at 2, 5, 
and 8 megacycles lie on straight lines that do not 
go through the origin at zero frequency but have 
intercepts of about 0.0025 neper per wave-length, 
indicating the presence of a slight amount of 
hysteresis loss. As the frequency increases, fewer 
and fewer of the chains accumulate enough heat 
energy in the time of a single cycle to rearrange 
to adjacent stable potential wells, and the liquid 
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becomes less compressible. It appears, however, 
that they can be displaced to intermediate 
potential minima. The displacement probably 
consists of an internal twisting. The steric re- 
strictions imposed by the close packed methyl 
groups on the flexibility of individual chain then 
tend to hold the new twisted position. The chain 
segments then are not released until a later part 
of the cycle, and hence the strain lags behind the 
applied stress. It is supposed that the wave 
traveling through the polymer exerts such torque 
on certain portions of the convolved chains that 
an extreme biasing force for pairs twisting 
occurs. Thus the normally considerable activa- 
tion energy for internal rotation of pairs of 
methyl groups past each other, in polyiso- 
butylene, is effectively reduced to zero. Ac- 
cordingly, since this potential barrier that the 
chains have to surmount to reach the twisted 
positions is so small compared, for instance, to 
that for proceeding to the next stable position 
(the latter process requires both twisting and 
translation), the hysteresis type of loss should 
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continue to a very high frequency. This mecha- 
nism seems concordant with the general prin- 
ciples of hysteresis. 

The network of Fig. 19 represents the effect 
of the hysteresis loss component. If we solve this 
network to obtain the velocity and attenuation, 
we have 


Z1\3 
Pdx =(A+jB)dx= (=) 
Z: 


7 Solen)’ (18) 
jee [ A((A’—jui)/w) 7} 
See 


A+ ((A’ —jxi)/w) 








Ww 


where Z, the series arm is jwpdx, and Z; the shunt 
arm is 


—jxo AL(A’—jxi)/w] 


w A+ (A! —jxi)/w 





Solving for the attenuation A and the phase shift 
B, we find 
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Fig. 16. Attenuation per wave-length for polyisobutylene liquids plotted as a function of 
secondary shear viscosity times the frequency. Dashed line calculated value assuming xo= 2.28 
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Several limiting cases are of interest. At low 
frequencies, the attenuation per wave-length and 


the velocity 1 become 


2x? 2a? ko\! 
Aw =—(fr) =——, w=(=). (22) 
Ko pio” p 





For very high frequencies the attenuation per 
wave-length and the velocity become 
mr’ wh’ 


Ko+k1 Px? 


Kot Ki x? i 
r= ( (1+——)) . (23) 
p (ko+K1)? 


Hence with a hysteresis type of loss the attenu- 
ation per wave-length at high frequencies 
remains constant and independent of the fre- 
quency. This is the type of attenuation’ found 
for solid bodies of the glass type, and it appears 
that the polyisobutylene liquids approach this 
condition at high frequencies. 


Av, = 


2 








. Introducing these values in Eqs. (19), the 


velocity, which is w/B, and the attenuation per 
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wave-length can be written in the form 
__ (A+2A(IA) + B(vu2/ v0") (fA)2)* 
van 1+24 (fr) +B(fd)? ) 
2x? (fA)[1+C(fr)] 


ko 1+2C(fr)+D(fr)® 





(24) 





where 
2nd’ 4n*(kot+ Ki) 
Dupeannaiaen 


. oA? a2) 


N24 «2 





Hence if C, D and v,2/v¢? are relatively constant 
with temperature, the velocity and attenuation 
per wave-length are functions of the product 
frequency times second shear viscosity. As indi- 
cated by the data of Fig. 16 and Fig. 17, this 
assumption appears to be justified. 

The measured curves of Fig. 16 and Fig. 17 
can be fitted quite closely by taking 


ko = 2.28 X10" dynes/cm?; 
k= 1.17 X10" dynes/cm?; (25) 
d’ =0.53 X10" dynes/cm*. 


This gives a zero frequency velocity of 1.6105 
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Fic. 19. Equivalent circuit for the propagation of a 
longitudinal wave in a liquid having an elasticity controlled 
by a relaxation mechanism and a hysteresis compo- 
nent in the rearrangement compliance. 








corresponding to a temperature of 20°C, the 
standard condition of Fig. 16. The dashed line 
shows the calculated attenuation per wave- 
length which agrees very well with the measured 
points. The solid line of Fig. 17 is a plot of the 
ratio of velocity to zero frequency velocity, using 
Eq. (24) and the constants of Eq. (25). The 
agreement with the measured points is very 
good. The theoretical curve of Fig. 16 indicates 
that at high frequencies, polyisobutylene liquids 
should have an attenuation per wave-length of 
0.5 neper, independent of frequency. 


V. ORIGIN OF SHEAR ELASTICITY IN LIQUIDS 


The present study should apply to the dynamic 
properties of all chain polymers, i.e., systems 
without cross linkage. One interesting result is 
that they show a shear modulus which decreases 
with increase in temperature contrary to that 
found for the ‘‘kinetic theory.”’ 

On the “kinetic theory’’ we have become 
accustomed to the unique high compliance of 
these substances (polymer networks held by 
secondary forces as well as from vulcanization), 
a particularly spectacular property at high am- 
plitudes of motion. Here the “kinetic theory” of 
elasticity describes the elastic retractive force, 
F, for example as ™" 


as kTv 1 
re-1()-(2M(o-3) 
oL Lo a? 
10 F, T. Wall, J. Chem. Phys. 10, 132 (1942); 10, 485 


(1942); 11, 1527 (1943). 
1 P, J, Flory, Chem. Rev. 35, 51 (1944). 





where T=absolute temperature, L=length of 
sample, S=entropy, Lo=length of unstretched 
sample, y=number of chains in a volume V, and 
a=L/Lo. Here the theory accounts nicely for the 
widely observed shear modulus of 10° dynes/cm? 
and for its increase with temperature. |} . 
however, an equilibrium theory and requires 
time for equilibrium to be established before jt 
is valid. 

Most polymers show in addition to this 
“ideal”’ elasticity, several other elastic effects, 
portions of which have been extensively reported 
in earlier literature. For instance, at Suitably 
low temperatures, ordinary supercooled organic 
liquids (glasses) become hard, as also do all kinds 
of rubbers and plastics. In this low temperature 
range, however, rubbery materials usually ex. 
hibit a really high shear modulus, of the order of 
10* to 10" dynes/cm?. This is approximately the 
same whether the chains are cross linked into 
networks or not!-“ and does not depend much 
on average length of chains or segments between 
cross links above a certain limit.” Accordingly, 
the displacement process here can be imagined 
as the biasing of the positions of small chain 
elements in potential wells defined by their 
interaction with neighboring chain elements. 
Thus, as expected, there is a steep decline in this 
modulus with increase in temperature, even for 
static measurements. 

With increasing temperature, however, true 
“kinetic”’ theory elasticity rapidly comes into 
play for static or slowly varying measurements, 
However, the present results emphasize that all 
typical chain systems should also be examined 
for an intermediate type of elastic behavior in 
which the shear modulus of the order of 10° 
dynes/cm?, which has the opposite temperature 
dependence to the kinetic theory phenomenon. 
This type of elasticity is markedly dependent on 
chain length and indeed the data are qualitatively 
similar to the recent conclusion’ of the effect 
of average molecular weight on the rate of 
deformation of polyisobutylene, which is also 
notably dependent on molecular weight. 


#W. O. Baker and N. R. Pape, Report to Rubber 
Reserve Company May 27, 1943. 

% J. W. Liska, Ind. Eng. Chem, 36, 40 (1944). 

“4 F, S. Conant and J. W. Liska, J. App. Phys. 15, 767 
(1944). 

16 J. Rehner, J. Polymer Sci. 2, 225 (1946). 
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Hence, new causes besides kinetic theory 
behavior (which of course remains fundamental 
to rubber-like elasticity if enough time is given 
to establish equilibrium) must be sought to 
explain this intermediate type of low shear 
moduli in the order of 10° dynes/cm*, whose 
presence must be regarded as well established. 
It may be that a composite movement, including 
hindered rotation within chains, as well as inter- 
action of segments between chains, is the basis for 
this sort of elasticity. Such motion would be 
affected by chain length, through a chain articu- 
lation effect. Study of cellulose derivatives and 
other polymers, involving alteration of interchain 
forces without great changes in intrachain 
stiffness, will elucidate further this possibility. 
It is always striking that a degree of softness and 
high compliance may be imparted to virtually 
any chain system by sufficient amounts of 
plasticizer. Yet this does not much change the 
barriers to internal chain flexing, and, it is 





suspected, does not always directly introduce 
kinetic theory elasticity, but perhaps the other 
type of elasticity of this report. 

Finally, at very high frequencies, the data on 
the velocity dispersion together with the shear 
measurements showing that the increase in longi- 
tudinal velocity is caused by an increase in shear 
elasticity indicate that this composite motion is 
relaxed and the shear elasticity is then deter- 
mined by single potential wells and approaches 
that of a crystal. The data of Eq. (25) show that 
the shear elasticity equals 5.85 10° dynes/cm? 
and the liquid is similar to a solid having a 
Poisson's ratio of 0.4. 
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A dynamical system is called localizable if its wave functions can be expressed in terms of 
variables, each referring to physical conditions at only one point in space-time. These variables 
may be at points on any three-dimensional space-like surface in space-time. 

A general investigation is made of how the wave function varies when the surface is varied 
in any way. The variation of the wave function is given by equations of the Schrédinger type 
involving certain operators H"(u) which play the role of Hamiltonians. The commutation rela- 
tions for these operators are obtained (Eqs. (50), (51)). The theory works entirely with relativistic 
concepts and it provides the general pattern which any relativistic quantum theory must con- 
form to, provided the dynamical system is localizable. 





I. INTRODUCTION 


LOCALIZED dynamical variable is a quan- 

tity which describes physical conditions at 
one point in space-time. Examples are field 
quantities and derivatives of field quantities to 
any order, also the position of a point particle 
at a particular time and the spin variable of a 
point particle at a particular time. Examples of 
dynamical variables that are not localized are 
the momentum of a point particle at a particular 
time in quantum theory and the spin variables 
of a body of finite size at a particular time, in 
classical or quantum theory. 

A dynamical system in quantum theory will 
be defined as Jocalizable if a representation for 
the wave functions can be set up in which all the 
dynamical variables are localized. Thus the sys- 
tem composed of a number of point particles 
interacting with fields is localizable. The repre- 
sentation will be called a localized representation. 

To fix a state of motion of a dynamical system 
one usually specifies the wave function at a 
particular time. If the dynamical system is 
localizable and the representation is a localized 
one, each point in the domain of the wave func- 
tion will refer to a set of points in space-time at 
this time. The set may be an infinite one and may 
be all points at this time. The wave function thus 
refers to points on a flat three-dimensional sur- 
face in space-time. The state of motion is then 
determined by physical information which refers 
to points on this flat three-dimensional surface. 

From the general requirement of relativity 
that physical conditions at one point cannot 
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influence the conditions at another point outside 
the light cone of the original point, one would 
expect the state of motion to be determinable 
also by physical information referring to points 
on any curved three-dimensional surface ex. 
tending to infinity, provided this surface is every- 
where space-like, i.e., the direction of the line 
joining any two points of it lies outside the 
light cone. Thus we should expect to be able to 
set up a wave function involving localized 
dynamical variables referring to points on any 
three-dimensional space-like surface S. This we 
should expect as a general characteristic of a 
localizable dynamical system. 

The important question now presents itself. 
Are atomic systems in fact localizable dynamical 
systems in the above sense? This cannot be 
answered at the present time. It might very well 
be that states of atomic systems can be fixed 
only by wave functions on flat surfaces in space- 
time, owing to the atomic world containing some 


features which are not describable in terms of- 


localized dynamical variables. It is true that all 
atomic models in present use that are relativistic 
are also localizable. But these models all lead to 
serious difficulties in their development. Many 
people think that the difficulties are directly 
caused by the models’ being localizable and are 
trying to construct new theories in terms of 
quantities that are not accurately localizable. 
Heisenberg’s! theory of the S-matrix is a general 
investigation on these lines. 

It seems to be a very difficult and awkward 


1 W.'Heisenberg, Zeits. f. Physik 120, 513, 673 (1943). 
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problem to set up a non-localizable dynamical 
system which shall be relativistic, and no work 
on this subject has yet progressed very far. In 
view of these difficulties I do not think the 
localizable models should be abandoned at the 
present time. 

In most of the work that has been done on 
localizable dynamical systems people have con- 
fined their attention to wave functions and 
dynamical variables on flat surfaces in space- 
time, which form instants of time in some Lor- 
entz frame. The work is thus not in relativistic 
form. In order to show that the theory is rela- 
tivistic it would be necessary to study how the 
wave functions and dynamical variables trans- 
form when one changes the direction of the flat 
surfaces in space-time, and to show that all 
physical results are independent of this direction. 
This was done by Heisenberg and Pauli? for the 
case of electrons interacting with the electro- 
magnetic field. But for most theories of particles 
in interaction (e.g., the various meson theories) 
it has not been done, and one does not know if 
these theories are relativistic. 

In the following work I have investigated 
localizable dynamical systems on the most gen- 
eral lines, working only with relativistic ideas. 
This work provides a test for whether any theory 
of particles in interaction is relativistic and gives 
the conditions which must be satisfied for new 
theories. 


Il. THE GENERALIZED SCHRODINGER AND 
HEISENBERG EQUATIONS 


Let S denote any three-dimensional space-like 
surface extending to infinity. We suppose a state 
of our dynamical system can be fixed by a wave 
function ¥(g) involving variables q which are all 
localized on S. The variables g may consist of 
certain discrete variables, denoting positions of 
particles on S and their spins, if they have any, 
and may also consist of three-fold infinities of 
variables, denoting field quantities on S. If any 
three-fold infinities occur, then y is to be under- 
stood as a functional. The wave function must 
be capable of being normalized, according to an 





*W. Heisenberg and W. Pauli, Zeits. f. Physi 
(1925). auli, Zeits. ysik 56, 1 
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equation which we may write schematically 


f Iv(q) [*dq= 1. (1) 


If the variables g contain a three-fold infinity, we 
must make a transformation which reduces them 
to an enumerable set (e.g., a transformation to 
particle variables) in order to be able to give a 
meaning to the integration in (1). 

The surface S plays the role of the time in the 
non-relativistic theory. We have, so to speak, 
very many time variables in the present theory, 
namely all those variables needed to fix S. We 
must study how the wave function changes when 
S is changed in any way, subject to the condition 
that it remains space-like: 

Take two surfaces S, say S; and S2, and let the 
wave functions on these two surfaces be ¥:(q:) 
and y2(g2), respectively. We have to use different 
variables g; and g2 in the two wave functions be- 
cause they denote different sets of dynamical 
variables, localized in S; and S:2, respectively. 
From the principle of superposition of quantum 
mechanics, each of the functions y and ye de- 
termins the other according to a linear law, so 
the two functions are connected by an equation 
of the form 


¥2(g2) = Ryi(q:), (2) 


where R is a linear operator that can operate on 
a function of the gq; variables and turns it into a 
function of the g2 variables. R depends only on 
the dynamical system concerned and the two 
surfaces S; and S2, and must be unitary in order 
to preserve the normalization of the wave 
function. 

If the operators R connecting any two sur- 
faces are known, then a wave function ¥(g:) on 
a particular surface S, determines a wave func- 
tion ¥(g) on an arbitrary space-like surface S. 
This wave function may be looked upon as a 
function ¥(gS) of two sets of variables, the 
variables needed to fix S and the variables gq, 
the latter variables being themselves dependent 
on S. This function ¥(¢S) which depends on S 
forms the analogue of the time-dependent wave 
function of non-relativistic quantum theory. 

Let us consider a linear operator X, that can 
operate on a wave function ¥;(g;) on the surface 
S; and turns it into another function of the 
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variables g:, which can be looked upon as another 
wave function on the surface S;. For example, 
X; may be an algebraic function of the variables 
gi and of the operators of differentiation with 
respect to the q,’s. Such a linear operator corre- 
sponds to a dynamical variable on the surface 
S;. Of course, it need not be a localized dy- 
namical variable, as it may involve q; variables 
localized at different points. 

Suppose the linear operator X, changes the 
wave function ¥(g:) on S; into the wave func- 
tion x:(g:) on S;. The wave function ¥(g:) on S; 
will determine an S-dependent wave function 
¥(qS) and, similarly, x:(q:) will determine an 
S-dependent wave function x(qS). We can now 
look upon X;, as a linear operator which changes 
the S-dependent wave function ¥(qS) into the 
S-dependent wave function x(gS). Although X, 
refers to a particular S, namely Si, it can in 
this way operate on wave functions which do 
not refer to any particular S, but are functions 
of a general S. 

This way of looking upon dynamical variables 
on particular surfaces enables us to add and 
multiply dynamical variables on different sur- 
faces. For example, the dynamical variable X, 
on the surface S; and the dynamical variable Y2 
on the surface S: can both be looked upon as 
linear operators operating on S-dependent wave 
functions ¥(gS) to give other similar wave func- 
tions, and so their sum X,+ Y2 and their prod- 
ucts X, V2, Y2X; have an immediate interpreta- 
tion as similar linear operators. The dynamical 
variables on different surfaces all form an 
algebra. 

In order to study the consequences of the linear 
connection (2) between wave functions on dif- 
ferent surfaces, let us take S; and S: to differ 
only by an infinitesimal of order e. The surface 
S: is thus the result of applying any deformation 
of order ¢ to S;. Equation (2) now gives 


¥2(g2) —¥1(q1) = —teAy(q1), (3) 


where A is a linear operator connected with the 
previous R by 


R=1-ieA. (4) 
The left-hand side of Eq. (3) is the sum of a 


function of the qg;’s and a function of the q’s 
and does not have any meaning as a single quan- 
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tity. (E.g., it would have no meaning to say 
that the left-hand side of (3) vanishes.) For the 
purpose of developing the theory it is necessary 
to set up a connection between the domain of 
the function ¥(q:) and that of the function ¥2(q2) 
so that two such functions can be added to pro- 
duce another similar function. Given a function 
of the g,’s, we must be able to give a meaning to 
the same function of the ge’s. 

The most obvious way of doing this is by in- 
troducing a general set of curvilinear coordinates 
U1, U2, #3 On Sj, and a neighboring set of curyi- 
linear coordinates, with the same names 1, us, 
u3, on Sz. This sets up a one-one correspondence 
between points on S; and points on S:, and also 
between directions in S,; at points on S, and di- 
rections in S: at points on S:. Given a wave 
function on S; for which certain particles are at 
certain points with certain u-values and have 
certain spins, we now define the same function 
on S: as having the same particles at the points 
on S: with the same u-values, and having spins 
in the corresponding directions referred to the 
new system of coordinates. If the wave function 
on S; involves field variables, the same function 
on Sz: must involve in the same way the corre- 
sponding field variables with the same u-values. 

In this way functions of the g,’s can be identi- 
fied with functions of the g2’s, so that we can 
omit the suffixes and write them both as func- 
tions of the g’s. The operator A becomes an 
operator that can be represented by a square 
matrix, which changes a function into another 
function of the same kind. The condition that R 
is unitary requires A to be Hermitian. 

The method of identifying functions that we 
have introduced requires all the variables q 
occurring in the wave function y¥(g) on S; to be 
defined with respect to the coordinate system u 
introduced on S;. If the coordinate system is 
altered, the g’s get altered in their meaning and 
so the wave function for a particular state gets 
altered. Equation (3) gives the law of change 
of the wave function ¥:(q¢) for any small change in 
the surface S, or in the coordinate system on it. 

It becomes convenient at this stage to use the 
symbol S to denote a parametrized surface, ie., 
a surface with a system of coordinates 11, U2, 4s 
on it. A state of motion of a dynamical system is 
now fixed by a wave function y:(g) on any 














sur 
wit 


doe 
the 
fort 
cha 


and 
inte 
dyr 
fort 
imf 
tert 


the 
3) ¢ 
par 
fou 


As 
the 
wit! 


par’ 
the 
vari 


a di 
rect 
of t 


The 


fyin 


stea 
cont 
any 
like 
mai 
tion 








ay 


ry 
of 
2) 


ee FF FS Se FSF Ww Se Ww —_ > a | we 











ametrized surface S;. It is the parametrized 
surface that really plays the role of the time in 
the non-relativistic theory—not the surface 
without the coordinate system. 

We may take a small deformation of S; which 
does not change the surface but only changes 
the system of coordinates u on it. Such a de- 
formation will cause the wave function ¥;(g) to 
change in a rather trivial way. Thus the operator 
A for such a deformation will be a trivial one 
and will not contain any terms corresponding to 
interaction between the various particles of the 
dynamical system. The operators A for de- 
formations which change the surface will be the 
important ones and will include interaction 
terms. 

A parametrized surface S; is fixed by specifying 
the four coordinates x, in space-time (u=0, 1, 2, 
3) of any point on the surface as functions of the 
parameters u,(r=1, 2, 3), i.e., it is fixed by the 
four functions 

Xy=Xy(u). 


A small deformation of S; is fixed by specifying 
the variation 6x, in the coordinates of a point 
with any given parameters u, 


5x, = dx, (2). (S) 


We may resolve the displacement 6x, into a 
part lying in the surface S; and a part normal to 
the surface S,. The first part corresponds to a 
variation in the parameters u on the surface, 
say the variation, 6u,=ea,. The second part is 
a displacement, of magnitude ea, say, in the di- 
rection of the unit normal m, at each point u 
of the surface S;, 2, being defined by 


n,(Ox*/du,)=0, nn*=1, m>0. (6) 
The total displacement éx, is thus 
5x, = (Ox,/OuU,) ea, + Nyedn. (7) 


The deformation of S,; may be fixed by speci- 
fying ea, and ea, as functions of the u’s. There are 
two advantages in using this specification in- 
stead of that provided by (5). Firstly, one may 
continually apply small deformations with a,, a, 
any differentiable functions of the u’s to a space- 
like parametrized surface S; and it always re- 
mains space-like. Secondly, the ea,, ea, specifica- 
tion allows one immediately to separate out those 
deformations for which only the coordinate sys- 
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tem u is changed, corresponding to a trivial 
change in the wave function. 

With the method of specifying deformations 
by the displacements ea,, ea, we are able, when 
we are given any deformation applied to a 
particular S, to give a meaning to the same 
deformation applied to any other S. We can then 
introduce a deformation operator e@ say, con- 
nected with this deformation. This deformation 
operator has the property that, if F(S;) is any 
function of 5, i.e., any functional of the func- 
tions x,(u) that specify S,, the same function 
F(S2) of the deformed S: will be given by 


F(S2) — F(Si1) = —te@F(Si) (8) 


to the first order in e. If F(S) and @ are treated 
as non-commutative quantities in an algebra, 
this equation must be replaced by 


F(S2) — F(Si) = —te{ @F(S:) — F(S1)@}. (9) 
With the help of this notation, Eq. (3) becomes 
@yi(g) = A¥i(Q). 


If we let ¥(gS) be the wave function on an arbi- 
trary S, we get 


ay(gS) =Ayv(gS), (10) 


in which @ is an operator which operates on the 
S variables and A is an operator which operates 
on the g variables. This equation is like the ordi- 
nary Schrédinger equation of non-relativistic 
quantum theory, 


) 
via) =h“ Hy (qt), (11) 


with @ instead of 10/d¢ and A instead of AH. 
There is, however, the important difference that 
non-relativistic quantum theory has just one 
Schrédinger equation (11), while the present 
theory has a very large number, one for each 
kind of deformation that can be applied to a 
parametrized surface S. The present theory may 
be compared more closely with the many-time 
theory of electrons in interaction with the elec- 
tromagnetic field, which theory has many wave 
equations of the form (11), one for each electron. 
There is still the difference, though, that in this 
many-time theory all the operators i10/dt com- 
mute with each other, while in the present theory 
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the various operators @ corresponding to dif- 
ferent kinds of deformation do not in general 
commute. 

A dynamical variable in the present theory 
corresponds to a linear operator which can oper- 
ate on the variables g in the wave function and 
is independent of the variables that fix S. A 
linear operator which does depend on the vari- 
ables that fix S is a more general thing, which 
is analogous to a function of dynamical variables 
involving the time explicitly in non-relativistic 
quantum theory. 

The identification of functions of the variables 
gi on S; with functions of the variables g2 on S» 
enables us to identify linear operators which 
operate on wave functions on S; with linear 
operators which operate on wave functions on Sz2. 
This means that a dynamical variable on S; can 
be identified with a dynamical variable on So». 
Using language borrowed from non-relativistic 
quantum theory we may say that, if we have 
any dynamical variable ‘“‘at the time S,”’ we can 
give a meaning to the same dynamical variable 
at the time Sb». 

We had previously a way of adding, and thus 
subtracting, dynamical variables at different 
times S; and S: by considering them as operators 
operating on the S-dependent wave function, 
(this process being independent of the para- 
metrization). Let us use this to evaluate the dif- 
ference between a dynamical variable at the 
time S; and the same dynamical variable at the 
time Se. 

Take a dynamical variable X and let X, be 
its value at the time S; and X_ its value at the 
time Se. X; changes the wave function y on S, 
to another wave function, which we may denote 
by Xy, on S;. From (2), X; must have the same 
effect on the S-dependent wave function as that 
operator which changes Ry on S; to RXy on So, 
which is the same as changing Ry on S; to RXe 
on S:. Thus 


Xi RY =RXwW, 
so that 
X,R=RX2. (12) 


If S: differs from 5S, by an infinitesimal, we 
get, using (4), 


Xo—X1= —ie(X1A — AX) 


DIRAC 


to the first order in e. Introducing the commuta. 
tor notation 


XY—YX=iLX, VY], 
we may write this result 
X2—X1=€LXi, A]. (13) 


It is the analogue of Heisenberg’s equation of 
motion of non-relativistic quantum theory. It js 
of similar form to (9), except for a change of sign, 

If we take a general quantity £, on S,, depend. 
ing on dynamical variables on S; and also on the 
variables that fix S;, then on passing from S, to 
S2, & will undergo changes due to two causes, 
a change given by (13) arising from its involving 
dynamical variables and a change given by (9) 
arising from its explicit dependence on S. Thus 
the total change in £, will be 


f—f=e«Lf, A—@]. (14) 
This corresponds to the equation 
dt/dt=(t, H]+ (d¢/dt) 


in non-relativistic quantum mechanics for a 
quantity ~ which is a function of dynamical 
variables and is also an explicit function of the 
time. 


Ill. THE COMMUTATION RELATIONS 


We shall suppose space-time is flat, as is 
usual in quantum theory. Embedded in this flat 
space we have a curved three-dimensional space- 
like surface S, parametrized by 11, us, us. The 
square of an element of length in this surface is 
given by 


—dx,dx* = — (dx,/du,) (dx*/du,)du,du, = y"du,du, 
where 


y"* = — (dx,/du,) (dx*/du,). (15) 


Thus y” determines the metric on the surface. 

The geometrical properties of the surface (e.g., 
its curvature) are not completely determined by 
the y. Certain other quantities 


r¢ = (dn*/du,)(Ox,/dU,) 
= —n*(3%x,/du,du,) =2" (16) 


are needed as well. The 2” are not independent 
of the y*, but are connected with them by cer- 
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tain relations due to Gauss, Mainardi, and 
Codazzi.* 

When S is deformed, the y's and Q's get 
changed. This means that the y’s and Q's do not 
commute with the deformation operators like @. 
We shall proceed to work out the more im- 
portant commutation relations. 

Take certain definite values for the parameters 
u, fixing a point x,(w) on the surface S. The de- 
formation operator @ changes x,(u) by the 


amount 
dx, = e[ @, x, | 


from (9). Equating this to the right-hand side of 


(7), we get 
OX, 
[@, x, ] own (17) 
uy 


Let us differentiate this equation with respect to 
u, The operator @ is not affected by the dif- 
ferentiation, since it has nothing to do with the 
values of u chosen above. The result is thus 


Ox 0°x 
|@, ~"| _ - ay+ 
Ou,) OUu,OU, 


Hence, from (15), 


OX, 00, On, Oa, 
ad,+n,—. (18) 
Ou, Ou, Ou, Ou, 














Ox" OX, 


ee on 


Ou, OU, 














a.+— +—<d, +8, 


=| 0x, 
Ou, OU, OU, Ou, 


OX, 0a, On, dap, 
Ou, Ou,OUu, | 
OA, | Ox" 
Ou, au, 


(t=1, 2, 3) 


OX, Oa, On, 
ast — —+— Ont My 
Ou, OU, OU, 








| 0°XxX, 
Ou ,OUu, 


oy" Od: Oa: 
arty" +7" 


Ou; OUus Ou; 











—20°"a,. (19) 


Let y be the determinant formed by the y”, 
and let y,, be the co-factor of the element y" 
in this determinant, divided by y. Then 


[@, yJ=L@, y"*}ynv 


Oy Oa, 
=—a,+2y7 ——2/a4). (20) 


Ou: Out 


*See L. P. Eisenhart, Riemannian Geometry (Oxford 
University Press, 1926), p. 146. 


The equation 


¥ “Yue = 6, 
leads to 
[ @, y'“Yus | =O 
or 
y™L@, Yue J+ @, y' }Yus=0. 
Thus 


[@, Yre]=Yyrev'"L@, Yue] 
-_ —YrtVusl @, y**}. (21 } 


Using (19), this gives 
oy" da, 


—a,+y"— 
Ou, Ou, 


[@, Yrs] — Tere 





0a, 





+7" —20"a, 





Ou: 


OYrs da, Oa, 
m——By — Vue oe 
Ou, Ou, Ou, 








+22,.05 (22) 


with the help of 


dy™ OYus 
Yo 7" = 0. 
OU, Oy 


We must now obtain the commutation rela- 


tion of @ with n,. We get this by applying @ to 
Eqs. (6) which define n,. This gives 


Ox" Ox" 
[@, —* -n @, —| 





Us Ou, 
0° x" 0a, 
= —n,———0, — 
Ou,OUu, Ou, 
On, Ox* 0d, 
aaa —— ie ae 
Ou, OU, Ou, 
and 
[@, ny |n*=0. 


These four equations are sufficient to determine 
the four quantities [ @, m,] and give 


Ong OX, OAy 
[@, ny | =——@e+ ¥rue— ’ (23) 
u, Ou, OU, 





as is easily verified. 
Let us now introduce another small deforma- 
tion operator «® which displaces each point 
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x,(u) on the surface S by the amount 


OX, 
—eb,+n,eb,. 
Ou, 
Thus, 
OX, 
[®, x, ]=—b,+Myba. (24) 
Ou, 


We shall now evaluate the commutator of @ 
and @. 

Applying the operator @ to Eq. (24) and using 
(18) and (23), we get 


OX, 





Ca, (8, “=| ¢, p+te, My |dn 


Ou, 

















0x, OX, 00, On, 0a, 
= | ar +—a, + Ny b, 
Ou,OU, Ou, OU, OU, Ou, 
On, OX, Oy 
+| at In— 
Ou, Ou, OU,g 


Interchanging @ and @ here and subtracting, 
we get 


[L@, 8], x)= [@, [@, x,JJ—L&, [@, xy] ] 


Ox, / Oa, 0b, 
(20-2) 
Ou, \ OU, Ou, 











On 0b, 
+ Ny ( b, Per —a,) 
Ou, Ou, 








OX, f9G, Ob, 
+re ( bas ). (25) 
Ou, \du, Ou, 


The commutator of the two deformation opera- 
tors e€@ and ¢@ is another deformation operator, 
e[@, ®]=€C say, which according to (25) dis- 
places each point x,(u) on the surface S by the 
amount 





OX, 
—e*e,+n,€7Cn, 
Ou, 
where 
0a, 0b, Oa, ob, 
c= “a, 1n(—bx-—"as), (26) 
Ou, Ou, Ou, Ou, 
Oa, 9b, 
Cx =—b, -—4,. (27) 


Ou, Ou, 


PrP. A. M. 
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The deformation operator € is not of Quite 
the same nature as @ and & since, while the dis. 
placements a,, 6, are functions of the y's only 
the c, are functions of the y,, as well as being “ 
plicit functions of the u’s. The c, do not, in gen. 
eral, commute with deformation operators, as 
shown by Eq. (22). Thus, the set of deformation 
operators of the type of @ and @ do not form a 
Lie group. If we restrict ourselves to operators 
@, ®, which do not change the surface S, byt 
only its parametrization, so that a,=b,=0, then 
from (26) c, is independent of the +’s, so that e 
is another operator of the same nature. Thus, jn 
this restricted case the deformation operators do 
form a Lie group. In the general case we can get 
a Lie group by taking all the deformations jp 
which the displacements a,, a, are general func. 
tions of the y’s and 0’s and their derivatives, as 
well as being explicit functions of the wu’s, 

The deformation operator @ must depend 
linearly on the functions a,(u), @,(u%) which fix 
the displacement of each point x,(mu) on the sur- 
face S. Thus @ must be connected with the fune- 
tions a,(u), a@,(u) by an equation of the form. 


an f {a,(1u)11"(u) +ay(u)11"(u) Jd, 
(d?u =dujduedus), (28) 


where II’(u), I1"(u) are operator functions of wu. 
The II’s are the elementary deformation opera- 
tors, in terms of which any deformation operator 
can be linearly expressed. 

We should expect an equation of the form 
(28) to hold also for more general deformation 
operators @ for which the displacements a,, a, 
are functions of the y’s and ’s. The question 
then arises as to the order in which the two fac- 
tors a and II are to be put on the right-hand side 
of (28), as these two factors no longer commute. 
In order that one shall be able to apply these 
more general deformation operators to functions 
of S in accordance with formula (8), it is neces- 
sary that the II’s in (28) should always be to the 
right of their coefficients a, as this will make 
formula (8) follow from formula (9) together 
with the condition that each operator II applied 
to something independent of S produces zero. 
It should be noticed that we get a consistent 
scheme when we assume that the commutator of 
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two of these more general operators @, with the 
II’s to the right of their coefficients, is another 
such operator with the II’s to the right of their 
coefficients, since the extra terms in the com- 
mutator arising from the II’s not commuting 
with the a’s will all be linear functions of the 
II’s with their coefficients on the left. The II's, 
together with the y's and Q’s, then form an 
algebra with self-consistent commutation re- 
lations. 

The commutation relations for the elementary 
deformation operators II may easily be obtained 
from our previous commutation relations in- 
volving integrals of the II's. For example, sub- 


stituting 
» i] {ap(1’)1I"(w!) +n (1e’)TT"(1") }d 80’ 


(with a,, @, independent of the y's and Q's) in 
(17) and equating coefficients of a,(u’), a,(u’), 
we get 


[II"(u"), x,(%) ] - (0x, /Au,) 5(u = u’) , (29) 
[U*(u’), x,(u)]=n,8(u—’). (30) 


Similarly from (19) we get 








oy" 06(u—u M’) 
[I1'(u’), y"*(u) ]=——8(u —u’) +-y"*(u) 
Uy au, 
06(u—u’) 
+7%(a)————,_ (31) 
Our 
[1I"(u’), y"*(u) ]= —2Q"*5(u—u’), (32) 


and from (20) we get 
dy 

[II'(w’), y(u)]=—é(u—u’) 
Ou; 


06(u—u’) 
as (33) 


Ut 
[11"(u’), y(u)]= —2y2,'6(u—u’), (34) 


and so on. 

To get the commutator of two II's, we notice 
that, from (26) and (27) and the rule that co- 
efficients must always be put to the left of the 
operators II, 
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Oa, 0b, 
+ ¥n—ba— vas ) Il" 





Ou, Ou, 
Od, 0b, 
+( 6, -—"a, uaa 
Ou, Ou, 


Substituting the expression given by (28) for @ 
and 


f | b,(4’ 11" ( 0’) +b, ( 0’) 11"( a’) | d? a’ 


for ® and picking out coefficients of a,(u)b,(u’), 











a,(u)b,(u’), an(u)b,(u’), we get 
05(u—u’) 
LII"(), we I= 2—— —II"(u’) 
uy 
06(u—u’) 
—————I(s), (35) 
Ou, 
06(u—u’) 
(1"(u), 1"(u’) = — —TI"(u), (36) 
Ou, 
06(u—u’) 
[1I"(u), 11"(u’) J = — —~ 
Ou, 


X [Yre(u) II" (u) +Yre(e’)TI"(u’)}. (37) 


In this way we obtain all the properties of the 
II's. 

Corresponding to the form (28) for @, the 
operator A of the Schrédinger Eq. (10) must also 
be expressible linearly in terms of the functions 
a,(u), @a(u), say 


al = f (a1(u)Pr(u)-+ag(u) Pu) Ja, (38) 


where P’(u) and P"(u) are operators operating 
on the variables g of the wave function. They 
are, of course, Hermitian. The Schrédinger Eq. 
(10) for a wave function ¥ now gives 


J toartanrjauy= f {aPr+a,P*\eup, (39) 


Since this wave equation must hold for an 
arbitrary small deformation, corresponding to 
arbitrary functions a,(u), a,(u), the wave func- 








tion y must satisfy 
II"(u)y = P'(u)y, (40) 
I1"(u)y = P"(u)y. (41) 


These are the wave equations expressed in terms 
of the elementary operators II, P. 

The operators P"(u) are the Hamiltonians of 
the present theory and Eq. (41) is the important 
wave equation. There is one of these equations 
for each point on the surface S. Equation (40) 
merely states how the wave function is changed 
by a change in the u coordinate system, and the 
operators P’(u) are a kind of momentum opera- 
tor, which is simple and can easily be worked 
out for any given dynamical system. 

Let us take as an example a dynamical system 
composed of a number of particles without spin, 
the mth particle having coordinates u”. The 
variables u™ may be taken as the q’s in the wave 
function, so that it reads ¥(u”). The change in 
the parametrization caused by the displace- 
ments ea,(u) results in the u coordinates of a 
fixed point on the surface S being reduced by 
ea,(u), so that the coordinates of a particle u,” 
get changed to u,"—ea,(u”). The operator which 
simply causes this change in the variables in 
the wave function is —¢ >> ,a,(u™)(0/du,"). How- 
ever, this operator is not Hermitian. It must be 
replaced by 


— € Dim) a-(u™) 


) 





cs) 
+——a(wn) (42) 
ou," Ou,” 

This operator not only changes the variable u™ 
in the wave function in the required way, but 
also multiplies the wave function by a suitable 
factor, so that the normalization is preserved 
under the change in parametrization. We can 
now put 


f a,(u)P"(u)d*u 





0 
= 3 En| a,(u™) +—1,(u*) ; 
Ou," Ou,” 


from which it follows that 








re) re) 
+ s(u—wr)| 


Ou,” Ou,” 
fe] 1 05(u—u™) 


Pr(u) = —4 En| 5(u—u") 





= En| —5(u—u™) . (43) 


Ou, 2 Ou, 
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Equations (40) and (41) can be combin 
the single equation 
(lI(u)—P*(u)}y=0. (a@=1, 2, 3, n) 
From this equation and 
(T1°(u’) —P®(u’)}~=0. (8=1, 2, 3, n) 
we can infer 
[M1*(u)—P*(u), 1A(u!)— Paw’) W=0. ay 


Now the commutation relations (35), (36), (37) 
may be written 


ed into 


Eme(u), Mew) }= f yeu, ww") ay 
(y=1, 2, 3, n) (45) 


where the «’s are certain functions of the vari. 
ables u, u’, u’’, which may involve the * at 
these points. From (44), (45), and the further 
wave equations 


{I17(w’”) — Pr(u’’) }y=0, 
we get 


| fssetcu u’, uu") PY(u"’)du”’ 
—(TI*(u), P®(u’) |—[P*(u), T(u’)) 
+[P*(u), P®(u') ];y=0. (46) 


All the four terms in the {} here operate only on 
the q variables in y, not on the S variables. This 
is evident for the first and last terms, and for 
the others it is easily proved. Taking the second 
term, for example, we have 


(LM (u), PP(u’)), xy(u’’) J 
=([[II*(u), x,(u’’) ], P8(u’)]=0 


from (29) and (30), showing that [II*(u), P®(u’)] 
commutes with all the quantities x,(u’’) which 
define S, and hence it does not operate on the § 
variables. Thus, Eq. (46) is a condition on the 
wave function y for just one S. 

Usually in quantum mechanics the wave fune- 
tion at one particular time is arbitrary. There 
are certain special dynamical systems for which 
it is not arbitrary, and the restrictions on the 
wave function at a particular time are then 
known as supplementary conditions. Let us sup- 
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there are no supplementary conditions in 
the present theory. There are then no restrictions 
on the wave function for one particular S, and so 
the operator in (46) must vanish. Thus, 


x (u, ww!) P (ul dea!” 
—[11*(u), P®(u’) ]—[Ps(u), 11°(u’) ] 
+[P*(u), P®(u’)]=0. (47) 


This result may be written, with the help of 
(45), 


[i*(u) —Pe(u), 118(u’) —-P*(u’) 
P f x5°9(u, wu’, w’) {11 (1e!”) —P>(u'") }d2u’’, (48) 


It can now be expressed in words, the commuta- 
tion relations between the quantities I1*(u) —P*(u) 
are the same as those between the II*(u). The argu- 
ment by which this result was obtained is similar 
to the argument by which one infers that all the 
Hamiltonians must commute in the many-time 
theory of electrons interacting with the electro- 
magnetic field, using the condition that all the 
d/dt operators commute. 

Equation (47) now gives, with the values of 
the «’s provided by (35), (36), (37), 


[Pr(u), P*(u’) J+[II*(u’), Pr(u) ] 
—[t"(u), P*(u’) ] 





d6(u—u’) 06(u—u’) 
=—_———-P*(u’)+ —P*(u), (49) 
Ou, Ou, 
[Pr(u), P™(u’) ]+[1"(u’), Pr(u)] 
06(u—w’) 
—[II"(u), P"(u’)]= ———o (50) 
Uy 


[P*(u), P*(u’)]+[I"(u’), P*(u)] 
—[II"(u), P*(u’)] 


06(u—u’) 
= { Y¥re(1¢).PT(14) + Yre(’)Pr(u’)}. (51) 


Equations (49) give the commutation relations 
between the P’’s, and ought to be satisfied auto- 
matically if the Pr’s have been correctly cal- 
culated. It may easily be checked that they are 
satisfied for Eq. (43). Equations (50) and (51) 


QUANTUM THEORY OF LOCALIZABLE DYNAMICAL SYSTEMS 1101 


concern the Hamiltonians P*(u), and are the 
fundamental commutation relations of the present 
theory. 

In non-relativistic quantum mechanics, for a 
dynamical system not acted on by external 
forces the Hamiltonian operator must not de- 
pend on the time. There must be a corresponding 
condition in the present theory. At first sight 
one would think this condition should be that 
the operators P’, P* are all independent of the S 
variables. This will not do, however, since it 
leads to a contradiction. It would make all quan- 
tities of the form [TI*(u), P*(u’)] vanish, so that 
it would make the left-hand side of Eq. (51) in- 
dependent of the S variables, while the right- 
hand side is not independent of them as it in- 
volves the y,,. We must take the weaker condi- 
tion, that the operators P', P* can involve only 
those functions of the S variables that describe 
geometrical properties of the parametrized sur- 
face S and are independent of its position and 
orientation in space-time. Thus they can involve 
the y’s and Q’s and their derivatives, but must 
not involve the variables x,(u), dx,(u)/du, except 
insofar as these variables are contained in the 
y's and Q’s. 


IV. SCALARS AND TENSORS 


Let us consider a dynamical variable X on S. 
It varies with a variation of S according to the 
Heisenberg equation (13). It may be that X 
remains unchanged for all changes of S such that 
the surface and its parametrization are un- 
changed in the neighborhood of a particular 
point «’. In this case the dynamical variable X 
is localized at the point u’ in S, or at the point 
x,(u’) in space-time. We have here the mathe- 
matical condition for a dynamical variable to 
be localized at a particular point. 

It may be further that X remains unchanged 
for all changes of S such that the point x,(u’) 
remains fixed, i.e., such that S always passes 
through the fixed point in space-time where X is 
localized and the parameters u’ of this point are 
unchanged, although the direction of S at this 
point may be altered. In this case X is called a 
scalar. In general, a dynamical variable X local- 
ized at a point x,(u’) will undergo changes when S 
is changed subject to the condition that the point 
x,(u") remains fixed. X will then be a component 
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of a tensor, referred to the u’s and the normal to 
the surface S as coordinate system, the tensor 
character of X being determined by its law of 
transformation under these changes of 5S. 

The changes in a dynamical variable discussed 
above require a departure from the usual con- 
cept of a “dynamical variable at a particular 
time.’’ A dynamical variable is defined in the 
first place as a linear operator operating on a 
wave function on a particular S, S;, say. By in- 
terpreting the linear operator as an operator on 
the S dependent wave function, the linear opera- 
tor becomes dependent on S; and we get Heisen- 
berg’s picture of dynamical variables. In Heisen- 
berg’s picture in non-relativistic quantum me- 
chanics, a dynamical variable localized at a 
particular point P in space-time is a well-defined 
operator. In the present theory it is not, unless 
it is a scalar. In general it will depend on the 
direction of the surface S, through the point P 
where the dynamical variable is localized, its 
variation with variations in this direction being 
given by an equation of the form of Heisenberg’s 
equation of motion. It may also depend on the 
parametrization of S, in the neighborhood of P, 
but this will involve rather trivial variations. It 
may also even depend on the curvature of S; at 
the point P. From the point of view of Heisen- 
berg’s picture, it would be more reasonable to 
count the different linear operators corresponding 
to a dynamical variable localized at P referred 
to different S’s through the point P as different 
dynamical variables, but this would involve a de- 
parture from the usual connection between Heisen- 
berg’s picture and Schrédinger’s. 

Let 


at= f {a,-+a,tI"}a*w, 
(53) 
At= f {aPr+a,P"}du, 


for functions a,, @,, which vanish at one par- 
ticular point u in their domain. The tensor char- 
acter of a dynamical variable X localized at the 
point x,(u) is determined by its commutator 
with A*, in accordance with (13). Thus a scalar 
commutes with A*. Any function ~ of dynamical 
variables and of variables which determine S, 
which are all localized at x,(u), will similarly 
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have its tensor character determined by its com. 
mutator with A*— @*, in accordance with (14) 
Thus a scalar £ commutes with 4*~— Qa*, 


Ct, A*— @*]=0. (54 


The four quantities dx,/du,, n, for a Particular 
value of » with s=1, 2, 3 form the four compo. 
nents of a covariant vector with respect tp 
the « coordinate system. Their commutators 
with A*— @* are, from (18) and (23) 


OX, Ox, Oa, 0a, 
—, A*® —_ a*| => + 








%,—, 

Ou, Ou, OU, Ou, 
OX, OAy 
[n,, A*— @* ]=7,,.— —. 
Ou, OU, 


Any four é’s with similar commutation relations 
are the four components of a covariant vee. 
tor. Thus the commutation relations for a general 
covariant vector £, £" are 


0a, Oa», 
+, 


Ou, Ou, 





Ce, At— a*) -_ & 


Oa» 
[é", A = a*] om Yrnt'—. 


Ou, 


The commutation relations for other tensor 
characters may readily be obtained from this 
one. 

From (20) 


[y, A*— @*]=2y0a,/du:. 


Thus the determinant 7 is not a scalar according 
to the present definition. A quantity p with the 
same commutation relation as y', namely 


[p, A*— @*]=pda,/du,, 


may be called a scalar density, (in a three 
dimensional sense) because the integral of such 
a quantity over all 1, u2, us is independent of 
the parametrization of S. Any scalar multiplied 
by y? gives a scalar density. Similarly, a tensor 
multiplied by yy? may be called a tensor density. 

One would be inclined to assume that the 
operators P’, P* are the components of a second- 
rank tensor density 7, P’ being the component 
T’" and P* the component 7". This assumption 
would lead to some further simple commutation 
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relations between the P* and P*. However, I do 
not see any justification for this assumption in 
general. It leads to difficulties when there are 
particles with spin half a quantum present, ow- 
ing to such spins not being directly describable 
with reference to oblique axes. 


V. DISCUSSION 


Any relativistic quantum theory of a localizable 
dynamical system will provide an example of 
linear operators P"(u) satisfying the commutation 
relations (50), (51), (provided there are no sup- 
plementary conditions). Conversely, any ex- 
ample of linear operators P*(u) satisfying (SO), 
(51) will provide a relativistic theory of a localizable 
dynamical system. If one accepts the assumption 
that atomic systems are localizable, the problem 
of getting a relativistic theory of them becomes 
the problem of obtaining examples of sets of 
operators P*(u) satisfying (50), (51). If no suit- 
able examples can be found, free from incon- 
sistencies and sufficiently complicated to corre- 
spond to interaction between the elementary 
particles, one could infer that atomic systems are 
not localizable. 

A field theory comparable with the present 
theory has been given by P. Weiss.‘ Weiss starts 
with a classical Lagrangian function involving 
field variables g, which provides an action inte- 
gral bounded by any space-like surface S. Weiss 
then introduces momentum variables p on S, 
which are conjugate to the g’s, also introduces 
Hamiltonians, and finally passes over from the 
classical theory to the analogous quantum theory. 

Weiss’ theory applies to dynamical systems 
which are localizable and are thus subject to 
the present theory, and his theory provides a 
method for obtaining Hamiltonians P* satisfying 


*P. Weiss, Proc. Roy. Soc. A169, 102 (1938). 
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the required commutation relations. The Hamil- 
tonians obtainable in this way are not of the 
most general kind, but are restricted by two 
conditions. Firstly, the method applies only to 
dynamical systems describable in terms of dy- 
namical variables satisfying the standard com- 
mutation relations of canonical g’s and p’s—it 
thus would not apply to electrons or other par- 
ticles satisfying Fermi’s statistics, for which the 
field quantities satisfy anticommutation rela- 
tions. Secondly, the g's in Weiss’ theory must be 
scalars, independent of the direction of the 
surface S. Only the p’s may depend on this 
direction.§ 

Another quantum theory of fields has recently 
been given by Tomonaga.® This theory, like the 
present one, deals with wave functions on arbi- 
trary space-like surfaces, but uses a different 
standard for identifying wave functions on dif- 
ferent surfaces, based on the wave equations for 
particles without interaction. A wave function 
¥i(g:) on the surface S; counts as equal to a 
wave function ¥2(g2) on the surface S; in To- 
monaga’s theory if the wave function y;(q:) 
on S; leads to the wave function y2(g2) on S: 
according to the wave equation for particles 
without interaction. This method of identifying 
wave functions avoids the need for parametrizing 
the surfaces S. A wave function will now change 
on passing from one surface S to another only 
on account of the interaction energy, so the 
Hamiltonians of Tomonaga’s theory involve only 
the interaction energy. Tomonaga has developed 
his theory only for the case when all the Hamil- 
tonians commute, but probably his method can 
be generalized. 


Pt P. Weiss, Proc. Roy. Soc. A169, 107 (1938), see bottom 
of page. 
(1946) Tomonaga, Progress of Theoretical Physics 1, 27 
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Crystal Radii of the Heavy Elements* 


W.H ZacHARIASEN 
Argonne National Laboratory and Department of Physics, University of Chicago, Chicago, Illinois 
(Received January 21, 1948) 


Crystal radii for the trivalent and tetravalent ions of the heavy elements from actinium to 
americium as deduced from crystal structure data are listed and briefly discussed. 





HE writer has had the opportunity to carry 
out extensive crystal structure studies on 
compounds of elements 89 to 95. 

Most of the compounds for which complete 
crystal structures have been deduced correspond 
to the trivalent or tetravalent states of these 
elements. The experimental crystal structure 
results show that the chemical binding is pre- 
dominantly ionic for these valence states. For the 
purpose of crystal chemical considerations it is 
accordingly useful to introduce crystal radii for 
these ions. 

The variation of lattice periods with atomic 
number for compounds of the heavy elements is 
illustrated in Tables I and II, which give the 
experimental results for the dioxides and the 
trifluorides. The dioxides have the fluorite type 
of structure, the trifluorides the tysonite type of 
structure. The lattice periods given for the tri- 
fluorides refer to the hexagonal cell containing 
two molecules. 


TABLE I. Dioxides with fluorite type of structure. 

















Compound a 
ThO, 5.5859+ 0.0005A 
UO; 5.4568 0.0005 
NpO: 5.425 0.001 
PuO: 5.386 0.001 
AmO,* 5.372 0.005 
* Degree of purity uncertain. 


TABLE II. Trifluorides with tysonite type of structure. 











Compound a as 
AcF; 4.27 +0.01A 7.53 +0.02A 
UF; 4.138 0.003 7.333 0.004 
NpF:; 4.108 0.001 7.273 0.004 
PuF; 4.087 0.001 7.240 0.001 
AmF;,* 4.071 0.002 7.225 0.004 








* See reference 1. 


* The results given in this article are based on work 
carried out under Contract Number W-31-109-eng-38 for 
the Atomic Energy Project at Argonne National Labora- 
tory. 
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The crystal radii given in Table II] have been 
corrected for the effect of coordination number! 
and correspond to six coordination. The radii 
have been deduced from the observed interatomic 
distances in oxygen and fluorine compounds 
using crystal radii of 1.33A for F~ and 1.404 fo, 
O-~. The crystal radii for the lanthanide series 
of ions are shown for comparison. 

Many investigators have predicted that a 5f 
series of elements would begin near the end of 
the periodic system. The crystal structure studies 
of the writer provide proof of the correctness of 
these early predictions. In contrast to the 4 
series of elements, there is not one but two 
prominent valence states for the heavy elements 
so far known. The trivalent state is known for 
actinium, uranium, neptunium, plutonium, and 
americium, but not for thorium and _protac- 
tinium. The tetravalent state has been observed 
for all the elements in the series from thorium 
to americium. 

Accordingly, one should speak of a thoride 
series for the tetravalent state, and of an actinide 
series for the trivalent state, 

The slow, monotonic decrease in crystal radius 
with increasing atomic number, characteristic 
of the filling of the f-shell, is clearly demon- 
strated in Table III. A similar decrease in the 
size of the (XO2)** radical in going from uranyl 
to neptunyl to plutonyl compounds has been 


TABLE III. Crystal radii. 











Number of Lanthanide 

f-electrons Thoride series Actinide series series 
0 Th*t* 0.95A Act? 111A La*® 1.044 
1 Pa** (0.91) (Th** 1.08) Cet 1.02 
2 Ut 0.89 (Pat® 1.06) Prt 1.00 
3 Np* 0.88 U* 1.04 Nd* 09 
4 Putt 0.86 Np* 1.02 61** (0.98) 
5 Am* 0.85 Put? 1.01 Sm* 0.97 
6 Am* 1.00 Eu*® 0.97 








1W. H. Zachariasen, Zeits. f. Krist. 80, 137 (1931). 












obs 
ura 
sta 
inc! 
wh: 


wel 


Put 


PH 


Th 





1948 


aber! 
omic 


\ for 


a Sf 
d of 
dies 
ss of 
e 4f 
two 
lents 
1 for 


Otac- 
rved 
rium 


ride 
inide 








GENERALIZED THEORY OF GRAVITATION 1105 


observed. This would, of course, correspond to a 
uranide contraction. In the subnormal valence 
states the variation of crystal radius with 
increasing atomic number shows irregularities 
which are not understood at present. 

The new compounds listed in Tables I and II 
were prepared by various chemists as follows: 
NpO: by T. J. LaChapelle and L. B. Magnussen, 
PuO, by P. Kirk; AmO, and AmF; by Sherman 


Fried, AcF; by Sherman Fried and F. Hage- 
mann; UF; by J. Karle, NpF; by Sherman Fried, 
A. E. Florin, and N. R. Davidson; PuF; by A. E. 
Florin and R. E. Heath. 

Detailed accounts of the various crystal struc- 
ture investigations upon which the results given 
in this article are based will appear in Division 
IV of the National Nuclear Energy Series 
(Manhattan Project Technical Section). 
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The Question of Non-Singular Solutions in the Generalized Theory of Gravitation 


A. PAPAPETROU 
Dublin Institute for Advanced Studies, Dublin, Ireland 


(Received November 20, 1947) 


It has been already proved by Einstein and Pauli that in the relativistic theory of gravitation 
the field equations do not admit any non-singular static solution representing a field of non- 
vanishing total mass. In this paper it is shown that this theorem is also valid in the generalized 


theory of gravitation with non-symmetric giz. 


1 


T has been proved first by Einstein! and then 
by Einstein and Pauli? that in the relativistic 
theory of gravitation (with symmetric gx) the 
field equations do not admit any non-singular 
static (i.e., with all components gx independent 
of #) solution which would represent a field of 
non-vanishing total mass. In the second paper 
the proof has been given for a space with a 
number of dimensions »24 in order to extend 
the validity of the theorem to the 5-dimensional 
theory of Kaluza. 

The question arises whether this theorem is 
also valid in the generalized theory of gravitation 
with non-symmetric gyx.* It will be shown in this 
paper that this question can be easily answered 
by using another proof of the theorem established 
by Einstein and Pauli. This second proof can be 
extended to the generalized theory, thus leading 
us to the result that the same theorem ts also valid 
in the generalized theory of gravitation. 


'A. Einstein, Revista (Universidad Nacional de Tucu- 
man) A2, 11 (1941). 

2A, Einstein and W. Pauli, Ann. Math. 44, 131 (1943). 

*A. Einstein and E. G. Straus, Ann. Mathematics 47, 
tio iow: E. Schrédinger, Proc. Roy. I. A. A51, 163 


2 


In this section we recapitulate the main points 
of the proof given by Einstein and Pauli for the 
theory with symmetric gi. This proof is based on 


. the assumption that the solution is embedded in 


a Euclidean space, i.e., that at large distances 
the tensor gx tends to the metrical tensor yy, of 
flat space: 
guava for roo, (1) 
where 
Yu =Y¥2=Y¥33= —1, yua=1, 
(2) 


all other yu. =0. 


Then from the field equations 
Ra=0 


the following relation is shown to be valid in the 
case of static fields :* 


(o“T.é), = 0. 


‘ This relation has been derived in the paper of Einstein 
and Pauli in a rather complicated way. But. it follows 
immediately from the field equations, and even in the 
stronger form 

(g*Ta*),2=0, 


if one takes into account that 
ong" pt+g"'T a! +-g"T..'—g'"Ty,* =0, 
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For a non-singular field this relation holds every- 
where. Hence by integrating over the volume V 
inside a closed surface S one is led to the con- 
dition 


f (9*T'as*),.dv= rf g*Ts*mdf=0, 
v s 


n, being the components of the unit vector 
normal to S. On the other hand, for large values 
of r the field is weak and therefore one can use 
Einstein’s equations of first approximation. It 
follows then that in this approximation (i.e., 
neglecting all terms proportional to r~*, a>1) 
the field gy has the form 


£11 = £22 = 233>= —[1+(2m/r)], 
ga=1—(2m/r); (3) 
all other gx. =0. 


Inserting this in the last condition and taking as 
surface S a sphere r=R of great radius R, one 
finds 

m=0, 


i.e., the theorem stated above. 


3 


Another proof of the same theorem can be 
based on an identity which gives the total energy 
of a static gravitational field in the form of an 
integral over the sources of the field. This identity 
reads :§ 


f (Ts+t4)\dv = f (T—-T'-T,2—-T)dv, (4) 


where 7;‘ is the material tensor defined by 
8rT%= —(Ra—3gnR), R=g"’Ry, (5) 


while ¢* is the well-known pseudotensor of the 
gravitational field. Indeed, if we calculate the 


and 
Rie= —Tie® a t+TVia® e+ ig*Var’ —Tix*T ap’. 


Indeed, we find then for static fields, (---),.=0: 


(o*Tac*), eto Rai = — "Te Tai* 

me — Ag tight’ ght’ (gin st Zet’, k— Sok, t’) (aes — Bai, &’), 
and this is zero since it changes sign if we exchange the 
dummy indices s with & and 2 with k’. 

5 See R. C. Tolman, Phys. Rev. 35, 875 (1930). A very 
> derivation, showing also the limits of the validity 
of this identity, has been given by the present author in 
Proc. Roy. I. A. A51, 191 (1947). 
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volume integral of T.‘+t, for the solution 
having the asymptotic form (3), we find the 
value m (this being one of the main justifications 
for the assumption that T4‘+t,‘ represents the 
total energy-density), and consequently the 
identity (4) gives 


m= { @i-Bi-Iv-I). 


Thus we see that in the case of a non-singular 
field, where 7,=0 everywhere, it is necessarily 
m=0. 


4 


In this and the next sections it will be shown 
that the identity (4) is valid also in the gener. 
alized theory of gravitation and that it can be 
again used for proving the non-existence of 
regular static solutions in this theory. 

We start from two identities which have been 
given by Schrédinger :* 

(*2p%+*ts*), 2 =0, 
8r(*T 2+ *ts*) _ 3 (*Agi'G™* +*Ace'g** (7) 
_— 5s% ¥A ix’). 
The quantity *T,* is related to *Rx: 
*T t= 3(G% *T x. +9°* *Tis), Pm 
8x4 *Ta = —(*Ra— aon *R), *R=g *R,,. 
The quantity *tg* is given by 
Sa *tg* = 3( 59% *A+*AnGQ™ 2), (9) 
where 
¥A =g*(*T',,” *T.,° a *T *T..*), 
(10) 


*Ag®*=*Ta*—d,° *T;,’. 


The identities (7) are valid under the assump- 
tion that the relations 


tk 


= (11) 
are fulfilled everywhere. But this assumption 


*E. Schrédinger, Proc. Roy. I. A. A52, 1 (1948). 
We add a star to Schrédinger’s Tg* and tg, since thes 
quantities have been derived from the variation of 
part of the Lagrangian depending only on *Ris. We shal 
use the notation Tg* and tg* for the corresponding quat- 
oie derived from the total Lagrangian; see Eq. (19) 

ow. 
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does not mean any restriction of the theorem we 
are going to prove. One sees it immediately if 
one remembers that in the generalized theory of 
gravitation Eq. (11) is a part of the field equa- 
tions. Hence, for a regular solution both sets of 
equations, Rx=0 and (11), must be fulfilled 


everywhere. 
5 


We now introduce the quantity 
Te*=3(9"T se +9**T is), 


(12) 
8xT n= —(Ru— }guR), R=g""Ryy. 
The relation between Ry and *Rx is?’ 
Ru=*Rut Fa, (13) 
with 
Fu =3(T x, i—Ts,e)- (14) 
So we find 


ak y 
8xFp*= 8x *Zp*—GY Far t+h5p°G Fw. (15) 


We put 
Tet —*T p27 = TL’ g*. (16) 


Computing the quantity I’s*,. we find 
ue uP 
8aZ'p* a= 30. als, w= (30, al’), »- 
So if we put 


8rt’s* = a za, al',, 


(17) 
(18a) 


we have 


(Z'p7+t’s*), 2 =0. 
Finally, we verify immediately the relation 
8x(I's"+t’s) 
=3(G Tp +59°9~T,—5p'9°T,),«. (18b) 


Adding (7) and (18) and taking into account 
(10), we find 
(Tp*+ts*), .=0, 


8x(Tp*+ts*) =3(G%* *Tax* +9** *T'ip" 
—g~ *T'g:'— dg'g** *T,,' 
—_ 5s%q* *Tiu'+5%q* *T,* 
4 as 4 - 
ur ot ht 


& 
~ oer we (19) 


E. Schrédinger, reference 3, relations (15) and (17). 
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where we have put 


te* = *tg*+t’ 9. 


(20) 


We mention that Eqs. (19) are the fundamental 
identities to which one is led by the usual vari- 
ational method when starting from the Lagran- 
gian 


£:=9"*Rat(Q*T x), a—(G*T ia), 2s 
which is equivalent to the usual Lagrangian 
Q= g* Ra 


insofar as it also leads to the same field equa- 
tions.* On the contrary, Schrédinger’s identities 
(7) are derived from the variation of *A which 
is only a part of £; and would not lead to the 
same field equations. But the question: Which 
are the identities expressing the ‘‘correct’’ con- 
servation laws, cannot be easily answered, at 
least not by discussing the static fields repre- 
sented by the few known solutions of the field 
equations; in the static case the volume integral 
of both the densities T,4+t,* and *2 44+ *t,‘, and 
even of the corresponding density derived from 
the Lagrangian %, have all the same value. 


6 


The identity (4) can be derived in a general 


way’ from the relation 
t.é = 2ty!. (21) 


We now prove that this relation is valid also in 
the non-symmetric theory. It follows from (17) 
that for static fields 


t’,4=0, t’ *=0, 
Then from (20) and (9): 
tyt=*tyt=4*A. 


And finally, taking into account (10) and the 
relation 


g* atg™ *T..'+9* *T 4. —g* *T.,° =(), 


we find ; 
t;* = *t,' = *A. 


_' A general discussion of the identities derived from the 
different forms of the Lagrangian leading to the same 
field equations may be given in another paper. 

*A. Papapetrou, Proc. Roy. I. A. ASI, 191 (1947). 
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Thus we see that the relation (21) is holding, and 
consequently we have in the non-symmetric 
theory the identity (6) :’° 


feettinde= f Ge-Ts-Ts—-Tav. 


7 


We finally have to show that for a static field 
gu tending at infinity to yx: 


Ln=Vatgn’ with gu’~1/r, (22) 


the volume integral of T,4+t,‘ has the value m 
of the constant entering into the expressions of 
the diagonal components of gi according to (3). 
Starting from the second of Eq. (19) we find 


Jfcertnar= [adem J wna, (23) 
where 
*=—(g# *Tyt+q*4 *T,.—g* *T,° 
r ‘ 4 4s 4 si 
+9" “Pal + aT et Od, (23a) 


the other terms on the right-hand side of (19) 
vanishing in the case of static fields (s=1, 2, 3 
only: 6s°=6,°=0, and *I'4;*=0). On the other 
hand, it follows from gy’~1/r that all the com- 
ponents *I;:‘ will be ~1/r? and *Ry~1/r’. 
Therefore, 

*Ra = — Fy ~ 1/r, 


and consequently." 
Ty~ 1/r?. 


1 Since it is also 
*t, = 2*t,!, 
we have additionally the identity 
S AT sb+*t§)do= f (*TA—*T—*T?—*T;4)dr. 
But this identity cannot be used for proving our theorem, 
since the field equations are Rj,=0, and, generally, it will 
be *Riz, and *T,*+0. 

4 The vector I’; is determined only up to a gradient of 
an arbitrary scalar function. But this does not affect the 
value of T,4+-t,*, since according to (15) T.* depends only 
on Fj, and ty*=*t,* is entirely independent of I;. Con- 
sequently. we can for the calculation of the total erergy 
choose the simplest form of IT; which must be ~1/r* in 
order to lead to Iy,4~1/r'. 
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We see now that the two last terms in the e 
pression of %{*, Eq. (23a), are ~1/r3 and, dus 
fore, do not contribute to the value of the total 
energy.” In the other terms of Y* we Must con, 
sider only the diagonal components of Bix (singe 
the other components give again terms ~(1/r9) 
It follows then 


1 
MM = ——(*# 1 gg? +70 1° + *T 29+ *7 33° — *Ta!). 
Or 
And since 


*Ta* =*T,.* = "Tas", 


we see that %* depends only on symmetric com. 
ponents *Iy:‘. 

Now we know that for weak fields in firg 
approximation the symmetric part giz fulfills the 
same equations as in the theory of gravitation! 
Therefore we can again make use of Einstein's 
equations of first approximation for the gravita. 
tional field and have then for gi exactly the 
same form as given by (3). Further, we notice 
that in this approximation the I’,.‘ depend only 
on gi’ and are given by the same expressions as 
in the theory of gravitation; so we see that the 
integral on the right-hand side of (23) has the 
same value as in the case of the pure gravitational 


field : 
fp Unadf=m. 


Therefore we have the relation 
na f (E,!—-T,!-T?—-T dv, 


which proves our theorem." 

The author wishes to express his thanks to 
Professor E. Schrédinger for valuable discus 
sions. 


12 These terms represent the difference between T,‘+t/ 
and *T,‘+*t,‘, as one can see from (18b). Hence the above 
conclusion means that both these densities lead to the 
same value of the total energy. This result has already 
been mentioned in Section 5. ; 

13 [t may still be mentioned that according to the die 
cussion given in Proc. Roy. I. A. A51, 191 (1947), the 
identity (4) holds under the condition that at great dis 
tances the quantities T'+t', T?+t?, and Ts*+ts* tend 
to zero at least at r~*, a>3. This condition is fulfilled a 
the case of a static field having the asymptotic form (22), 
since T,‘=0 and t,*~1/r‘, according to (9) and (17). 
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AaGE Bour 
Institute for Theoretical Physics, Copenhagen, Denmark* 
(Received March 15, 1948) 


HE unexpected effects revealed by the very 

accurate measurements of the hyperfine 
structure of hydrogen and deuterium! have, as 
is well known, given rise to a re-examination of 
the consequences of quantum electrodynamics 
which has offered a convincing explanation of 
the main features of the phenomenon.’ Still, a 
discrepancy so far remains between theory and 
experiment as regards the ratio between the HFS 
splittings in H and D. Assuming that the nuclei 
can be represented by charged mass points en- 
dowed with spin and magnetic moments, this 
ratio should be given by’ 


x = 3} (up/un) + (mp/ma)*, (1) 


where up and yw are the magnetic moments of 
the deuteron and the proton, respectively, while 
mp and my are the reduced electronic masses 
in the two atoms. The measurements, however, 
give a value for « which is larger by 0.017 percent 
than that given by (1), whereas the estimated ex- 
perimental uncertainty is only about 1: 100,000.‘ 

By taking the compound structure of the 
deuteron into account, it appears possible, how- 
ever, to explain the major part of this dis- 
crepancy, at any rate. In fact, because the elec- 
tron is bound by the charge of the proton, 
there will be an essential asymmetry between 
the magnetic interaction of the electron, on the 
one hand with the proton, and on the other 
hand with the neutron, of which the deuteron is 
composed. Thus, in the interior part of the 
atom, the electron ‘‘moves” very fast compared 
with the nucleons and in this region, therefore, 
the motion of the proton will only adiabatically 


* Member of the Institute for Advanced Study, Prince- 
ton, New Jersey. 

1J. E. Nafe, E. B. Nelson, and I. I. Rabi, Phys. Rev. 
71, 914 (1947); D. E. Nagle, R. S. Julian, and J. R. Zach- 
arias, Phys. Rev. 72, 971 (1947). 

* Julian Schwinger, Phys. Rev. 73, 416 (1948). 
96 3) Breit and E. R. Meyerott, Phys. Rev. 72, 1023 

‘J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 
(1948). I am indebted to Professor Rabi for kindly in- 
forming me of the experimental results and for illuminating 
discussions regarding their theoretical interpretation. 
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influence the electron binding, the characteristics 
of which will be approximately stationary with 
respect to the position of the proton. Whereas 
the influence on the energy state of the atom of 
the magnetic moment of the proton will corre- 
spond with high accuracy to that of a central 
magnetic dipole, the effect of the neutron mag- 
netic moment will consequently equal that of a 
spatial magnetization distributed with a density 
given by the wave function describing the motion 
of the neutron relative to the proton. Because of 
the symmetry of this distribution, the effective 
magnetic field of the neutron largely cancels 
within distances comparable to the deuteron 
radius. Since the magnetic moment of the neu- 
tron is negative, one should expect a relative 
increase in the HFS of D corresponding to 


e=Ax/x = (un/up)- (d/a), (2) 


where un is the magnetic moment of the neutron 
while d and a represent the radii of the deuteron 
and the deuterium atom, respectively. In fact, 
because of the rapid increase of the magnetic 
field with decreasing distance from the nucleus, 
the contribution to the HFS of any spherical 
shell of the atom, of given thickness, is approxi- 
mately independent of the radius. Since d/a 
~10-‘, the estimate (2) will be seen to give a 
value of ¢« which is just of the same order of 
magnitude as the observed effect. 

The fact that, in the interior part of the atom, 
the proton, rather than the deuteron, responds 
to the electronic motion implies, of course, a 
certain modification of the correction factor in 
(1), depending on the reduced mass of the atom. 
The effect would, however, hardly seem to exceed 
the experimental uncertainty in x, since the part 
of the atom in which the adiabatic adjustment 
holds extends only to distances from the nucleus 
of the order 


p=d(M/m)!, (3) 


where m and M are the electron and nucleon 
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mass, respectively. This result may be obtained 
from well-known arguments regarding the in- 
fluence of molecular vibrations on electron bind- 
ing states; and it may be noted that the distance 
p just corresponds to the atomic region where 
the restitutional frequency, 4/mp’, of the elec- 
tron configuration is comparable with the fre- 
quency, h/ Md’, of the intrinsic nuclear motion. 
Although very small compared with a, the 
value of p is still large compared with d, and in 
the inner atomic region where effects depending 
on the nuclear constitution become significant, 
one thus obtains a high approximation by as- 
suming the electron binding to adjust itself to 
the momentary position of the proton. It may 
be added that this picture should not be essen- 
tially affected by exchange effects between the 
proton and the neutron, the frequency of which 
is also small compared with the local electron 
frequency. The contribution of the central part 
of the atom to the electron-neutron magnetic 
interaction will thus depend on the integral 


s=f fermx® 


X{—(e/c)eA}e(r)x(R)drdrr, (4) 
where g(r) and x(R) are the wave functions 
representing the motion of the electron and the 
neutron relative to the proton. The operator a 
is the Dirac vector, and 


1 
A=unXVe (5) 


|r—R| 


is the vector potential due to the magnetic mo- 
ment of the neutron. In the expression (4) the 
spinor parts of the wave functions have been 
left out since these play the same part as in 
usual HFS calculations where the deuteron is 
considered as a single particle. In fact, because 
of the very strong coupling between the spins 
of the neutron and the proton, we may, even 
in the region around the nucleus, with high 
approximation disregard combinations of the 
electron spin with the spins of the individual 
nuclear particles. 


BOHR 


The integral (4) may be conveniently Written 


5= f MOe/de(usX¥)PO| edn 


where 
1 


roe 


P()= f x1) 


involves the structure of the deuteron. This 
latter integral is easily estimated if, to a fry 
approximation, we neglect the range of th 
nuclear forces compared with the deuteron 
radius. In fact, the deuteron wave function yij 
then be independent of specific assumptions mp. 
garding these forces and may be written 


x(R)~(1/R)e-*/4, (8) 
with 
d=h/(MW)}, (9 


where W is binding energy of the deuterog, 
From (7) we thus get 


VP(r)~— (/r*) (1 —e*/4), (10) 
which shows that the finite size of the deuteron 
simply implies an extra factor (1—e~**/¢) in the 
radial part of the integral (6). In the case of the 


1s state for which ¢g(r)~e-*/*, the normal HFS 
involves the radial integral 


(1!) 


f e~*rledy =q/2. 
0 


Therefore, it follows immediately that, sine 
a>p>d, the relative decrease of the contribu. 
tion of the neutron magnetic moment to the 
HFS is given by , 


(2/a) f e~*r/4dy =d/a, (12) 
0 


corresponding to a relative correction in « equa 
to 


€=(un/up) - (d/a) = 1.84-10~, (13) 


which conforms approximately with the ob 
served effect. 

For the estimate (13), the deuteron radius é 
was regarded as large compared with the rang 
of the nuclear forces. Since, however, A/di 
assumed to be about }, it is significant, in view 
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of the accuracy of the measurements, to consider 
also the influence of the finite value of \. In this 
connection it would seem necessary to talon tate 
account two different types of effects. 

First, the deuteron wave function must be 
expected to deviate essentially from (6) at dis- 
tances comparable to or smaller than X. Since 
the density within such distances will be smaller 
than according to (8), the effect will be to in- 
crease the average distance between the nucleon 
and thus also the value of ¢. Using a wave 
function corresponding to a rectangular potential 
well type of nucleon interaction of range 4, one 
finds, from (6) and (7), by neglecting terms of 
relative order (A/d)®, 


e’=(A/d)e (14) 


for the increase in e. 

A second correction to x may result from pos- 
sible deviations of the magnetic field of the 
nucleons from simple dipole fields, within dis- 
tances comparable with the range of nuclear 
forces. The order of magnitude of this effect 
may be simply estimated by assuming a model 


in which the anomalous part of the nucleon 
magnetic moments, or approximately this part, 
is the result of a spatial magnetization extending 
over distances comparable with A. Thus, in 
analogy to the estimate (12), the HFS of H 
would be decreased by a fraction 


du =(A’/a)[ (un —1)/un], 


where \’ is some suitably chosen distance of the 
order of A. Since, however, according to (4), the 


(15) 


1111. 


neutron magnetic moment is already effectively 
distributed over distances d, a deviation of the 
neutron from a point dipole within distanées 
comparable with A should give effects only of the 
relative order (A/d)*. One thus finds, corre- 
sponding to (15), 


dp = (A’/a)[ (un —1)/u]. 
This yields, by means of (13), 


= — (dp — bx) 7 = (A’/d)e 


(16) 


(17) 


for the resulting correction to e. 

It need hardly be added that such estimates 
of e’ and ¢’ may depend considerably on the 
specific models chosen for the problems in ques- 
tion. Still, from a very general point of view 
it would seem that the sign of the estimates 
should be reliable and the close agreement of 
(13) with the observed value for Ax may perhaps 
therefore be related to the circumstance that 
the two corrective effects tend to cancel each 
other. If the estimate of e’ gives the right order 
of magnitude, it would indeed seem that the 
phenomenon gives a direct indication of the 
existence of an effect of the type corresponding 
to «’’. Together with evidence on the deuteron 
constitution, the hyperfine structure phenom- 
enon might therefore offer some information 
regarding the nature of the anomalous magnetic 
moment of the proton. 

The writer is indebted to Dr. Robert Oppen- 
heimer for the opportunity of visiting the Insti- 
tute for Advanced Study and benefiting from 
discussions with him as well as with the other 
members of the group working in the Institute 
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On the Nuclear Moments of I'”, Ga®, 
Ga”, and P* 


R. V. Pounp* 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


March 15, 1948 


Y use of a recording radiofrequency spectrometer, 

measurements have been made of the relative fre- 
quencies and the widths of a number of previously unre- 
ported resonance lines caused by nuclear magnetic mo- 
ments in a fixed magnetic field. The absorption line re- 
sulting from the I’ nucleus was first found using solid 
Nal as a sample. The ratio of the frequency of the line to 
that of Na* in the same sample was found, by a method 
previously reported, to be 


v(I"7) /»(Na*) =0.75664+0.0002. 


When corrected for the diamagnetic effects of the elec- 
trons in the two ions,? using 2.217+0.002 nuclear mag- 
netons and 3/2 for the magnetic moment and spin of 
Na*™,3 and 5/2 for the spin of I’, a value of 


p(I7) = 2.8122+0.0030 nuclear magnetons 


is found for the nuclear magnetic moment of I’. This is 
in good agreement with the value of 2.8 previously re- 
ported from hyperfine structure measurements,‘ from 
which the sign of the moment is taken. Evidence in sup- 
port of the value 5/2 for the spin is gained from the ratio 
of the integrated line intensities for the Na* and I’ 
lines, which was about 1:3. Under the conditions of opera- 
tion of the spectrometer, the line intensity ratio should 
be approximately the ratio of the values of I(I+-1) for the 
two nuclei, where I is the spin. 

The iodine line was also observed with an aqueous 
solution of NaI as the sample. The line had a breadth 
between points of maximum slope of 14 kc/sec., which 
can be compared with the widths previously reported for 
the lines due to Br?* and B* in solutions.® If one assumes 
the correlation time of the fluctuation of the grad E to be 
the same in the two cases, and that the grad E arises 
entirely from the dipolar fields of the water molecules, the 
spectral intensities of the components of grad E would 
be smaller for I’ than for Br by a factor of about 1.75, 
assuming the closest approach of the dipoles to be the 
sum of the molecular radii of the water molecules and the 
ionic radii. From this one is led to estimate the Br” 
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quadrupole moment as approximately 0.25 x 1Q~% cm! 
since spectroscopic data‘** give —0.46X 10-* cm? for that 
of I#7, A check of the viscosities of the I- and Br- Solutions 
showed them to be alike within 20 percent. 

The lines caused by the two isotopes Ga® and Gn 
have been observed with an aqueous solution of CaCl, 
as the sample. The ratio of the frequencies was 


»(Ga™) /»(Ga®) = 1.2701 0.0004, 


in agreement with the ratio of the hyperfine structure by's 
reported by Becker and Kusch.’ The ratio of the fre. 
quency of the line due to Ga™ to that of Na® was found 
to be 

v(Ga™) /y(Ga®) = 1.1529+0.0004. 


Using this and the above values for the moment and the 
spin of Na* and 3/2 for the spin of the gallium isotopes! 
gives 

u(Ga®) = 2.0165+0.0035 nuclear magnetons, 
and 

u(Ga™) = 2.5611+0.0030 nuclear magnetons. 


The Ga™ and Ga® lines were about 3 and 7 kc/sec. jp 
width, respectively, between points of maximum slope, in 
agreement with the ratio expected for line widths de. 
termined by a short relaxation time caused by the electric 
quadrupole coupling. The ratio of the squares of the quad. 
rupole moments reported by Becker and Kusch is in good 
agreement with this. The broadening of the line makes the 
intensity observed with the modulation method propor. 
tional the fourth power of the quadrupole moment. Even 
though the Ga” isotope is only } as abundant as the Ga 
isotope, its line is about 4 times as intense. Comparison of 
the widths of these lines with those of the I’, Br”, and 
Br* lines is not even so meaningful as the comparison 
between I? and Br’ because the Gat** solution was 
rather viscous and was becoming hydrolized. The associa- 
tion of negative ions with water complexes is probably 
quite different from that of positive ions. The relative 
widths indicate greater similarity in the fluctuating ten- 
sors, grad E, than could be expected. 

A spin of 4 has been assigned to phosphorous P® from 
observations of band spectra,® but no experimental data 
on its magnetic moment have been reported previously. 
The line resulting from the magnetic moment of P® was 
found after about five days search with the automatic 
spectrometer. The line was found in both solid red phos 
phorous and in a concentrated solution of P,Os in water. 
The spectrometer covers the range from 2 to 4 Mc/sec. in 
three days, and the line was found after five days con- 
tinuous search with the second setting of the magnetic 
field, at about 2000 gauss. The frequency ratio of this line 
to that of Na™ was 


v(P3) /y(Na*) = 1.5310+0.0003. 
This, together with the value } for the spin of P*, yields 
u(P#) = +1.1314+0.0013 nuclear magnetons. 


Unfortunately, the spectrometer has not been designed to 
give data on the sign of the moment, but of the nucle 
containing an odd number of protons and an even number 
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of neutrons, 39 are reported to have positive moments 
and only two, Ag"*? and Ag’®*, to have negative. If the 
moment of P* is positive, it falls near to a curve for this 
class of nuclei published by Latham.” 

Finally, it is perhaps worth reporting the detection of 
absorption lines believed to be due to the copper nuclei in 
the wire of the coil of the r-f spectrometer. These show up 
on several runs, including ones with no sample. With a 
sample of solid NaBr the copper lines are identified by 
their positions relative to one another and relative to the 
much stronger Na*, Br’, and Br* lines.“ Using 4X 10-* 
cm as the skin depth, the interior of the copper wire of 
the coil contains about 3 percent of the stored magnetic 
energy. The relaxation time of the copper nuclei must be 
shorter than that of the Na and Br because the lines are 
relatively more intense than this. Therefore, it appears 
likely that the relaxation time of the nuclei in the metal 
is less than a second but greater than 10~ sec. because a 
relaxation time shorter than this would broaden the lines, 
which were about 5 kc/sec. in width. 


rR V. gy oy Phys. Rev. 73, 523 set} 

2W. E. Lamb, Phys. Rev. 60, 817 (1941) 

3jJ. B. M. Kell g and S. Millman, Rev. Mod. Phys, 18, 323 (1946). 
4 T. Schmidt, Zeits. f. Physik - Le (1939). 

5 R. V. Pound, Phys. Rev. 72, 3 (1947). 

*K. Murakawa, Zeits. f. Phocik rir 651 (1939). 
7G. E. Becker and P. Kusch, Phys. —. 73, 531 (1948). 
8N. A. Renzetti, Phys. Rev. 57, 753 (1940). 

*M. Ashley, Phys. Rev. 44, 919 (1933). 

1 R, Latham, Proc. Phys. Soc. 59, 979 (1947). 





Conductivity Induced in Diamond by Alpha- 
Particle Bombardment and Its Variation 


among Specimens 
A. J. AHEARN 
Bell Telephone Laboratories, Murray Hill, New Jersey 
March 15, 1948 


N our experiments on conductivity induced in diamond 

by alpha-particle bombardment we obtain some re- 
sponse from most of the diamonds. However, the magni- 
tude of this response varies by a large factor. Moreover, 
in some individual specimens a large variation in response 
is obtained when the surface is scanned with a beam of 
alpha-particles. 

Friedman, Birks, and Gauvin? report experiments in 
which only a small percentage of diamonds respond to 
bombardment by gamma-rays. In general, they find that 
such “counting” diamonds are transparent in the ultra- 
violet region, whereas their non-counting diamonds are 
opaque in the ultraviolet region. Following the nomen- 
clature of Robertson, Fox, and Martin,’ they classify their 
counting diamonds as type II, which is relatively rare, 
and their non-counting ones as the more common type I 
diamond. 

Early in our work with diamond we investigated the 
ultraviolet transmission of a few specimens, some in which 
conductivity pulses were observed under alpha-particle 
bombardment and others in which no response was ob- 
served. Conductivity pulses were observed in all of the 
opaque diamonds. Among the transparent diamonds, con- 
ductivity pulses were observed in some but not in others. 
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TABLE I. 
Trans- Diamond Response to 
Ultraviolet mission type from alpha-particle 
cut off diamond x-ray dif- bombardment 
Diamond in A.U. type fraction positive negative 
2 2980 I xX 
2E 2900 1 xX 
20 2720 xX 
1 2300 Il Il xX 
2F 2300 Il xX 
2H 2250 Il xX 
2D 2200 ll X 
2M 2100 Il Xx 
4A 2 
3C 2950 I I xX 








A few diamonds were classified as to type by means of 
the x-ray diffraction technique of Lonsdale.‘ All specimens 
classified by this analysis as type I diamonds yielded con- 
ductivity pulses. The results of these ultraviolet transmis- 
sion tests, x-ray diffraction tests, and alpha-particle 
bombardment tests are summarized in Table I. 

Thus, in contrast to the gamma-ray experiments with 
diamond, we conclude that with alpha-particle bombard- 
ment conductivity pulses can be induced not only in 
diamonds that are transparent in the ultraviolet, but also 
in those which are opaque in the ultraviolet. There is the 
possibility that diamonds may be a mixture of the two 
types. A specimen which is a mixture could be opaque to 
the ultraviolet light, but the induced conductivity might 
be limited to the transparent parts of the diamond. 

The fact that some diamonds give no response while 
others give a response which varies widely, not only among 
different specimens but also on different parts of a given 
specimen, might be associated with a mixture of diamond 
types in a given specimen. On the other hand, these varia- 
tions may be associated with the degree of crystal im- 
perfection and its variation among specimens. The trap- 
ping of electrons and positive holes that could occur at 
crystal imperfections is strongly indicated by the familiar 
space charge effects which are observed in crystal counters. 

Bombarding diamond with 5-Mev alpha-particles from 
polonium, pulses up to 2700 microvolts have been observed 
with an input capacity of about 30 micromicrofarads. 
Friedman, Birks, and Gauvin? report pulses up to 50 
microvolts from the few diamonds which respond to 
gamma-rays. Since they did not report the input ca- 
pacitance of their circuit, a direct comparison of pulse 
magnitudes produced by alpha-particles and gamma-rays 
cannot be made from these data. However, the observation 
that more diamonds respond to alpha-particles than to 
gamma-rays may indicate that the alpha-particle is the 
more sensitive detector of the counting ability of diamond, 

as might be expected from energy absorption con- 
siderations. 

The author is indebted to Dr. E. A. Wood for the x-ray 

diffraction analysis of the diamonds and to Mr. E. K. 
Jaycox for the ultraviolet transmission tests. 


1 Wooldridge, Ahearn, and Burton, Phys. Rev. 913 (1947). 


? Friedman, Birks, and Gauvin, Phys. Rev. 73, 186 (1948). 
one erty Fox, and Martin, Phil. Trans. A Soc. London 463, 


4K. Lonsdale, Proc. Roy. Soc. A179 (1942). 














Angular Distribution of n—p Scattering 
with 90-Mev Neutrons 


J. Hapiey, E. L. Ketry, C. E. Letra, E. Secre, 
C. WIEGAND, AND H. F. York 
Radiation Laboratory, Physics Department, University of California, 
Berkeley, ifornia ¥ 


March 17, 1948 


NE of the important experiments that became feasible 

as soon as the 184-inch cyclotron started to operate 
was the measurement of the angular dependence of n-p 
scattering. As is well known, experiments of this type ac- 
quire particular significance when the de Broglie wave- 
length of the neutron is comparable with the range of 
nuclear forces. 


Zl 





— ja 
® FISSON MONITOR 
Fic, 1. 


The neutron beam! of the cyclotron has an angular dis- 
tribution well described by Serber’s* stripping theory. 
We assume that the energy distribution of the neutrons 
is also that predicted by this theory, i.e., has a maximum 
at 90 Mev; the corresponding wave-length in the center 
of mass system is A=0.95 X10-" cm. 

We have used these neutrons to measure the m-p cross 
section as a function of the angle of scattering 0, in the CM 
system, between 70° and 170°. Figure 1 shows a schematic 
layout of the apparatus. The neutron beam produced by 
stripping 180-Mev deuterons on a Be target was collimated 
to about 2.5-cm diameter and scattered by paraffin or 
polyethylene targets which were larger in diameter than 
the neutron beam. The recoil protons used for the meas- 
urement were detected by a telescope of three proportional 
counters in coincidence pointing towards the scatterer. 
The primary neutron beam was monitored either by the 
protons scattered by an auxiliary hydrogenous target or 
by a bismuth fission chamber. 

The telescope was made insensitive to protons below a 
certain energy by the Al absorber A. The thickness of the 


OFFERENTAL CROSS SECTION mw 10" cor" 





SCATTERING ANGLE 


Fic. 2. Plan view of experimental arrangement. 
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absorber was adjusted so that protons of energy less than 
66 cos*[(r—@)/2] Mev could not enter the third Counter 
Thus we made sure that if the recoil protons ‘ 
originated from elastic collisions of neutrons on h 

the impinging neutron had an energy greater than 66 Mey 
(We have neglected some small relativity correction.) By 
taking background measurements with a carbon natal 
and with no scatterer we distinguished the protons due tp 
n-p scattering and those due to (m-p) reactions on C and 
air. 

Table I gives the cross section as a function of @, Smaller 
and larger angles are being investigated but the resylts 
will not be available for some time. 

From what we have said above it is apparent that our 
measurements give only a number proportional to (de/ 
dw)Aw where w is the solid angle; however, we have nor. 
malized our figures by the following method: we haye 
hypothetically assumed that do/dw is the same for @ and 
x-@ and we have made the total scattering cross section 
0.083 x 10-* cm? as reported by Cook, McMillan, Peterson, 
and Sewell. Our assumption on the behavior of the crogs 
section for @<90° is not in disagreement with some pre. 
liminary observations at @<90° by us and with some cloud. 
chamber data communicated to us by Dr. W. Powell, by 
is by no means established. The data are also plotted in 
Fig. 2 with the relativistic corrections. 

In order to avoid some sources of systematic error jn 
these experiments, we have checked the following: 

1. Plateau of the coincidence counting rate of the counter telescope 
versus voltage in the counters, bias voltage of the discriminators, dura- 
tion of the opening of the coincidence gate of the counters, 

2. Proportionality of the number of coincidence counts in the tele. 
scope to the intensity of the primary beam and to the thickness of the 
scattering target for a given primary neutron beam. 

3. The influence of Rutherford scattering of the absorber A on the 
efficiency of the coincidence telescope. 

4. Scattering by the air column traversed by the neutron beam. 
m The error introduced by the finite dimensions of the scattering 


get. 
6. Whether the coincidence system counted only protons coming from 
the scatterer and all those with energy >66 cos*é. 


This list is not final and there are some important con- 
trols that should still be performed, but we feel confident 
enough of our results to give this preliminary account. 


TABLE I, Differential cross section in 107% cm? (normalization 
, ae. The errors listed are based only on statistical standard 
le ions. 











Scattering 
angle 6 (b) (c) (d) (e) 

70 43.7+4.0 35.32% 2.8 39.0+3.7 40.8 +3.1 

80 42.6243.5 32.54 4.9 40.443.7 40.2425 

90 42.0+42.4 44.0+ 4.2 45.144.9 43.5424 
100 47.0+3.0 42.4+ 6.1 48.0+3.7 46.7427 
110 50.2+3.4 51.82 6.1 53.023.5 51.4425 
120 59.0+2.7 59.7+ 6.3 63.2+44.5 4424 
130 66.8+3.1 70.0+ 7.0 61.543.8 65.6427 
140 79.5243.1 78.524 7.8 84.7 +5.6 81.2428 
150 92.544.4 99.0+ 7.0 94.0+5.4 94.1441 
160 105.5 +3.8 127.0+10.6 107.5+7.9 107.7438 
170 126.0+5.8 127.5+414.0 123.229.4 125.7450 











® @ is the neutron scattering angle in the center of mass system. 
b Composite of runs on apparatus 1. 

¢ Run on apparatus 2, scatterer 150 mg/cm? (CH2)s. 

4 Run on apparatus 2, scatterer 283 mg/cm? (CH2)s. 

© Weighted average of all runs with estimated error. 
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It must be added that these experiments were performed 
independently with two separate sets of equipment which 
were similar in principle but differed in many details. This 
procedure helped considerably in making us aware of un- 
suspected caused of trouble. ‘are 

The peak of protons in the forward direction is a clear 
indication of the existence of exchange forces between 
neutron and proton. A more detailed analysis that takes 
into account the total scattering cross section and the 
angular distribution indicates that there might be com- 
parable amounts of ordinary forces. 

The authors wish to express their appreciation to Drs. 
E. M. McMillan, W. Powell, and R. Serber for interesting 
discussions. This work was done under the auspices of the 
Atomic Energy Commission under Contract No. W-7405- 


eng-48. 


1A. C. Helmholz, E. M. McMillan, and D. Sewell, Phys. Rev. 72, 


1003 (1947). 
2R. Serber, Phys. Rev. 72, 1007 (1947). 
cL Fe Cook, EM. McMillan, f' M., Peterson, and D. C. Sewell, 


Phys. Rev. 72, 1003 (1947). 





The Spectrum of Locally Isotropic Turbulence 


Les.ig S. G. KOovASZNAY 
Johns Hopkins University, Baltimore, Maryland 
March 1, 1948 


ECENT theories* employ a physical picture of the 

fully developed turbulence at high Reynolds numbers 
as an “eddy-cascade” where the kinetic energy of the 
larger scale eddies is transferred to the smaller ones by 
the Reynolds stresses of the small scale motion. 

Assuming similarity in this turbulent energy transport 
mechanism and neglecting viscosity, several authors** 
have succeeded in deriving a spectrum for the medium 
frequency range, which is a “‘five-thirds-power law.” 

It follows from Kolmogoroff's first similarity hypothesis 
that the spectrum of locally isotropic turbulence expressed 
in a non-dimensional form must be a unique function. This 
leaves us with only two parameters (characteristic fre- 
quency and characteristic intensity), and these can be 
expressed in terms of eo, the total energy dissipation per 
unit mass and unit time, and »v, the kinematic viscosity of 
the fluid. The two parameters are not independent, but 
may be combined into a Reynolds number which is a 
universal constant. We define the spectrum function F(m) : 


w= ["F(n)dn, (1) 


u=velocity fluctuation in the turbulence, »=wave 
number. 

We make two assumptions: first, S(n), the kinetic 
energy per unit mass and unit time that passes through 
frequency m, depends only on the values F(m) and n.*** 
The energy transport must have dimensions of u‘/-; the 
only possible form is 

S(n) =k, F5/2n5/2, (2) 


where k; is a non-dimensional constant. 

Second, the mechanism of turbulent energy transport is 
not affected by the viscosity; therefore k; is a universal 
constant.t 
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The energy that must be passed to higher frequency be- 
comes less and less as the viscosity dissipates more and 
more energy into heat. We may define the viscous dissipa- 
tion between frequencies zero and nm as 


ev(n) = 60°» f "n:2F(m)dm. (3) 





100 











‘oi 





Fic. 1. Spectrum of locally isotropic turbulence. 


In steady state the rate of change of energy transport 
is equal to the negative of the rate of dissipation 
(dS(n)/dn) = — (dev(n) /dn). (4) 
From (2), (3), and (4) we get an equation for F(m): 
dF/dn+(5/3)(F/n) + (40x*») /ki(F/n)'=0. (S) 
The solution is 
F(n) = Fo(n/no)-**(1 — (n/no)"*, (6) 
where Fo and mp are constants and 


Ro==(Fa/ns)} (7) 


is a universal constant (Reynolds number). 

The spectrum function goes to zero at m =m» with a zero 
slope, and joins the “five-third law” for n<mo. The only 
constant in the present theory is Ro, and this can be ob- 
tained from spectrum measurements. Uisng the results of 
L. F. G. Simonstf (3-in. grid Up=35 ft./sec.), it was 
found that Ro= 11.5. Using this value the measured points 
seem to check the theoretical curve well (Fig. 1). 
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Fic. 2. Energy balance of turbulence spectrum. 











The energy balance of the spectrum is shown in Fig. 2: 


(a) S(m) the turbulent energy transport, 

(b) dev/dn the rate of viscous dissipation per frequency 
(wave number), 

(c) n(dev/dn) the rate of viscous dissipation per turbu- 
lent “‘cascade-stage”’ (e.g., per octave). 


Other formulae have been obtained connecting eo, the 
total dissipation of energy, with Fo, mo and, similarly, with 
Ry, the Reynolds number of the microscale. 

Disregarding the lower frequency part of the spectrum, 
we can compute correlation functions and other statistical 
properties that could be measured by cutting off the low 
frequency component. 

A more detailed account will be published soon. 

Thanks are due Drs. Francis H. Clauser and Stanley 
Corrsin for their kind help and stimulating discussion. 


* An N. Kolmogoroff, Comptes Rendus (Doklady) U.S.S.R. 30, No. 
4, 31, No. 6, 32, No. 1; W. Heisenberg (unpublished, 1945); G. K. 
Batchelor, Proc. Camb. Phil. Soc. (October 1947). 

** A, Obukhoff, Comptes Rendus (Doklady) U.S.S.R. 32, No. 1; 

» . Phys. Rev. 68, 286 (1945); C. F. von Weizsacker (un- 
published, 1945). 

*** This assumption is based on the fact that the energy transport is 

| due to the non-linear “inertia terms” in the Navier-Stokes equation. 

Since the product of two Fourier components of differing frequencies 
gives zero time average, the different stages of the cascade are uncorre- 
lated and it is likely that no contribution is made to the energy trans- 
| port by other frequencies. 

t The viscous terms are linear in the Navier-Stokes equation, and the 
non-linear terms are not affected by viscosity. Therefore, it is natural 
to assume similarity in the energy transport mechanism. 

tt L. F. G. Simons, Proc. Roy. Soc. 165 (1938). 








On the Quantum Theory of Ferromagnetic 
Resonance 


D. POoLDER 
H. H. Wills’ Physical Laboratory, University of Bristol, Bristol, England 
March 2, 1948 


FERROMAGNETIC material, magnetized up to its 

saturation value M> by means of a constant external 
field Ho, shows interesting resonance phenomena when 
small additional high frequency magnetic fields are applied. 
Kittel' has been able to give an explanation of the effect 
by using classical equations of motion for the magnetic 
dipoles. In the special case of a non-conducting ellipsoidal 
specimen, magnetized in the direction of one of its principal 
axes (z axis), it is easy to derive an expression for the in- 
duced alternating magnetization m when a small external 
alternating field 4, expjwt is applied, provided that the 
dimensions of the ellipsoid are small in comparison with 
the wave-lengths of the electromagnetic waves inside the 
material. Neglecting damping terms and anisotropy effects 
one finds* exponential time factors being omitted) : 


[y*{ Hot (Nz— Ns) Mo} {Hot+(Ny— Ns) Mo} —a* ]mz 
=7?Mo{ Hot (Ny — Ns) Mo}hz, 
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[y*{ Hot+(Ns— Ns) Mo} {Ho+(Ny—N.) Mo} —«*}m, 

=joyMd,, 
where Nz, N, are the demagnetization factors in the x 
directions, and so on, and where y should be equal to a 
gyromagnetic ratio of the spins. 

In order to justify the use of classical equations of mo- 
tion, it is our aim to derive these expressions from quan. 
tum-mechanical considerations. We use as a Starting point 
a Hamiltonian containing terms describing the interaction 
of the spins with the external magnetic fields, an isotropic 
exchange interaction between nearest neighbors, and the 
magnetic dipole-dipole interaction between the spins in 
the small ellipsoid. When the constant external field is 
sufficiently high and the temperature is sufficiently low 
only those stationary states of Schrédinger’s equation wil] 
play a role for which there is nearly complete alignment 
of the spins. Holstein and Primakoff* have developed an 
approximate method for dealing with these states and 
have determined the corresponding eigenvalues of the 
energy in a first approximation. Their method can be 
considered as an improved Bloch spin-wave treatment of 
ferromagnetism; the improvement consists in including 
the dipole-dipole terms. 

When we now consider the additional alternating field 
as a small perturbation, we can determine m, and m, by 
means of a method analogous to that used in the theory 
of coherent scattering. Resonance will occur at frequencies 
for which hw is equal to the difference of the energies of 
two stationary states between which the alternating mag. 
netic field can cause transitions. We find that in H and P's 
approximation the energy difference between any two of 
these states is always equal to 28[{Hot+(N.—N,)Mj} 
X {Hot (Ny—N.)Mo}]* and that the approximation 
eventually leads to expressions for m, and m, which are 
identical ‘with the classical expressions if we put y=26/h. 
Here 8 is the magnetic moment of the spins, and thus y 
is equal to the gyromagnetic ratio in the case of free spins. 
By taking into account terms in the Hamiltonian, which 

are neglected in H and P’s approximation, it should also 
be possible to estimate the width of the resonance line. 

Our quantum-mechanical consideration suggests a pos- 
sible explanation for the observed discrepancy‘ between 
the value of y determined by resonance experiments and 
the gyromagnetic ratio. When we assume that spin-orbit 
interaction causes a deviation of the effective magnetic 
moment 8 of the spins from the spin only value us, let us 
say B>wps, then y>2yus/h. At the same time the spin- 
orbit interaction will cause a still larger deviation of the 
effective angular momentum of the spins from the spin 
only value $4. Therefore the gyromagnetic ratio may be 
expected to be smaller than 2us/h. It would be interesting 
if this connection between the deviations of the angular 
momentum and y from spin only values could be verified 
experimentally. A fuller account of our calculations will 
be given shortly. 


1C, Kittel, Phys. Rev. 71, 270 (1947). 

2 C. Kittel, Phys. Rev. 73, 155 (1948). 

3 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
4W. A. Yager and R. M. Bozorth, Phys. Rev. 72, 80 (1947). 
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A Study of Lubricating Wax Coatings by 
Electron Diffraction 


CHESTER RIDLON BERRY 
Research Laboratories, Eastman Kodak Company, Rochester, New York 
March 22, 1948 


T has been observed that certain thin coatings of 
tee wax have different lubricating qualities, al- 
though no other physical difference was apparent. Because 
of the sensitivity of the electron diffraction method for 
the investigation of thin surface films, it was applied to 
this problem. 

Two coatings were examined, one of which was a good 
lubricant and the other a poor one. The good lubricant 
gave a diffraction pattern which showed considerably 
more preferred orientation than the poor lubricant. Both 
buffing and heat treatment of the original specimens pro- 
duced poorer preferred orientation than before and corre- 
sponding poorer lubricants. 

These observations confirm those of Andrew! and 
Brummage* on the existence of preferred orientation in 
good lubricants. 

Since carnauba wax contains hydrocarbon residues 

linked by a caboxyl group, it seemed reasonable to at- 
tempt to interpret the diffraction pattern in terms of the 
recent work of J. Karle and L. O. Brockway® on the in- 
terpretation of electron diffraction patterns from hydro- 
carbon films. They have assumed that diffraction effects 
are caused only by the carbon atoms in the plane zigzag 
chain which have tetrahedral bond angles, the centers of 
the atoms being separated by 1.54A. Much of the diffrac- 
tion pattern from the wax can be interpreted on the basis 
of their results. The preferred orientation is that in which 
the axis of the carbon chain is normal to the supporting 
surface. In this case, Karle and Brockway have shown that 
the intensity of the first-layer line maxima, corresponding 
to Bragg spacings of about 1.73A, varies from zero, when 
the plane of the carbon atoms is parallel to the electron 
beam, to a maximum when the plane of the carbon atoms 
is perpendicular to the electron beam. A rough comparison 
of the intensities of these maxima when the electron beam 
is at 0, 45, and 90 degrees to the direction of coating of the 
wax layer indicates that the plane of the carbon atoms has 
a preferred orientation at 90 degrees to the direction of 
coating. 

The calculated pattern for a long carbon chain does not 
account for two groups of intensity maxima which occur 
in the pattern of the more highly oriented specimen. A 
single maximum having a Bragg spacing of 4.4A appears 
along the y axis‘ and two maxima, each having a Bragg 
spacing of about 2.29A, appear on or near the first-layer 
line at equal distances from the y axis. The origin of these 
maxima has not been determined. 


1L. T. Andrew, Trans. Faraday Soc. 32, 1, 607 (1936). 
2K. G. Brummage, Proc. Roy. Soc. 188, 414 (1947). 
—s ~—< yy ty Chem. Phys. 15, 213 (1947). 
y is ni Vv le and Brockway as the line in the 
plane of the photograph normal to the shadow edge and passing through 
the spot due to the undeviated beam. 7” 
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The Neutron-Proton Scattering Formula: 
Remark on the Letter by Fliigge 
and Hiickel 
Ta-You Wu AnD Henry M. Forty 


Department of Physics, Columbia University, New York, New York 
March 10, 1948 


N a recent Letter to the Editor,! Fliigge and Hiickel 

give the following expression for the total cross section 
for proton-neutron scattering for the singlet state in 
terms of a virtual state of positive energy x’*h?/M, 


o,=4a/[k*+ (a?/4) (x? —k*)*). (1) 


It appears that the virtual level is here defined by re- 
quiring the wave function to have a horizontal slope at 
r=a,. To the approximation (i) Vo>«x’*h*®/M, where Vo is 
the depth of the potential well, (ii) |k*—«’|p*<1, and 
(iii) ke1, it can be shown that, when the approximations 
are consistently carried out, the expression (1) should read 

o,=4n/[k*+ (a2/4)(x*+h*)]. (2) 

The vaidity of (2) can be examined immediately. Since 
V> and a are known from the analysis of Breit et al. to be 
Vorom11.9 Mev and a=2.8X10-" cm, the definition 
(dy /dr),=0 gives x"*h*?/Mc~0.9 Mev. That substituting 
this x’ into (2) does not give exactly the observed cross 
section for slow neutrons shows that (2) is not sufficiently 
accurate. In fact, «x"%p*2~0.07(x/2)*=0.17, (ii), and (iii) 
cannot be satisfied simultaneously. For k*=«’, the expres- 
sion (2) would be somewhat more satisfactory. 

It should perhaps be emphasized that different formulas 
are obtained by Bethe and by these authors because of the 
difference in the definition of the “virtual” state. The 
definition apparently employed by Fliigge and Hiickel 
may seem more physical in that it is in accord with the 
usual idea of resonance. The virtual level, however, is 
introduced in the formula for scattering only as an auxiliary 
quantity and is not essential, since the scattering is uniquely 
determined by the shape of the potential alone and an 
exact calculation of the scattering cross section is inde- 
pendent of any level, real or virtual. Hence, the introduc- 
tion of a differently defined virtual state can hardly lead 
to different consequences in the problem of scattering and 
the theory of nuclear forces. 

We may add that if the same consistent approximations 
are carried out (i.e., one must not simply drop ka in 
tan(ka+é)), the correction factor in Bethe’s formula is, 
in fact, 1+«a and not 1+2kxa as claimed by these authors. 

Incidently, a consistent calculation (using the exact 
phases) of the cross section for capture of neutron by 
proton from the singlet state* gives 


o.=0.364 X10 cm? for neutrons of (1/40) ev energy, 


o-=0.0263 X10-* cm? 
for resonance capture, x"*h?/M—~0.9 Mev, 


as compared with the value ¢,=0.5 X10 cm!? for (1/40) 
ev as given by Bethe and Bacher. Their value is too high 
by a factor ~1.4 because they employed the approximate 
formula (59b) instead of the exact phases. 


1S, vy oy: E. Hiickel, Phys. Rev. 73, 520 (1948). 
H.-A. 


he and R. F. Bacher, Rev. Mod. Phys. 8, 138-9 (1936). 














Erratum: The Microwave Spark 


[Phys. Rev. 73, 496 (1948)] 
D. Q. Posin 
Radiation oGugee, Massachusetts Institute of Technology, 


ge, Massachusetts 
N the above article, the last statement in the caption 
under Fig. 3 should read “Average P» lowering, 30 
percent” instead of “Average P», 30 percent.” 





Microwave Resonance Absorption in 
Ferromagnetic Semiconductors 


WiLuiaM H. HEwirtt, Jr. 
Bell Telephone Laboratories, Murray Hill, New Jersey 
March 9, 1948 


HE high resistivity of ferrites suggests that measure- 
ments of ferromagnetic resonance absorption in 
these compounds may be of particular interest. The magni- 
tude of the absorption effect is expected to be large in 
comparison with that in conducting ferromagnetic ma- 
terials, because in a ferrite the greater skin depth caused 
by its higher resistivity permits a relatively large volume 
of the specimen to participate in the absorption process. 
On a thin plane (0.0117 in. thick) specimen of zinc- 
manganese-ferrite (ZnO)(MnO)-2Fe,03 having a _ re- 
sistivity of 2350 ohm-cm, an initial permeability of 1700 
at 1000 cycles, and a saturation magnetization M, of 200, 
measurements were made at 23958 megacycles with the 
specimen fitted across the wave guide. The real and imagi- 
nary parts of both the permeability and the dielectric 
constant were separated as shown in Fig. 1. 
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Fic. 2. Standing wave ratio of resonant cavity with (MnO)(Zn0) 
-2FesO,; sphere as a function of applied external magnetic field. 


The field of an electromagnet was located parallel to 
the plane of the specimen and parallel to the narrow side 
of the wave guide. The sample was backed, in turn, by a 
short and by a quarter wave-length section. The input 
impedance looking into the specimen was determined as 
a function of the applied magnetic field for both circuit 
conditions by means of standing wave measurements. 
Using these data, and equations developed by W. A. 
Yager, the curves of Fig. 1 were obtained. The equations 
have more than one solution; of the possible solutions we 
selected that one for which e=«,;—je: and ~=1—jus had 
the expected behavior as functions of H. The approximate 
constancy of « and ¢; as functions of the magnetic field 
intensity is a check on the accuracy of the separation of 
the components. The high value of ¢2 suggests the possi- 
bility of Maxwell-Wagner losses in the sample used. Using 
wo=y(BH)*, where y=ge/2mc and H (corrected for 
demagnetization) is the field strength at which yp; is 
maximum, we find a g value of 2.12. This is in the range 
of values previously observed for other materials. Yager 
and Bozorth! have reported 2.17 for Supermalloy. 

It is interesting to note that using the values plotted 
in Fig. 1 the phase constant, 8 (part of the propagation 
constant) is negative for most of the field strength range 
in which y; is negative. When £ is negative, the direction 
of phase velocity of a traveling wave is opposite to the 
direction of attenuation. 

With a small sphere (1.47-mm diam.) of a similar ferrite 
with a higher resistivity (4.2 10‘ ohm cm.) a g value of 
2.16 is obtained using w.=yH. The sphere was located 
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at the 4/2 point ina cavity one wave-length long. Figure 2 
shows the standing wave ratio looking into this cavity 0S. 
the static field H. The frequency at maximum absorption 
was 23730 megacycles. The g value 2.16 for the sphere 
as calculated from the sphere equation wo=7H is fairly 
consistent with the g value 2.12 for the plane specimen 
calculated from the plane equation w)»=y(BH)!. These 
equations were derived by Kittel.2 The measurements on 
the sphere may therefore be considered as an approximate 
confirmation of the theory. 

Sincere thanks are due Dr. C. Kittel and Mr. W. A. 
Yager for valuable suggestions and discussion, and to 
Mr. F. J. Schnettler who supplied the ferrite samples. 


. A. Yager and R. M. Bozorth, Phys. Rev. 72, 80 (1947). 
+ 5 Kittel, Phys. Rev. 73, 155 (1948). 





Note on Zero-Zero Transitions* 


MarvIN L. GOLDBERGER** 
Argonne National Laboratory, Chicago, Illinois 
March 19, 1948 


ERO-ZERO nuclear transitions have been suggested 

by Sachs' as an explanation of long lived isomers. 
He computed the energy spectra and transition proba- 
bilities for two-electron and two-quantum emissions. 
Stimulated by preliminary results of experiments by 
Goldhaber, Muehlhause, and Turkel* on the isomeric 
transition in Ir! (mean life 2.16 min., energy 58 kev), 
which shows a continuous y-ray spectrum in addition to 
conversion electrons, we have computed the y-ray energy 
spectrum and lifetimes for zero-zero transitions in which 
one electron and one quantum are emitted. For comparison, 
the lifetime for the transition og—>og (or ou->ou) is com- 
puted by direct emission of an electron. The analogous 
transition in the case og—>ou is strictly forbidden. 

The calculation is straightforward, and most of the 
necessary matrix elements are given by Sachs.' We con- 
sider the transition og—>og and og—>ou with a single inter- 
mediate state of total angular momentum one and parity 
either the same or different from the ground state. The 
energy of the intermediate state above the ground state 
is taken to be either very much less than E or very much 
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Fic. 1. Gamma-ray energy spectra; Ib + - -og—+1g—+09; 118+ - -ou—v01u +09. 





LETTERS TO THE EDITOR 





Let, 
8-2 











01 02 «03 04 6058 Q 08 


i-_ 


Fic. 2. Gamma-ray energy spectra; Ie ++ *0g—+1u—+09;"Ile* * “Ou +1 +09. 


greater than (~20 times) E where E is the total energy 
available for the transition, namely, 58 kev. It is to be 
noted that this energy is insufficient to remove a K electron 
in Ir and, consequently, we have only L conversion.* 

It should be emphasized that the absolute values of the 
lifetimes are to be regarded as merely order of magnitude 
estimates. The shapes of the y-ray spectra, on the other 
hand, should be fairly reliable. From Figs. 1 and 2, we 
see that one may have a rather peaked distribution which 
might be confused with a sharp line. 

In Table I the lifetimes calculated for the various cases 
are summarized. The notation and numerical data are as 
follows: E is the energy of the transition, J is the ionization 
potential in units of E, x is the y-ray energy in units of EZ, 
B is the energy of the intermediate state above the initial 
state in units of E, and r is the mean life. For our lifetime 
estimates we take E=58 kev, and J=0.25. (A transition 
from an initial state with zero angular momentum and 
even parity to an intermediate state of angular momentum 
one and odd parity and then a transition from the inter- 
mediate to the final state of zero angular momentum and 
even parity is symbolized by og—>1u-—og, etc. 











TABLE I, 
Transition 8 (sec.) 

la og —1u—0g ~~ 54 X10" 
~20 1.18 X10-* 

Ib og + 1g 0g 0 2.40 X10? 

20 7.45 X108 
Ila ou — 1g —og 0 3.22 X10-* 
IIb ou —1u—og 20 8.70 X107* 
og —0g _ 4.26 X107* 








The experimental evidence at the present time is in- 
sufficient to draw any definite conclusions in the case of Ir. 
This work is the result of interesting discussions of the 
Ir problem with Professors M. Goldhaber and R. G. Sachs. 


* This work has been carried out under the auspieces of the Atomic 
Energy Commission. It was completed and submitted for declassifica- 
tion on August 1, 1947. > 

Iso a member of the Institute for Nuclear Studies, University of 
Chicago, Chicago, Illinois. 

1R. G. Sachs, Phys. Rev. 57, 194 (1940). 

2M. Goldhaber, C. O. Muehlhause, and S. H. Turkel, Phys. Rev. 
71, 372 (1947). 












Saturation Effects in the Microwave 
Spectrum of Ammonia 


ROBERT KARPLUS* 


Mallinckrodt Chemical Laboratory, Harvard University, 
Cambridge, Massachusetts 


March 10, 1948 


LSEWHERE in this journal a theory of saturation 
effects in microwave spectroscopy is presented.'! Re- 
cently Bleaney and Penrose published the results of an ex- 
perimental investigation of saturation of the ammonia (3, 3) 
line in a resonant cavity.? The semiclassical argument 
which was used to analyze the data led to the conclusion 
that the mean time between collisions effective in re- 
storing thermal equilibrium is 75 percent greater than the 
mean time between collisions that interrupt the radiation 
and absorption processes. 

Comparison of reference 1, Eq. (36) with reference 2, 
Eq. (7a) shows that the calculation of Bleaney and Pen- 
rose may be used, provided it is applied to each Zeeman 
component individually. The (saturated) absorption co- 
efficients are then added to give the saturated absorption 
coefficient of the entire line. 

The ammonia (3, 3) line has six active components whose 
intensity is equal in pairs: 


IP Pues 16 @M? M=0, +1, +2, +3. 


In the notation of Bleaney and Penrose, therefore, there 
will be three saturation parameters a’ that describe the 
behavior of the line; they may be denoted by a’|y with a 
corresponding relative saturation (a/ao)jw}. The a’|) are 


a;’=(1/4)a’; a2’=a’'; a;3’=(9/4)a’ 


in terms of the a’ used by Bleaney and Penrose (p. 94), 


0.63 — 1 
" rar A ~ Pram? (10.17 X 10%)? 


at the higher power level studied. In Table I the calcula- 
tions and comparison with experiment are summarized. 





Tasie I. 








p(mm)- a@(em=!) =a” (a/an):* (a/arn)s* (cx/a00)s* (a/a0)theory (#/a0) exp," 





0.6 7.35X10~* 0.34 0.99 0: 0.87 0.90 0.90 
04 6.1 0.95 0.97 0.84 0.69 0.75 0.75 
03 48 2.13 0.91 0.69 0.54 0.61 0.58 
0.2 2.85 7.24 0.72 0.46 0.30 0.37 0.33 
0.1 0.61 50.4 0.34 0.14 0.06. 0.10 0.08 








ao. Te listed here were obtained by calculation from the graph in reference 


Since the agreement is satisfactory, one may conclude that 
the same collisions interrupt the radiation process and 
restore thermal equilibrium. 


* U.S. Rubber Company, Predoctoral Fellow. 


1 Robert Karplus and Julian Schwinger, Phys. Rev. 73, 1020 (1948). 
2 B. Bleaney and R. P. Penrose, Proc. Phys. Soc. 60, 83 (1948). 
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On the Fine Structure of ‘>-States of 
Diatomic Molecules 


A. Bupd6 anp I. KovAcs 


Department of Theoretical Physics, Universit Buda 
Budapest, Hungary aie Pest, 


March 15, 1948 


. &- influence of the spin-orbit coupling on the mult, 
plet structure of the ‘2-states was investigated, |t 
can be shown that this coupling gives for the four 
levels expressions identical in form with those we ob. 
tain' by assuming spin-spin interaction and coupling be. 
tween the angular momentum K and the total spin 3 of 
the molecule.* This result is analogous with that found for 
*Z-states.? Details will be published in the Hungarica 
Acta Physica. 
1A. Bud6, Zeits. f. Physik 105, 73 (1937). 
H. A. Kramers, Zeits. f. Physik 53, 422 (1929), J. H. Van Vleck, 


+ . . 
Phys. Rev. 33, 467 (1929). 
3M. H. Hebb, Phys. Rev. 49, 610 (1936). 





On the Phenomenology of Ferromagnetic 
Resonance 


D. PoLDER 
H. H. Wills’ Physical Laboratory, University of Bristol, Bristol, England 
March 2, 1948 


A FERROMAGNETIC material, magnetized up to 
its saturation value My by means of a constant mag- 
netic field, shows interesting resonance phenomena when 
small additional high frequency magnetic fields are applied. 
We have found that in the case of an isotropic magnetic 
material a phenomenological description can be given by 
assuming that in Maxwell’s equations those parts of the 
vectors B and H which are periodic in time (frequency 
w/2m) are related in the following way (exponential time 
factors being omitted) : 


B, =ypH, —jpH,, 
B, = »H,+jBH:z, 
B,=H,, 


where z is the direction of the permanent magnetization 
and yw and £ can be complex quantities. With the aid of 
classical equations of motion for the magnetic dipoles, such 
as have been used by Landau and Lifshitz! and Kittel, it 
can be shown that, if we neglect damping terms, yu and 8 
are real quantities given by: 


b= (PHBi—ot/*HP—o*), B= (4 Moyw/7*H?—o'), 


where + is the gyromagnetic ratio of the magnetic spins 
and H; and B; are the (constant) magnetic field strength 
and magnetic induction inside the material due to the 
constant magnetizing field. It may be emphasized that it is 
undoubtedly incorrect to interpret experimental results by 
means of a complex isotropic yu only. 

With the aid of these relations, all results obtained by 
Kittel’ and Snoek* for the behavior of ferromagnetic 
ellipsoids in a constant magnetic field on which small 
alternating fields are superposed can easily be derived. 
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The results are interesting since they give the dependence 
on the shape of the body of the frequency at which the 
total magnetic moment of the ellipsoids shows resonance. 
In the calculations the dimensions of the ellipsoids are 
supposed to be small in comparison with the wave-lengths 
of the wave-lengths of the electromagnetic waves inside 
the material. A further application is the calculation of 
the index of refraction of an electromagnetic wave pro- 
pagating through a (infinitely large) specimen of non- 
conducting magnetized ferromagnetic material. We have 
found that for every direction of propagation and for 
every frequency there exist two different, elliptically 
polarized waves with different indices of refraction. The 
refractive index of one of these two waves shows a reso- 
nance phenomenon at a frequency given by 

w= 7H; (Hit+4eM_ sin*d). 


9 is the angle between the direction of propagation and 
the s axis. The other wave does not show resonance. In 
the special case #=0 there are two circularly polarized 
waves, and in the case 0 = $m there are two linearly polar- 
ized waves. The extension of the theory to conducting 
materials is simply performed by the introduction of a 
complex dielectric constant in Maxwell's equations. A 
fuller account of our calculations will be given shortly. 


1 L. Landau and E. Lifshitz, Physik. Zeits. Sowjetunion 8, 153 (1935). 
2C, Kittel, Phys. Rev. 71, 270 (1947). 

3C. Kittel, Phys. Rev. 73, 155 (1948). 

«J. L. Snoek, to be published in Physica. 





A Low Voltage Discharge between Very 
Close Electrodes 


L. H. GERMER AND F, E, HAworTH 
Bell Telephone Laboratories, Murray Hill, New Jersey 
March 15, 1948 


HEN a condenser, charged to a potential between 
15 and 60 volts, is discharged by two electrodes, a 
pit is formed on the positive having a volume approxi- 
mately equal to the volume of metal which could be va- 
porized by the energy in the condenser (Fig. 1); the 
negative electrode shows on its surface the presence of 
metal spattered over from the positive. The pit can be 
reduced in size, or eliminated, by the addition of resistance 
or inductance to the circuit or by operating the contacts 
in vacuum. For voltages below 15 the pit is much smaller 
or non-existent ; for voltages above 60 the discharge, which 
produces the pit, may be oscillatory and the difference in 
appearance between the two electrodes then tends to be 
lost. This vaporization of anode metal is one of the major 
factors in the erosion of telephone relay contacts. 

The pit formed on the anode is the result of the melting 
and boiling of the metal caused by electron bombardment 
before the electrodes touch. Field emission from the cath- 
ode can supply the first electrons, but pure field emission 
would dissipate the energy over a time too long to result 
in marked local heating. To account for this heating, and 
for oscilloscopic records which have been obtained, it is 
necessary to assume an “avalanche” effect by which the 
emission is multiplied and the condenser is discharged in 
an enormously reduced time. For energies with which we 
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Fic. 1. Photomicrograph of a pit in platinum produced by a discharge 
of 11 ergs, Pit diameter about 5 X10™ cm. 

have experimented, the total time of discharge must be 
less than 10-7 sec. Careful measurements of the separation 
at which the discharge occurs have shown it to be variable, 
from 500 to 20,000A for 50 bolts, apparently depending 
chiefly upon the roughness of the surface. In most of our 
experiments the discharge occurs at a separation less than 
the diameter of the anode pit which it forms, and the 
evaporated metal often welds the electrodes together. 

When a positive ion, formed in the air or upon the anode 
surface by an electron which was drawn out by the field, 
approaches the cathode the field is appreciably increased 
by its presence. Since the field was already almost strong 
enough to draw out electrons, this further increase at once 
elicits a second electron. The new electron is, in general, 
drawn straight across to the anode, and will not in most 
cases combine with the ion as it would in the absence of 
the applied field. While the electron is between the ion and 
the surface, they produce together a net field opposing 
further emission, but as soon as the electron passes the ion 
the field is again directed in the sense to draw out an elec- 
tron. Thus one electron at a time escapes from the cathode 
until the ion is neutralized or until it reaches the cathode. 
The fact that the energy is dissipated almost entirely upon 
the anode is proof that the current is carried chiefly by 
electrons and that therefore each positive ion must give 
rise to several electrons at the cathode.* 

If each of these electrons were to produce one ion, the 
current would increase with enormous rapidity. Now 
residual inductance in the circuit, even though it be as 
low as 10~*h, limits the possible rate of rise of current and 
holds the voltage across the gap steady at a value which 
gives to an electron a probability of ionization considerably 
less than unity and an over-all electron multiplication 
factor, by the double process of production of an ion for 
each few electrons and of several electrons for each ion, 
extremely close to unity. This corresponds to a gap po- 
tential probably very near to the ionization potential of 
oxygen; with this fixed potential across the gap for the 
duration of the discharge, the circuit is quite simple and 
its behavior is readily understood. 


* Instability of “field emission" in the presence of residual gas is 
well known. An explanation approximately like that given here was 
suggested by W. H. Bennett, Phys. Rev. 40, 416 (1932). There seems 
to us little doubt that that suggestion was correct. 
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Ejection of Electrons by Ions at High Fields 


R. R. NEWTON 
Bell Telephone Laboratories, Murray Hill, New Jersey 
March 15, 1948 


N the accompanying letter by Germer and Haworth, 

evidence is presented to show that a positive ion in a 
high field (~107 volts/cm) must be able to eject several 
electrons from a metal. On the other hand, present theories 
of ejection by positive ions in low fields require that the 
ion be neutralized as the first step in the ejection process 
and, hence, that an ion be unable to eject more than one 
electron.' If the hypothesis of Germer and Haworth is 
correct, the mechanism must be qualitatively different 
at high fields. 

A positive ion near the surface of a metal creates a deep 
well in the potential energy function of an electron, and, 
if the ion is close to the metal, an electron can readily 
tunnel from the metal to the ion. At low fields, the electron 
has no place else to go and either remains on the ion, thus 
neutralizing it, or returns to the metal. 

At high fields the picture is different. One readily sees 
that the potential energy surface of the electron has a 
“‘pass” lying on the opposite side of the ion from the metal. 
If the field is sufficiently high, the energy at the pass is 
lower than the Fermi level in the metal. An electron coming 
from near the Fermi level can then escape to infinity. 
Thus an electron has become free by tunneling through 


the barrier between the metal and the ion, which is easier . 


than tunneling through the barrier which exists when the 
field alone is present. 

To get some idea of the emission caused by such a proc- 
ess, we have made some calculations based on a one- 
dimensional metal. The electrons inside the metal were 
assumed to occupy the energy levels of an electron in a 
box, with the highese energy 4.2 volts below vacuum. 
Letting r be the distance from the metal surface, we took 
the potential due to the metal to be: 


@=e/[4r+ (e?/Wa)]. 


W. gives the energy at the bottom of the conduction band, 
which was chosen to be 10 volts below vacuum. The re- 
sults turn out to be independent of the length of the metal. 
We assumed a field of 2.5107 volts/cm and made calcula- 
tions for several values of r. In calculating the potential 
due to the ion, we included the effects of the image charge. 

We then assumed that all electrons with energies above 
the outer maximum (which the pass becomes in one di- 
mension), which tunnel through the inner barrier become 
free, and that no other tunnel through the first barrier. 
Following a well-known method? we computed a trans- 
mission coefficient through the first barrier for several 
energies lying above the outer maximum. This coefficient 
was multiplied by the number of collisions per second, 
with one end of the metal, made by electrons with the 
assumed energy and by the density of energy levels, and 
the product was integrated numerically over all energies 
from the height of the outer maximum to the Fermi level. 
This gives the number of electrons per second ejected 
from the metal, as shown by Table I. 
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TABLE I, Ejection of electrons by a proton. Field =2.5 x197 
nian 


Distance of ion Estimated 
from surface, A.U. electrons +. 


—$<$<<$<—$—<—___ 
6 52 X101 


8 9X10 
10 1012 
« (pure field emission) 106 


—— 
===! 

















The mean value of the emission rate from 10 to 6 AU 
using Simpson’s rule, is 1510" electrons/sec.; if an i 
travels from 10 A.U. to 6 and back to 10, with a Mean 
velocity of 10° cm/sec., it would eject 1.2 electrons on the 
average. Since 6 A.U. is probably much too large a dis. 
tance for reflection, we conclude that an ion may well hp 
able to eject many electrons from the metal. 


1A. Cobas and W. E. Lamb, Phys. Rev. 65, 327 (1944), Contains 
further references). ‘ me 

* See, for example, E. C. Kemble, Fundamental Principles of Quantum 
~~: (McGraw-Hill Book Company, Inc., New York, 1937) 
p. b P 





On the Stability of the Neutral Meson 


E. P. HincKs AND B. PONTECORVO 


National Research Council, Chalk River Laboratory 
Chalk River, Ontario, Canada 


March 17, 1948 


HE discovery! of the disintegration of a heavy (z) 
meson into a light one (% meson, most likely the 

particle constituting the penetrating component of the 
cosmic radiation) has provided strong evidence? in favor 
of the existence of neutral mesons of mass about 70 Mey, 

In order to explain a photograph of a 24-Mev decay 
electron, observed by Anderson, Adams, Lloyd, and Rau! 
these authors and later Marshak‘ have suggested that 
the u-meson might decay into an electron and a neutral 
particle apparently identical with the neutral meson of 
Lattes, Occhialini, and Powell. Greisen® has recently indi- 
cated that several cosmic-ray phenomena “which have 
defied even qualitative explanation up to the present 
are made understandable in the light of the neutral meson 
hypothesis” provided the neutral meson decays immedi- 
ately into two photons. This y-instability has been pre- 
dicted on theoretical grounds by several authors.® 

We want to point out that we have secured experi- 
mental evidence proving an incompatibility between the 
hypothesis that the 2.2-us meson decay sinto an electron 
and a neutral meson and the hypothesis that the neutral 
meson is unstable versus emission of two photons with a 
very short lifetime. The experimental arrangement has 
been’ described? in connection with a research—which 
gave a negative result—to find out whether the decay of 
the 2.2-us meson consists of the emission in opposite direc- 
tions of one electron and one photon, each of about 50 
Mev. Clearly the same arrangement, for the details of 
which we refer to our previous note, is capable of deciding 
whether the decay of the 2.2-us meson consists of the emis- 
sion of an electron and a neutral meson unstable versus 
emission of two photons of about 35 Mev. The number of 





LETTERS TO 


decay electrons from mesons stopped in graphite was re- 
corded, and at the same time electron-photon coincidences 
were looked for. While the net number of measured de- 
layed coincidences (observed rate minus casual rate) is 


0. ao eon 01 Per hour, the rate to be expected according to 


the hypothesis of a neutral meson unstable versus emission 
of two photons of 35 Mev with a mean life ¢10~" sec. is 
about one per hour. 

We conclude that either the neutral meson is not emitted 
in the 2.2-us decay process, or, if it is emitted, it does not 
decay into two photons with a mean life < 10-" sec 

It seems that a similar conclusion can be reached from 
the experiment of Sard and Althaus,* who, by using a 
method different from ours, failed to observe a -radiation 
in the 2.2-us decay of mesons brought to rest in brass. It 
should be noticed that while our experiment refers to 
positive and negative mesons, their experiment refers only 
to positive ones.* 

There remains, of course, the possibility that there are 
two distinct types of neutral mesons, one of which is 
stable and the other unstable versus emission of y-radiation. 

A more complete account of this work will be submitted 
for publication in the near future. 

1C. M. Lattes, z. Muirhead, G. P. S. Occhialini, and C. F. Powell, 
Nature 159, 694 4 47). 

2c. . Lattes, G. P. S. Occhialini, and C. F. Powell, Nature 160, 
453 ins); 160, 486 (io, 

And Adams, P. E. Lloyd, and R. R. Rau, Phys. 


Anderson, R 
a. a 724 (1947). 

4R. E. Marshak, Bull. Am. Phys. Soc. * No. 6, p. 14. 

’ K. I. Greisen, Phys. Rev. 73, 521 (1948 

Sj. R. Cepenieeete, New York Meeting “of American Physical So- 
ciety, January, 1947; . Finkelstein, Phys. Rev. 72, 415 (1947). 

7 E, P. Hincks and 5 ontecorvo, Phys. Rev. 73, 257 (1948). 

*R. D. Sard and E. J. Althaus, Bull. Am. Phys. Soc. 23, No. 2, p. 20 
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Polarization Effects in the Ionization Loss of 
1-Mev Electrons in Carbon* 


FRANK L. HEREFORD 


Bartol Research Foundation of the Franklin Institute, 
Swarthmore, Pennsylvania 


March 15, 1948 


HE possibility that polarization effects might reduce 
the energy loss by ionization of fast-charged particles 
was suggested by W. F. G. Swann! and investigated 
theoretically by Fermi* and recently by Halpern and Hall.* 
Experimental attempts to verify the effect at high energies 
(=20mygc*) have proved successful in one instance,‘ in- 
conclusive in another.’ At lower energies the correction 
has not been considered effective and has been neglected 
in most collision problems.* Halpern and Hall indicate, 
however, that the effect at low energies is not always in- 
appreciable; in fact, it yields an 8 percent reduction in the 
collision loss of 1-2-Mev electrons in carbon. By measure- 
ment of the relative stopping powers of carbon and H,O 
at these energies, this prediction has been confirmed. 

The success of the method depends heavily upon the 
discrimination between real absorption in a sample and 
apparent absorption due to scattering of particles out of 
the solid angle subtended by the counters. Fortunately, 
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in the comparison of carbon and H,0O, this discrimination 
is possible. First, it may be pointed out that for the case 
under consideration the scattering is predominantly mul- 
tiple. Williams’ has given as the criterion for multiple 
scattering, 

M = (2aNZ“*/*)(h/mc}t> 1, 


where N represents the electron density in a sample of 
thickness ¢ cm. For the thicknesses of carbon and H,O 
employed, M=2 X10, in satisfactory accordance with the 
criterion. Furthermore, under these conditions, if thick- 
nesses of different materials are measured in radiation 
lengths, equal thicknesses yield equal mean square scat- 
tering angles.* This, of course, holds only for equivalent 
energy distributions of particles penetrating the samples. 
Hence, the ideal situation would prevail if samples of 
equal thicknesses (in radiation lengths) would also exhibit 
equal stopping powers on the basis of the Halpern-Hall 
theory. For then the scattering loss would form the same 
percentage of the apparent absorption in both substances. 
The condition which insures this state of affairs is 


S(H:0)/S(C)=x(C)/x(H20) 


where x denotes the radiation length, S the stopping power. 
In the case of carbon and H,0 this condition is satisfied to 
within a few percent. 

In the experiment (Fig. 1) two thin-wall (0.035 g/cm*) 
argon-ether counters were used. Coincidences were counted 
by means of a Rossi circuit, the pulses from which were 
fed into a scale of 64. The resolving time of the circuit as 
determined by the accidental coincidence rate was 0.45 
10-* second. Equal thicknesses (in radiation lengths) of 
slab carbon and H,O were inserted alternately into a 
thin-wall aluminum jacket at position A. Very nearly 
equal counting rates were observed, the difference being 
evaluated by reference to an aluminum absorption curve. 
The stopping power ratio, S(H:O)/S(C), was taken as the 
ratio of the quantities S(H:0)/S(Al) and S(C)/S(Al). 
Table I shows S(H:0)/S(C) for two sample thicknesses 
and the values calculated from theory. 


Tasiz I. Summary of results. 








. Effective 
Thickness of samples Stopping power 
Radiation g/cm? g/cm? ratio 

lengths carbon co S(H20)/8(C) 


1.2<E<2.1 1.160.025 (exp.) 
08<E<2.0 1.1740.02 (exp.) 
1<E<2 1.16 —(cale.) 
1<BE<2 1.08 = (cale.) 


range 
Mev 





0.0055 
0.0079 


0.29 
0.41 


0.25 
0.36 


Author 
Author 
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The neglibility of scattering errors was verified by shift- 
ing each sample to position B and observing the decreased 
coincident rates due to the increase in the intensity scat- 
tered out of the counter train. The decreased rates for 
carbon and H;O were equal to within 2 percent. In view 
of the dependence of the differential scattering probability 
upon @~, the error in the stopping power ratio due to 
scattering at position A can be shown to be less than 0.2_ 


percent. 
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Fic. 1. Schematic diagram showing the relative positions of the 

counters, source, and absorber. The angle @ indicates the maximum 

le at which an electron may be scattered and yet register a coin- 
lence count. 


It is planned to repeat the experiment using 10-Mev 
electrons from the beta-spectrum of B” produced in the 
B"(dp)B" reaction by the 1.75-Mev Bartol Van de Graaff 
generator. The radiation losses incidental at higher energies 
will be compensated by the choice of sample thicknesses 
demanded by the general scheme of the experiment. 

The author is indebted to Mr. M. A. Pomerantz for 
many helpful discussions and to Dr. W. F. G. Swann for 
his frequent and helpful advice. 

* Assisted by the Office of Naval Research. 

1W. F. G. Swann, J. Frank. Inst. 226, 598 (1938). 

2 E. Fermi, Phys. Rev. 57, 485 (1940). 

+O. Halpern and H. Hall, Phys. Rev. 57, 459 (1940); 73, 477 (1948). 
a ou3} R. Crane, N. L. Oleson, and K. T. Chao, Phys. Rev. 57, 664 

SE. ‘Hayward, Phys. Rev. 72, 937 (1947). 


* B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941), 
7 E. J. Williams, Proc. Roy. Soc. 169, 531 (1939). 





Neutron Deficient Isotopes of Tellurium 
and Antimony 


M. LINDNER AND I. PERLMAN 


Radiation Laboratory and ey of Chemistry, 
University of California, keley, California 
March 10, 1948 


yw investigating the relative yields for the many 
reactions resulting from the irradiation of antimony 
with 200-Mev deuterons in the Berkeley 184-inch cyclo- 
tron, several previously unreported isotopes of tellurium 
and antimony were encountered. The tellurium fraction 
when followed on a thin mica window counter could be 
resolved into half-life periods of 2.5 hr., 6.0 days, and a 
small amount of a long-lived component. The 2.5-hour 
period has not been further characterized with respect to 
mass number or mode of decay other than to note that 
the radiation is predominantly electrons. The 6.0-day 
period is accompanied by positrons which were shown to 
be caused by a 3.5-minute antimony daughter which is 
undoubtedly the same activity assigned to Sb™* by Risser, 
Lark-Horowitz, and Smith.! The positron energy was 
found to be 3.10.2 Mev by absorption in beryllium and 
from the end point of the energy distribution curve taken 
with a low resolution beta-ray spectrometer. Gamma- 
activity is also present with this period. The 6.0-day tel- 
lurium showed a high abundance of x-rays, little or no 
conversion electrons, and some gamma-ray activity which 
could be due to the 3.5-minute antimony daughter. 
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The tellurium fraction contained another component of 
4.5-day half-life which could not be observed in the deca 
curve because of its low abundance but which was de 
tected by means of its 39-hour antimony daughter, The 
39-hour antimony showed x-rays of tin (critical absorption 
with cadmium, silver, and palladium), no detectable hard 
radiation or electrons, and is apparently identical with an 
activity recently assigned to Sb"* by Coleman and Pool? 

In order to produce a more favorable ratio of the 
4.5-day tellurium to 6.0-day tellurium, antimony was 
bombarded with 40-Mev deuterons. Other measurements 
predict the production of d,4nm reaction in good yield 
and the d,5n reaction in poorer yield. If the 4.5-day tel. 
lurium is Te™® and the 6.0-day period is Te", the desired 
result should be achieved. The counting rates for the x-rays 
of the two activities were found to be in the ratio of 40:1 
in the direction anticipated. Since the activity of severaj 
days half-life is largely that of the 4.5-day tellurium (ex. 
cept for the positrons of the 3.5-minute Sb"*), the negative 
particles and electromagnetic radiation may be assumed 
to belong to this isotope. Conversion electrons of 0.2 Mey 
and 0.5 Mev were measured with the low resolution beta- 
ray spectrometer and a hard gamma-ray of about 1,5 
Mev was detected through a lead absorption curve. Softer 
gamma-radiation could have been present. All tellurium 
decay curves tailed out into a longer period, probably 
Te, 

The antimony fraction from bombardments of antimony 
with 200-Mev deuterons showed a number of periods which 
could be resolved by selectively counting the x-rays 
through beryllium and the’ electrons without absorber, 
There was x-ray activity of a few hours half-life which 
could be a mixture of the 2.8-hour and 5.1-hour periods 
reported by Coleman and Pool. The 2.8-day Sb™ showed 
up well in the curve taken without absorbers and the 
39-hour antimony was prominent in the decay curve taken 
through beryllium. The yield of the 39-hour antimony was 
much greater than that which could have grown from its 
4.5-day tellurium parent, indicating direct formation. 
Another antimony isotope of 6.0-day half-life was also 
observed. This activity is characterized by a preponderance 

of x-ray and gamma-ray activity with electrons in low 
abundance. Since the 6.0-day antimony did not appear in 
antimony removed from tellurium, the tellurium isobar is 
either stable or of half-life less than 10 minutes. Although 
the half-life is the same as that of the tellurium mentioned 
above, it could be separated chemically with antimony 
from tellurium and there was no positron activity accom- 
panying it. After the decay of the 6.0-day antimony, the 
curve turned into the 60-day period of Sb” which was 
identified also by its radiation characteristics. The forma- 
tion of Sb™ presents the unanswered question as to whether 
this isotope is formed by the high energy deuterons or by 
secondary low energy neutrons. 

Table I lists the isotopes of antimony and tellurium 
found in the bombardment of antimony with 200-Mev 
deuterons. The cross sections for their formation will be 
given in a later publication in which the yields for the 
large number of products of 200-Mev deuterons on anti- 
mony will be discussed. 
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5 t of Sb and Te formed in the irradiation of 
Tass I a with 200-Mev deuterons. 











= 
Energy (Mev) 
= Half-life Decay mech. particles y-rays References 
Sb Several K, e~ 2 
= K none 2 
Sb"? 39 hours 
6.0 days K,e~, y or 1.1 
ad ¥ F T.e". ¥ . 
22 2.8 days ah P 
— 60 days By 3 
Tes 6.0 days K, no y(?) 
Tee 4.5 days K,e".7 0.2, 0.5 1.4 
*Tel 140 days ~- IT,e~.7 4 














* Isotope identified from properties listed in the literature but not 
further characterized. 

The assignment of the 4.5-day tellurium—39-hour anti- 
mony isobars to mass number 119 is most reasonable in 
view of their production with 40-Mev deuterons on anti- 
mony, their decay characteristics, and the possibilities 
open. This assignment agrees with that of the 39-hour 
antimony by Coleman and Pool from other evidence. The 
most reasonable assignment of the 6.0-day tellurium— 
3.5-minute antimony isobars is mass number 118. They 
were produced with 40-Mev deuterons on antimony which 
would be impossible for mass number 116 and probably 
for mass number 117. An odd mass number (117) is also 
unlikely in view of observed half-life relationships. This 
isotopic assignment is in apparent conflict with the assign- 
ment of the 5.1-hour antimony to mass number 118.? 
However, it is possible that the 3.5-minute antimony and 
the 5.1-hour antimony are isomeric and that in the decay 
of the 6.0-day tellurium parent only the upper state (3.5- 
minute antimony) is formed. 

If the above assignments are accepted, the 6-day anti- 
mony would have to be isomeric with a previously known 
activity and of these the most reasonable guess is Sb™®, 
the isomer being the 17-min. positron emitter. In order to 
make an assignment, a sample consisting of 95 percent 
isotopically pure Sn®° was bombarded on the Berkeley 
60-inch cyclotron with 18-Mev deuterons. At this energy 
the cross section for the d,3n reaction is known to be low 
as compared to the d,2n reaction, so that only Sb” should 
be formed in good yield. Three antimony activities were 
obtained, one the 17-minute, 8*-emitting Sb”, a second 
the 6-day activity as anticipated, and the third the 39-hr. 
Sb". The K x-rays from the 6-day activity were found to 
be those of tin, so that the decay process is K-electron 
capture. The cross sections for the formation of the 6-day 
and 17-minute activity were roughly the same, namely 
0.1X10-* cm*. The 6-day antimony K-capture decay is 
therefore assigned to Sb™° since the cross section is too 
high for any other possibilities. The Sb"® appeared in 
sixfold lower yield than the sum of the Sb” isomers. 

The tin fraction was found to contain a single B~-activity 
of 28-hour half-life. The maximum #--energy was found 
from absorption in beryllium and from beta-ray spectrome- 
ter measurements to be about 0.4 Mev and no 7-radiation 
was present. The 26-hr. Sn of Livingood and Seaborg’ is 
therefore Sn™!, formed in this case by the reaction 
Sn™°(d,p)Sn™, The cross section for formation with 18- 
Mev deuterons is 0,02 X 10-* cm. 
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The cooperation of Dr. D. C. Sewell, Mr. J. T. Vale, 
and all of those whose operation of the 184-inch cyclotron 
made these irradiations possible is gratefully acknowledged. 

This paper is based on work performed under Contract 
Number W-7405-eng-48 with the Atomic Energy Com- 
mission in connection with the Radiation Laboratory of 
the University of California, Berkeley, California. 

1 Risser, Lark-Horowitz, and Smith, Phys. Rev. 57, 355 (1940). 
2K. D. Coleman and M. L. Pool, Phys. Rev. 72, 1070 (1947). 

’ Li ood and G. T. Seaborg, Phys. Rev. 55, 414 (1939). 
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The Alpha-Ray Emitting Isotope in Samarium 
A. J. DEMPSTER 


Argonne National Laboratory, Chicago, Illinois 
March 22, 1948 


T was shown by Hevesy, Pohl, and Hosemann*? in 
1932-34 that samarium emits slow alpha-rays with a 
range in air of only 1.13 cm at the rate of 89 per second per 
gram. The phenomenon has been confirmed by many 
observers. In 1938 Wilkins and Dempster* reported that 
the alpha-ray tracks from a deposit of separated isotopes 
laid down on a photographic plate appeared to start from 
the isotope of mass 148. The experiments were interrupted 
by the death of Professor Wilkins and only one such de- 
posit was made. Since that time measurements of the mass 
of the deposits obtained with a spark source similar to that 
used in the 1938 experiments showed that the amount was 
approximately 2X10- gram. As this quantity of sa- 
marium is not enough to have produced in three and a 
half months the ten tracks observed, accidental con- 
tamination must have been present. This may have been 
caused by the spark source itself, for in experiments on the 
masses of beta-active isotopes it has been observed that a 
spark source of ions may detach from the electrodes par- 
ticles of finite size consisting of many atoms, which are 
reflected around inside the mass spectrograph and may 
settle on the plate collecting the isotopic atoms. Many 
more rays may thus be emitted from these specks on the 
plate than from the separated isotopes themselves. 

It is of great interest to determine the mass of the active 
isotope, and in the following paragraphs some preliminary 
observations with much larger amounts of separated iso- 
topes are described. Several deposits were made with the 
hot anode ion source developed by Dr. A. E. Shaw,*® 
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where the separated isotopes are collected on metal plates 
coated with graphite. Alpha-ray plates were exposed for 
several months directly above the deposits which appeared 
as visible patterns of the samarium mass spectrum. One 
deposit which gave the distribution of tracks shown in 
Fig. 1 on the transfer plate was estimated from the ion 
current to have a total mass of 0.19 microgram. The trans- 
fer plate was exposed for 170 days, and 117 alpha-ray 
tracks would be expected in that time. The positions of 
the tracks, their lengths, and number of grains were ob- 
served, using a 95-power oil immersion objective with dark 
field illumination and a 10-power micrometer eyepiece. 
Only short tracks with lengths of 7y or less were measured ;* 
any longer tracks were ascribed to contaminations. A total 
of about 48 tracks that could be ascribed to samarium 
were found in the region between mass 150 and mass 154 
as shown in Fig. 1, and no concentration was found in 
any other region. Each of the points through which the 
curve in Fig. 1 is drawn gives the number of tracks which 
lie in a band having its center at the mass shown and a 
width corresponding to 0.9 mass unit. The curve suggests 
that the alpha-ray emitter is the isotope at mass 152. 
Sputtering of part of the deposit may account for the 
width of the curve and the fact that the total number of 
tracks observed is only 40 percent of the number expected. 

Other deposits were not so conclusive, and even though 
the unsatisfactory results with them may be attributed to 
loss of the deposit by sputtering, as shown by the complete 
removal of the graphite in some cases, the mass value 152 
should be regarded as provisional for the present. Further 
experiments are in progress in which the isotopes are col- 
lected in small hollow chambers to avoid loss by sputtering, 
and more complete results may be obtained in the near 
future. 

1G. v. Hevesy and M. Pohl, Nature 130, 846 (1932). 

2 R. Hosemann, Zeits. f. Physik 99, 405 (1936). 

*T. R. Wilkins and A. J. Dempster, Phys. Rev. 54, 315 (1938). 

4A. E. Shaw, Phys. Rev. 71, 277 (1947). 


5 A. E. Shaw, Bull. Am. Phys. Soc. 22, No. 6, 10 (1947). 
*P. Cuer and C. M. G. Lattes, Nature 158, 197 (1946). 





A Type of Non-Linear Random Distortion 
(Noise) in Pulse Communication* 


ARNOLD E. Ross 


Department of Mathematics, University of Notre Dame, 
Notre Dame, Indiana 


March 10, 1948 


HEN the information to be transmitted in pulse 

communication is contained in the variation of 
the distance between the successive pulses, one speaks of 
pulse position modulation without fixed reference. In the 
transmission of sinusoidal signals of certain frequencies 
by this method, there occur, at irregular time intervals, 
pulse precessions, each of a short duration observable either 


on an oscilloscope or as audio distortion (noise). These 


precessions “‘have all the earmarks of randomness’! with 


one very puzzling property, however. For some signal 
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frequencies, this precession, when observed on the OScill. 
scope, always proceeds to the right and for other fre, 
quencies always to the left, thus seemingly contradicy 
the argument for its random origin. Developing further 
the mathematical theory of pulse position modulation 
without fixed reference introduced elsewhere,? we explain 
this lack of symmetry and show that each such Precession 
is triggered by the (random) pulse jitter. It appears that 
the afore-mentioned distortion is peculiar to the modula. 
tion scheme itself and is not a property of the circuits em. 
ployed to achieve this modulation. 

The discussion leading to an explanation of the above. 
mentioned random non-symmetric distortion may be 
summarized as follows. First one observes that the points 
at which the signal is sampled are iterated images of g 
one-to-one continuous transformation r (induced by the 
method of sampling) of the period of our signal. Then 
one sees that these sampling points may be distributed 
periodically if and only if some power (iteration) of r has 
fixed points. If r* is the smallest power of r with fixed 
points,’ there exists a steady-state stable equilibrium dis. 
tribution of exactly k distinct sampling points which form 
a period containing one or more periods 1/f, of the signal, 
If the sampling does not happen to begin at one of the 
above equilibrium positions there occurs a transient phe- 
nomenon, viz., a rapid precession of sampling points toward 
these “stable equilibrium” positions which are determined 
completely by the ratio f,/f, of the signal frequency f, to 
the unmodulated pulse repetition rate fp», and by the 
amplitude of the signal. 

Besides the k stable equilibrium positions of sampling 
points in the case of periodic distribution there exist & 
fixed sampling positions which one may call “unstable 
equilibrium” positions. For if sampling begins at one of 
these positions, then the signal will be sampled only at 
these fixed positions in its period. However, a small de- 
viation, say caused by pulse jitter, will lead to a rapid 
precession of sampling points away from these equilibrium 
positions and toward the & stable equilibrium positions, 

In practice, the unstable chain rarely persists long 
enough to be observed. 

The k sampling points in a stable equilibrium distribu- 
tion are separated by the k points of unstable equilibrium. 
For certain values of the ratio f,/f, each stable equi- 
librium position of sampling has in its proximity an un- 
stable sampling position. If, as a result of random pulse 
jitter, there occurs a small deviation in the direction of 
the unstable equilibrium position and if this deviation 
exceeds the distance between the stable and its neighboring 
unstable positions, there occurs a precession (referred to 
in the first paragraph) of pulses (sampling positions) 
toward the next and relatively distant equilibrium posi- 
tion. The relative positions of the adjacent stable and 
unstable equilibrium positions determine the direction of 

such a pulse precession. 

* Supported by funds from ONR Contract N6ori187 and by Strom- 
beng Costen Company, Rochester, New York. 

M Siquote a remark by Professor G. E. Uhlenbeck of the University 

: 2A theoretical study of pulse position modulation without fixed 


reference,”’ Proc. I.R.E. 36, 370A (1948). 
2A. E. Ross, Bull. Am. Meth. Soc. 53, 287 (1947). 
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Characteristics of Bismuth Fission with 
High Energy Particles 
R. H. GOECKERMANN AND I, PERLMAN 
region Letra Pipa olen. 
March 22, 1948 

N a previous communication! the fission of elements 
I from bismuth to tantalum with high energy particles 
was reported and some properties of the reaction were 
deduced from the nature of the fission products. It is now 
possible to characterize further the mechanism and to 
show that the reaction differs considerably from the slow 
neutron-induced fission of uranium. 

In the present studies some of the longer-lived fission 
products from the irradiation of bismuth with 200-Mev 
deuterons were examined. The most abundant fission 
products are those from near-symmetrical cleavage with 
yields falling off for lower and higher mass numbers. 
Although the fission yield curve appears to be a single 
symmetrical peak, the line of symmetry is at a mass some- 
what below 100, rather than at 105-106 as would result 
from the fission of a compound nucleus of Bi**® and a deu- 
teron. Besides the appearance of only a single peak in the 
fission product yield curve, another important difference 
from the slow neutron-induced fission of uranium was 
noted. Considering those cleavages in the fission of bis- 
muth in which a light and a heavy fragment are formed, 
the light fragment in general has a neutron excess while 
the complementary heavy fragment is either neutron 
deficient or, by inference, stable. 

These observations can be explained in terms of the 
following description of the process. The fission reaction 
competes with other reactions only after about 12 neutrons 
have boiled off from the compound nucleus. As will be 
mentioned below, the yield data can best be explained if 
it is assumed that bismuth or polonium of mass numbers 
197-199 are the isotopes responsible for most of the fissions. 
The second assumption necessary to explain the observa- 
tions is that the light bismuth or polonium nucleus under- 
goes fission preserving the same neutron/proton ratio in 
both fragments as in the parent nucleus. It is seen that 
since the postulated parent nucleus has n/p=1.36, the 
primary fission products of mass number well below 100 
will be 8--emitters, those in an intermediate range will 
be stable, while the heaviest fission products will decay by 
orbital electron capture or by positron emission. 

Using these assumptions (which no doubt present an 
oversimplification) it is possible to calculate for each mass 
number the most abundant primary fission product. If it 
is further assumed that this particular isobar is produced 
in almost all of the fissions producing that mass number, it 
should be possible to draw a smooth curve through the 
fission yields for these products. Furthermore, an isotope 
whose n/p ratio differs appreciably from 1.36 should fall 
well below the curve. 

A fission product yield curve has been constructed on 
the basis of measured yields of 25 fission products. The 
mechanism advanced seems to give an adequate descrip- 
tion of the fission process since the predictions and meas- 
ured yields agree rather well both for isotopes that should 
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fall on the curve and those which should lie well below it. 
A few of the heavy fission products depart somewhat from 
predictions but with these there is considerable uncertainty 
in estimating counting efficiencies since the decay schemes 
(orbital electron capture) are not known. 

The following is a list of bismuth fission products which 
were identified in the present studies (references are 
given for isotopes which only recently appeared in the 
literature or which have been hitherto unreported): Ca**, 
Fe®, Ni? Cu®?3 Zn”, As™, As??, Rb*, Sr#*, Y%, Y%, Zr%5, 
Mo”, Ru!®, Ru, Agttt, Pdt, Cds (44 days), Te™®« 
Sb™, [#%, [42566 [26 Bass Ces? 7 Not all of these isotopes 
should nor do lie on the fission yield curve. For example, 
the most probable representative of mass number 74 
should be Ga™ (not measured in these studies) and the 
measured yield for As™ was below the curve by a factor 
of 20. Similarly, the yield for Pd" was 20-fold below the 
curve, in line with the prediction that the most abundant 
isobar of mass 112 should be Cd" (stable). The smooth 
fission yield curve drawn partly through measured yields 
and partly through calculated points is symmetrical about 
mass number 98-99, which represent maximum yields, and 
drops off by a factor of 100 at mass numbers ~60 and ~138. 
A rough value of 0.2 X 10 cm? for the fission cross section 
was obtained by integrating the smooth curve. This figure 
is probably uncertain by a factor of two because of un- 
certainties in the shape of the curve and in the deuteron 
beam intensity. The most abundant isotope measured, 
Mo”, has a fission yield of 5 percent. 

With respect to the mechanism for the fission of bismuth 
with high energy deuterons, it is probably necessary to 
assume that only those nuclei to which the dueteron gives 
up a large fraction of its energy will undergo fission. Ac- 
cording to Serber,* the nucleons of a heavy element like 
bismuth should present, on the average, about two mean 
free paths between collisions by projectile nucleons in the 
energy range considered here and should receive about 
25 Mev per collision. A moderate percentage of the pro- 
jectiles should therefore give up all of their energy upon 
entering the bismuth nucleus and most of such events 
should result in fission. The observations are not in dis- 
agreement with this theory, since the measured cross 
section for fission is less than one-tenth of the geometric 
cross section and it is plausible that most of the highly 
excited nuclei will boil off neutrons until fission takes over 
as the means for further energy dissipation. The agreement 
of theory with the data is good here since the fissionability 
parameter, Z?/A, has about the same value for a nucleus 
such as Po" as for U™*, 

The facts outlined above, in particular the equality of 
the n/p ratio in both fission fragments, suggest that the 
fission reaction is relatively fast and takes place with ex- 
citation energy above the threshold since the two products 
could be left in a lower energy state if there were a re- 
arrangement of neutrons and protons during fission. That 
is, the formation of two stable nuclei would be energetically 
more economical than the production of one which is 
unstable with respect to 8--emission and one toward orbital 
electron capture or §*t-emission. The absence of such 





























































marked asymmetry as is noted for the slow neutron fission 
of uranium may also be related to the supra-threshold 
energy at which the reaction occurs. 

The cooperation of Dr. Duane Sewell and Mr. J. T. Vale 
and all those of the 184-inch cyclotron group is gratefully 
acknowledged. This work was performed under Contract 
No. W-7405-eng-48, with the Atomic Energy Commission 
in connection with the Radiation Laboratory of the Uni- 
versity of California, Berkeley, California. 

1], Perlman, R. H. Goeckermann, D. H. Templeton, and J. J. How- 
land, Phys. Rev. 72, 352 (1947). 4 

2A 56-hr. B--emitter which proved to be the parent of 5-min. Cu®, 

*A 56-hr. @--emitter tentatively assigned to Cu®? on the basis of 
the mode of disintegration and half-life. 7 

4M. Lindner and I. Perlman (submitted for publication). 
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* L. E. Glendenin and R. R. Edwards, Phys. Rev. 71, 742 (1947). 
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Theoretical Evidence for the Existence of a Light- 
Charged Particle of Mass Greater than 
That of the Electron 
M. HESSABY 
Institute for Nuclear Studies, University of Chicago,* Chicago, Illinois 
January 29, 1948 

ROM theoretical considerations developed in a pre- 
vious paper,! it can be deduced that particles with a 
charge equal to that of the electron and having a mass 
equal to 1.444 times that of the electron may be expected 
to exist. 
It was shown that for an elementary charge the electro- 
static potential 
U=—(1/2K) log(1 — (2Ke/r)+ (2K%e*/r*)], 
where e is the charge and K is a constant, satisfies the 
conditions that the integral of the charge density should be 
convergent and equal to e, and that the integral of the 
energy density should also be convergent. The value of the 
energy integral depends on that of K, and it also depends 
on the sign of e; the value is equal to 


(e/4K)[(4/2)+1] or (e/4K)[(3x/2)—1], 
V 
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depending on whether ¢ is negative or positive, The rx 
of these two values is 1.444. Setting the value of the 
integral equal to the mass of the electron gives ys the value 
of K, which will thus depend on the sign chosen for the 
charge of the electron. If this is arbitrarily taken to be 
negative, then we obtain K=3.8X10 ‘. There should the 
exist a positive particle of mass equal to 1.444 times that 
of the electron. A positive counterpart of the electron cap 
also exist, but it should have a tendency to be annihilated 
by combining with an electron. 

According to the sign of e, the potential curve takes 
one of the two forms shown in Fig. 1. For e<0, the curve 
has no minimum, and the force on a particle of the same 
sign is always repulsive. For e>0, there is a minimum g 
r=2Ke, and the field becomes attractive at distances 
smaller than 2Ke. The force on a particle of opposite sign 
becomes repulsive at very small distances. With the valye 
K=3.8X10~ we find that the field changes sign {oy 
r=3.7X10-%. 

Evidence for the existence of positive particles of mass 
greater than that of the electron occurring in the neighbor. 
hood of f-ray emitters has been found by Smith ang 
Groetzinger.? A rough estimate of the mass, determined 
from the loss of momentum of the particle in a foil, has 
led the authors to a value approximately equal to 1.5 to 
2 times the electron mass.’ 

It has also been recently reported in the press that 
charged particles of mass about three times that of the 
electron have been found by Auger in cosmic radiation, 


* On leave of absence from the University of Teheran. 

1M. Hessaby, Proc. Nat. Acad. Sci. (June 1947). 

2L. Smith and G. Groetzinger, Phys. Rev. 70, 96-97 (1946). 
3 Private communication by G. Groetzinger. 





Production of Cosmic-Ray Mesons 


GEOFFREY F. CHEW* 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
March 19, 1948 


T is currently believed that cosmic-ray mesons are 
produced in nuclear events induced by primary protons 
near the top of the atmosphere. The well-known difficulty 
of the absence of nuclear interaction by sea level mesons 
and the recent experiments with photographic emulsions! 
have led to the idea* that x-mesons, of mass 180 Mev, are 
the ones produced initially and that each x-meson quickly 
decays (10-7-10-" sec. lifetime) into an “ordinary” p 
meson of mass 100 Mev and a neutral recoil. An investiga- 
tion has been undertaken to see whether these ideas are 
in quantitative agreement with actual observations on 
meson spectra and intensities. 

It is found that there is indeed agreement if the mean 
free path for absorption of the primary protons is taken to 
be ~5 cm Hg and if about half the primary energy goes 
to charged x-mesons, the average multiplicity being around 
5 at high latitudes and increasing roughly as the square 
root of the primary energy. 

Our analysis is based on the following argument. No 
meson theory has as yet proved adequate, but if one uses 
the general picture that a field of virtual mesons surrounds 
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the proton and that the difference immediately after the 
nuclear collision between the actual and “proper’ fields 
constitutes the meson emission, then according to Heisen- 
berg? the following qualitative results are to be expected 
in any reasonable theory: (1) Emission is multiple and the 
multiplicity increases with proton energy. (2) Low energies 
are favored in the emitted spectrum, whose relative shape 
should not depend strongly on the proton energy. To put 
these ideas in a suitable form for computation, the follow- 
ing meson production spectrum, containing three arbitrary 
parameters, is assumed: A proton of kinetic energy E, 
produces mesons whose total (kinetic+rest) energies E,, 
are distributed from m,c* to KE, according to a power 
law Em~®. The total fraction of proton kinetic energy de- 
livered to charged x-mesons is H. The four parameters, 
K, 8, H, and the mean free path for the nuclear process 
(assumed independent of E,) are to be determined by 
fitting various experiments. More meaningful than the 
individual values of K and £ is the fact that together with 
H they fix the multiplicity, which has an approximate 
energy dependence ~Ef-. 

The altitude dependence of vertical particles pene- 
trating 21 cm of Pb (assumed to be “‘fast”” mesons only) at 
Los Angeles and at the equator‘ was used to fix 8 and K 
by the following procedure: A spectrum of primary protons 
was chosen by fitting the latitude effect for vertical radia- 
tion® to the usual high energy power law. The result was a 
power law E,~*-* above 12 Bev, E,~-* between 12 Bev 
and 4 Bev, zero flux below 4 Bev. This proton spectrum 
produces a meson spectrum whose shape depends essen- 
tially only on 8 and K, and the shape of the meson spec- 
trum at any altitude is sufficient to determine the relative 
intensities at all lower altitudes by the usual one-dimen- 
sional diffusion theory.* In this way the experimental 
equator meson curve and the Los Angeles-equator dif- 
ference were used to fix 8=1.5+0.2, K=0.45+0.1, inde- 
pendently of H and 4. This choice implies a multiplicity 
which increases at high energies like E,°-5°.2 and has an 
average value 15H at the equator. A recent theoretical 
calculation’ of the multiplicity of pseudoscalar meson pro- 
duction predicts an energy dependence ~E,}. 

The values of Hand \ were fixed by experiments at higher 
altitudes. Schein’s balloon data® on vertical particles pene- 
trating 18 cm of Pb at Chicago can be extrapolated to the 
top of the atmosphere to obtain the total vertically inci- 
dent flux, 0.10 particles cm~ sec.-! per unit solid angle. 
This figure is in reasonable agreement with the bare 
counter rocket figure of 0.12,° considering that the latter 
may include re-entrant electrons. A calculation of the 
meson intensity to be expected at sea level from this 
incident flux and comparison with the well-known figure of 
0.0074 fixes pairs of H and x. The possible pairs are reduced 
by fitting the slope of the meson plus proton curve near 
the top, there being no maximum. The results are 


4.5 cm Hg<\<7 cm Hg, 
0.6 cm Hg>«x>0.3 cm Hg. 


(A geometrical nuclear cross section corresponds to \~4 
cm Hg.) The uncertainty is considerable because of the 
unknown number of mesons in the slow group which can 
penetrate 18 cm Pb (see below). 
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Fic. 1. Differential spectrum of mesons at sea level 
normalized to one particle. 

As a check on the above choice of parameters, additional 
calculations were made of absolute latitude effect and of 
the meson spectrum at sea level. The results agree satis- 
factorily with experiment, for the latitude effect is within 
20 percent and the spectrum is shown in Fig. 1, as com- 
pared to Wilson's cloud-chamber data” shown in blocks. 
The fact that the maximum occurs at a lower energy than 
in previous theoretical calculations*™ is due partly to 
the x-y-decay and partly to the preference given to low 
energy mesons in the production process. A further test 
of our assumptions will come when balloon measurements 
of the hard component can be taken at the equator. A 
maximum of about seven times the sea level intensity at 
a pressure of 5 cm Hg is predicted. 

Recent experiments “-“ indicate that the situation is 
not actually as simple as assumed above. A very large 
number of slow mesons (kinetic energy less than 400 Mev) 
continues to be produced down to altitudes of about 14,000 
ft. by what may be the decay of neutral particles. (All the 
experiments used in the above analysis fairly well exclude 
this slow group.) Assuming these slow mesons to be of the 
same variety as those observed at sea level, one finds their 
total energy loss throughout the atmosphere to be about 
equal to that of the “fast” mesons. It is therefore gratify- 
ing that our result above shows only half or less of the 
primary energy going immediately: into fast-charged 
mesons. 

This investigation, then, does not reveal any clear-cut 
inconsistencies in the proton x-u-hypothesis, but so far 
rather tends to support the latter. 

I am indebted to Dr, E. Fermi and Dr. M. Schein for 
valuable discussions of this work. 


* National Research Council Predoctoral fellow. 
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Ratio of g Values of the ? P;,;° and the *S, 
States in Ionized Calcium 


J. RAND MCNALLY, Jr. 


George Eastman Research Laboratory, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 


March 15, 1948 


UMEROUS articles appearing in the literature 

point to a possible discrepancy in the value of 
the magnetic moment of the spinning electron.' Dis- 
crepancies between theory and experiment or between 
experiment and experiment exist in four cases, namely, 
(1) the fine structure of the n =2 state of atomic hydrogen,? 
(2) the hyperfine structure of the ground states of hy- 
drogen and deuterium,’ (3) the charge-mass ratio of the 
electron as determined from the Zeeman effect,‘ (4) the 
ratio of atomic g values. 

This note is concerned with additional evidence on the 
ratio of atomic g values,—in this case the ratio of the g 
value of the normal *.S; state and that of the excited #P1,° 
state of alkali-like atoms. Preliminary calculations from 
Zeeman data taken at fields of the order of 90,000 gauss 
gave ratios of g values for the elements Na, K, Call, and 
Cu. Disagreements between the experimentally deter- 
mined g ratios and the ratio of g values based on the 
Landé values were found, but the probable error of these 
early measurements was of the order of the effect ob- 
served. A careful selection of sharp line patterns of mod- 
erate intensity in the case of singly ionized calcium gave 


the value: 
g2/g:=1.5013+0.0003, 


where g: is the g value of the normal *.S; state and g; is the 
g value of the excited *P14° state. This g ratio, which is 
field-independent and also independent of the value of 
e/m, is to be compared with the Landé g ratio of 1.5000. 
If one assumes that the error arises in the spin magnetic 
moment only then the value of the spin magnetic moment 
is low by 0.17+0.04 percent. 


astion” Phys. Rev. 72, 984 (1947); J. Schwinger, Phys. Rev. 73, 
2S, Pasternack, Phys. Rev. 54, 1113 (1938); W. E. Lamb and R. C. 
Retherford, Phys. Rev. 72, 241 (1947). . 
3 J. E. Nafe, E. B. Nelson, and I. I. Rabi, Phys. Rev. 71, 914 (1947); 
Moar) Nagle, R. S. Julian, and J. R. Zacharias, Phys. Rev. 72, 971 
«J. A. Bearden, Phys. Rev. 55, 584 (1939). 
5 P. Kusch and H. M. Foley, Phys. Rev. 72, 1256 (1947); Phys. Rev. 
73, 416 (1948). 





Gamma-Radiation from the Bombardment of 
Fluorine, Boron, and Beryllium by Protons 


James A, JACOBS, PHILip R. MALMBERG, AND JOHN S. WAHL 
State University of Iowa, Iowa City, Iowa 
March 19, 1948 


HE angular distribution of the gamma-rays has been 

determined for the reactions F'*(p,a)O'®* (gamma- 
ray energy 6.2 Mev), B"(p,7)C" (three gamma-rays of 
16, 12, and 4 Mev), and Be*(,7)B"* (four gamma-rays of 
energies up to 6 Mev). These reactions and gamma-ray 
energies have been established in numerous previous 
papers.! The gamma-ray excitation curves for the first 
two reactions at their lowest resonances have also been 
measured. 
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All data were taken with thick targets upon a pi 
backing. The fluorine target was made by painting with 
suspension of CaF; in alcohol and water, the boron ‘ 
by settling from a suspension of amorphous boro, a 
alcohol, and the beryllium by evaporation of beryllium 
metal in vacuum. 

The thick target excitation curves were measured by 
obtaining the number of counts in a Geiger tube for a 
given beam charge, at various bombarding energies, Thy 
accelerating voltage was measured by a resistance volt. 
meter (about 2700 megohms) with an estimated Maximum 
error of 3 percent. 

From the fluorine excitation curve, the resonance js at 
335 kev with a half-width of 7 kev. The spread in beam 
energy is of the order of 5 kev, so that the true half-width 
is approximately 4 kev. The resonance for boron is a 
165 kev with a half-width of 9 kev. Since the spread jp 
beam energy is of the order of 3 kev at this bombarding 
voltage, the actual boron resonance half-width is approxi. 
mately 8 kev. 

In measuring the angular distribution, the detector 
consisted of two thin walled Geiger tubes operated jp 
coincidence, a thin lead sheet in front of the first tube pro. 
ducing the secondary electrons. The tubes were enclosed 
in a lead box with j-in. thick walls, with a 1-in X4-in. open. 
ing at the front facing the target chamber. The box js 
mounted to rotate around the target chamber, so that at 
any angle the two coincidence tubes are in line with the 
target. The angle is measured with respect to the forward 
direction of the proton beam. The bombarding energy was 
slightly above the resonance point for fluorine and boron; 
for beryllium the energy was 340 kev, about at the reso- 
nance peak. 


TABLE I. 








Fluorine Boron Beryllium 
0.979 +0.025 











At each angle the coincidence counting rate was com- 
pared to that of a monitor Geiger tube mounted to one 
side. The angular distribution data obtained (normalized 
to unity) are given in Table I. The errors given are the 
statistical standard deviations. 

The spherical symmetry for fluorine agrees with the 
result of Atchison* and Van Allen.! For boron, a 10 percent 
asymmetry might fit the data better than spherical sym- 
metry, but this small effect probably is not significant 
compared to the standard deviation. The beryllium data, 
although too few counts were taken, indicate spherical 
symmetry, the large deviation of the 60° point probably 
not being significant. 


1 Typical of these are J. A. Van Allen and N. M. Smith, Phys. Rev. 
59, 501 (1941); R. G. Herb, D. W. Kerst, and J. L. McKibben, Phys. 
Rev. 51, 691 (1937); N. Hole, J. Holtsmark, and R. Tangen, Zeits. f. 
Physik 118, 48 (1941). 

2F. S. Atchison, Thesis (1940) State University of Iowa. 
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Protective Facings on Eastman Emulsions 


P. B. MAUER AND H. L. REYNOLDS 
Department of Physics, University of Rochester, Rochester, New York 
March 22, 1948 


N the course of investigating the range of protons in 

I Eastman NTB emulsions certain inconsistencies ap- 

. These were largely explained when it was learned 

from Eastman Kodak Company that a thin photographi- 

cally inert facing is usually applied to the emulsion for 
reasons of protection. 

For 2.5-Mev protons entering the emulsion at an angle 
of four degrees and an assumed stopping power relative 
to air of 2000, the track length in the emulsion should be 
roughly 52 microns, and the depth of penetration into the 
emulsion would be of the order of 3 microns. With a photo- 
graphically inert surface layer of one-micron thickness 
covering the emulsion, it is easily seen that the length of 
the visible track would be appreciably shorter than the 
true length and thus the stopping power of the emulsion 
would appear greater than expected. This effect would be 
exaggerated as the initial energy or entering angle is 
reduced. 

This effect was verified by exposing a plate first at two 
degrees and then at fifteen degrees to the incident protons. 
Protons of 2.5 Mev entering at fifteen degrees were found 
to have a real (not projected) track length of the order of 
nine microns longer than those entering at two degrees. 

Before this effect was observed many of our stopping- 
power determinations seemed to fall outside of the esti- 
mated limits of accuracy of the measurements. This may 
be explained by the fact that such a thin surface coating 
is difficult to apply uniformly and any variations in its 
thickness would alter the observed stopping power. 





Rebuilding of Metal Geiger Counting Tubes 
G. E. HAGEN AND D. H. LouGHripGEe 
University of Washington, Seattle, Washington 
March 19, 1948 


N investigation was made of some techniques of re- 
viving worn-out G-M counters used on cosmic-ray 
measurements. These tubes were the conventional tube! 
made up of 2-in. seamless brass tubing yx in. thick with 
soldered end seams. Central electrodes were of 0.005-in. 
Kovar wire held rigid by a tension spring at one end and 
brought out through a glass seal at the other. Filling was 
9 cm of argon and 1 cm of ethyl alcohol vapor. It was found 
that this type of tube normally has from a few months to 
about two years of useful life when in continuous operation 
at 1250 volts. Toward the end of this lifetime the plateau 
of stable operation shortens until proper adjustment of 
operating voltage becomes impossible. 
Particular attention was paid to a technique suggested 
in conversation with S. A. Korff. One opens the tube with- 
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out dismantling, rinses.out with acetone, and refills with 
argon and alcohol. It has been shown’ that one of the 
main factors in the playing-out of these tubes was the 
decomposition of alcohol vapor with probable deposition 
of a film of organic material on electrode surfaces. 

A group of 59 tubes no longer operative was treated in 
the following manner: copper sealing tube was cut open 
and 50 cc of acetone poured into the tube. The tubes were 
then placed on a spindle and rotated end over end for an 
hour. During this time rotation was frequently interrupted 
and tubes were twisted axially to insure that all portions 
were thoroughly rinsed. At the end of this time the acetone 
was removed, and tubes were evacuated and refilled. 

Seventy percent of these tubes again operated, but the 
rejuvenation proved to be only temporary. Tubes were 
set aside to age and frequently tested. After 40 days of 
aging (not in operation) only 50 percent of the original 
number of tubes remained good. Tubes were then placed 
in operation at 1250 volts. Although the operating voltage 
plateaus of some of the tubes improved with the first few 
days of operation, they then began to narrow. After 15 
days of operation, only 20 percent of the original tubes 
remained serviceable, and it was concluded that this 
treatment is ineffective. 

In another group 14 tubes were rebuilt by grinding and 
polishing the cathode surface with emery paper and in- 
stalling a new central electrode, as suggested by Regener. 
After three months of operation 12 of the 14 were still in 
excellent working condition, and it was concluded that 
this procedure is effective although the grinding process is 
tedious. 

A group of 60 tubes was then rebuilt with a new central 
electrode but without grinding the cathode surface. Half 
of these tubes had previously been rinsed with acetone. Of 
this entire group, 82 percent were still good after 40 days 
of operation, and the previous rinsing treatment apparently 
did not affect tube life. This suggested that the condition 
of the central electrode was the more important factor in 
the playing out of the tubes, and that the condition of the 
cathode surface was not critical. 

To verify this last point, eight tubes were dismantled 
and the cathode surface thoroughly ground and polished, 
but the old anodes were cleaned and reinstalled. None of 
these tubes operated properly after refilling. In reopening 
tubes rebuilt with new anodes only, it was found that 
traces of soldering flux on cathode surface did not notice- 
ably impair the operation of the tube, but if the same were 
present on the anode the tube had a tendency to go into 
continuous discharge. A satisfactory procedure for cleaning 
the anode consisted of wiping with absorbent cotton 
saturated with clean acetone and drying with fresh cotton. 
From these data it was concluded that installation of a 
new clean anode and refilling constitutes an effective 
process of rejuvenating this type of counter. 

This work was supported by a grant-in-aid from the 
Research Corporation of New York. 


1V. H. Regener, Rev. Sci. Inst. 18, 267 (1947). 
2S. S. Friedland, Phys. Rev. 71, 377 (1947). 
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Neutron-Proton Scattering and Range 
of Nuclear Forces 


Ta-You Wu 
Department of Physics, Columbia University, New York, New York 
March 15, 1948 


ONCERNING the proton-neutron scattering at ~100 
Mev, experiments at Berkeley! show that (i) the 
total cross section is «=0.83 X10-** cm’, (ii) the ratio of 
backward to transverse scattering (in the center of mass 
system) R=o(x)/o(x/2) is ~3, and (iii) the scattering in 
the neighborhood of #=2/2 is almost symmetrical with 
respect to the directions #/2. The problem is to find the 
nucleon interaction that will account for these observed 
results. Many calculations have been made with various 
assumed potentials. The situation can perhaps be sum- 
marized as follows: 

1. On the basis of the symmetrical theory with a rec- 
tangular potential well of range p= 2.8 X 10-" cm, an exact 
calculation gives for ¢ the value 0.94 X 10-*5 cm? and for R 
a value of the order 100*. With a Gaussian potential e~"*/* 
where the value 1/a?=0.266 <10** cm=* has been chosen 
from the analysis of Hoisington, Share, and Breit* and can 
be regarded as corresponding to the range p=2.8X10-" 
cm for the rectangular well, a calculation based on the 
second Born approximation*® gives ¢=0.96 X 10-*5 cm? and 
R~57. On the Mgller-Rosenfeld theory with the Yukawa 
potential, a first Born approximation gives ¢= 1.40 x 10-*5 
cm? and R~57.? It is seen that in all cases the ratio R is 
by far too high compared with the experimental value. 

2. On including tensor forces in the symmetrical theory 
of Rarita and Schwinger, with a rectangular well of range 
p=2.8X10-" cm, an exact calculation* gives for o the 
value 1.29 10-5 cm? and R~10. The asymmetry of the 
scattering about the directions is decreased. 

3. With a rectangular well of range p=2.0X10-" cm 
without tensor forces, Camac and Bethe® obtain, on the 
symmetrical theory, e=0.84X10-** cm? and R=4.4 for 
80-Mev neutrons. 

It is seen that the angular distribution, especially the 
ratio R, of the scattering is very sensitive to (i) the pres- 
ence of tensor forces and (ii) the range of the nucleon 
interaction. To achieve better agreement with the ob- 
served R, one may have either to include tensor forces or 
to employ a shorter range, or to make both changes. 
Camac and Bethe realize, however, that the use of the 
smaller range p=2.0X10-" cm will spoil the agreement 
with the data on proton-proton scattering at low energies. 

The purpose of the present note is to suggest that, since 
there is really no a priori reason why the range of nucleon 
interaction should be the same for the triplet and the singlet 
states, one employ for the latter p,=2.8010-" cm as 
demanded by the proton-proton scattering data at low 
energies, and for the former p;= 1.5 X 10~" or 2.0 X 10-" cm 
as indicated by the recent experiments on the scattering of 
neutrons by ortho- and para-hydrogen and by hydrogen in 
crystals.* In fact, one would rather expect the range to be 
different for the triplet and the singlet states on the sym- 
metrical theory if the mesons involved have different 

masses, 
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TABLE I. 
—— 
Gaussian, 100 Mev Rectangular 
1/ae =0.266 X10% cm-2 pe ioe Mer 
1fae@inem @in cm? R pincm ehas = 


0.266 X10% 0.9610" 57 2.80X10-" 0.84 x 10-5 
0.522 X10% 0.95X10- 10 2.00X10-" 1.01Xio- 
0.925 X10" 1.08X10- = 5.7 1.50X10-" 1.17 X10 








————— 


Accordingly, an exact calculation of the Scattering crog 
section at 80 Mev for a rectangular well potential of 
p.=2.80X10-" for the singlet states and range p1=2,8 
2.0, or 1.5 10-" cm for the triplet states has been carried 
out on the basis of the symmetrical theory. Another cg 
culation based on the second Born approximation? has also 
been carried out for a Gaussian potential e~*/* 
1/a=0.266 X10 cm, and 1/a?=0.266, 0.266 x (2.8/ 
2.0), or 0.266(2.8/1.5)? x 10°* cm™ to correspond 
to the ranges 2.8, 2.0, 1.5 10-" cm in the case of the rec. 
tangular well. The result is shown in Table I. In 
a shorter range for the triplet states renders the triplet 
state scattering more isotropic. It is true that no complete 
agreement with the observed features concerning g, o(8), 
and R=o(x)/o(x/2) has yet been found for these poten. 
tials. But it is expected that the inclusion of tensor forges 
will further lower somewhat the ratio R in the table an 
increase the symmetry of o(#) with respect to +/2 in the 
neighborhood of x/2. It seems that by using two different 
ranges for the triplet and the singlet states and including 
the effect of tensor forces, it may be possible to account 
for the observed data on the symmetrical theory, ie, 
without introducing arbitrary proportions of ordinary and 
exchange forces. A calculation of the deuteron problem 
with these shorter ranges including tensor forces would be 
of great interest.” 

1 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 1264 (1947), 
and unpublished results. 

2 Ta-You Wu, Phys. Rev. 73, 934 (1948). 

* Hoisington, Share, and Breit, Phys. Rev. 56, 886 (1939). 

4J. Ashkin and T. Y. Wu, Phys. Rev. 73, 973 (1948). 

5 M. Camac and H. A. Bethe, Phys. Rev. 73, 191 (1948). 

6 Sutton, Hall, Anderson, Bridge, DeWire, Lavatelli, Long, Snyder, 
and Williams, Phys. Rev. 72, 1147 (1947); Schull, Wollan, Morton, 
and Davidson, Phys. Rev. 73, 262 (1948). 

7S. Moszkowski and R. G. Sachs, Phys. Rev. 73, 184 (1948), have 
calculated the deuteron problem with a Gaussian potential exp( —r*/a) 
with a4 =2.80 X10-" cm. Comparison of this with exp( —0.266r210), 
which fits the low energy proton-proton scattering best, shows that 
a =2.80 X10-" corresponds to too large a range for even the singlet 


state. For the triplet states, a must be still smaller, in view of the results 
of Sutton e¢ al. and of Schull e¢ al., as shown in Table I. 





Ultrasonic Reflections by Domains in 
Rochelle-Salt Single Crystals 


WILutiaM J. PrRIcE 
Rensselaer Polytechnic Institute, Troy, New York 
March 22, 1948 


HE propagation of 10-Mc/sec. ultrasonics in single 

crystals of rochelle salt has already been studied by 

the pulse technique.' In the temperature range where the 

crystal is ferroelectric, it has recently been observed that 

reflections occur from within the interior of the crystal. 

These reflections are a result of the domain structure and 
are believed to occur at the domain boundaries. 








LETTERS TO 

Rochelle-salt single crystals of sufficient size are known 
to have a domain structure in the ferroelectric temperature 
range? Adjacent domains differ in the direction of the 
spontaneous polarization (either parallel or antiparallel 
to the x crystallographic axis). Accompanying this polariza- 
tion is a shearing strain in the y-z plane, and as a result 
the boundaries will be regions of strain from which re- 
flections of ultrasonic waves may occur. Studies of powder 
patterns on the surface of rochelle-salt crystals indicate 
the domains form laminae 1 to 8 mm thick in the y direc- 
tion and 1 cm or more in extent in the x and g directions. 

In the observations reported here, and x cut quartz 
transducer is cemented to one surface of a rochelle-salt 
single crystal cut in the shape of a rectangular parallele- 
piped with dimensions approximately 1 in. When the piezo- 
electric transducer is excited by an electrical pulse of the 
10-Mc/sec. carrier frequency, an ultrasonic pulse travels 
through the rochelle-salt crystal and is reflected at the 
opposite surface. Upon returning to the transducer it is 
detected by the resulting electrical pulse in quartz and 
again reflected into the rochelle-salt specimen. The suc- 
cessive echoes are displayed on a cathode-ray tube. 

When a compression wave is propagated along the y 
crystallographic axis of the rochelle-salt crystal, echoes 
with intensity about 40 decibels below those from the 
crystal surfaces are observed from the interior of the crys- 
tal. These echoes are present only in the temperature 
range where the crystal is ferroelectric and disappear 
gradually as the temperature approaches the Curie tem- 
perature (24.2°C). 

When a d.c. bias field is applied in the x direction, these 
domain echoes are found to reduce in intensity until with 
a field of about 100 volts/cm, their level is at least 25 
decibels below that with zero bias field. With larger fields 
it is found possible to reduce their level down to the noise 
level of the amplifier. The field necessary to reduce the do- 
main echo intensity decreases as the upper Curie tempera- 
ture is reached. The application of a sufficiently large 
biasing field will, of course, result in all the domains be- 
coming polarized and sheared in the same direction; the 
observations of the domain echoes indicate that in this 
condition the strained regions at the domain boundaries 
are at least partially removed. 

It has not been found possible to resolve the domain 
echoes and therefore no information has been obtained 
about the location or number of domains. It is felt that 
the best method of obtaining quantitative information is 
to observe the change in intensity of the echoes from the 
air boundaries as the domain structure is changed. 

Domain echoes have also been observed when the pulse 
is propagated along the z direction. These echoes are about 
15 decibels below those observed in the y direction. The 
lower intensity is accounted for by the smaller area of the 
domain boundaries normal to the z direction. 

No indication of the Barkhausen effect has been ob- 
served in this work. 

1H. B. Huntington, Phys. Rev. 72, 321 (1947). 


*Cady, Piesoelectricity (McGraw-Hill Book Co . Inc., Ni 
York 1946). ctricity ( raw-Hi 00 mpany, Inc ew 
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The Energy Distribution of Neutrons in 
the Atmosphere 


S. A. Korrr, M. S. GeorGe, anp J. W. Kerr 
New York University, New York, New York 
March 15, 1948 


HE energy distribution of neutrons produced by the 

cosmic radiation in the free atmosphere has been 
computed by Bethe, Korff, and Placzek.' Experimental 
tests of these predictions have been made by Korff and 
Hamermesh? and by Agnew, Bright, and Froman.* The 
first of these tests was made by an instrument carried up 
to altitudes of about 40,000 feet (2 meters of water equiva- 
lent below the top of the atmosphere), in a free balloon 
flight, and the second in a B-29 at altitudes of from 20,000 
to 36,000 feet. In both experiments the counting rate in 
a boron trifluoride counter was determined with and with- 
out boron and cadmium shields. 

On September 27, 1947, we conducted a balloon flight 
which reached an altitude of 66,000 feet (4 cm Hg), at 
which altitude. it remained for many hours. Our counter 
contained 1050 cc of ordinary BF; at 14-cm Hg pressure. 
This flight employed the same instrumentation as our 
previous one, in that the counting rate of a neutron counter 
was determined with boron and cadmium shields auto- 
matically covering and uncovering the counter at pre- 
determined intervals. The counting rates observed with 
this instrument at the top altitude were as follows: 16.8 
counts per minute (O) unshielded, 7.55 counts per minute 
(C) with 0.7-mm Cd shield, 4.48 counts per minute (B) 
with 7-mm powdered B,C shield. 

It will be noted that the counting rates (B:C:0O) stand 
in the ratio of 1:1.69:3.75. At 30 cm Hg, Agnew, Bright, 
and Froman find ratios of approximately 1:1.7:4.2. We 
obtain a ratio O:C of 2.22. This is slightly greater than 
the ratio obtained in our previous flight; the difference is 
attributable to increased accuracy. There appears to be 
no evidence that these ratios vary with altitude in the 
presently observed range, i.e., from a thousand meters 
above ground up to 66,000 feet. 

The absolute number of neutrons is not determined in a 
flight of this sort, for it is necessary to set the amplifier 
bias to such a value to exclude spurious counts that some 
of the neutrons are missed. The absolute counting rate 
will yield only a lower limit to the neutron intensity. 

The flight was conducted with the aid of funds supplied 
by the Office of Naval Research under Contract N6onr-279. 
We wish to acknowledge the splendid cooperation received 
from Doctors Whitaker and Myers and General Sadler 
of Lehigh University, Dr. E. O. Salant of the Brookhaven 
National Laboratory, and to thank Messrs. Swetnick, 
Greenberg, and Collyer of the N.Y.U. staff. 


1H. A. Bethe, S. A. Korff, and G. Placzek, Phys. Rev. 57, 573 (1940). 
2S. A. Korff and B. Hamermesh, Phys. Rev. 69, 155 (1946). 
( ’ a. M. Agnew, W. C. Bright, and D. Froman, Phys. Rev. 72, 203 
1947). 





